Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



IcKv cT i^^>.%^ ■ C'{ -r- 




/ 

SAetdon Jb Compaf^s TeaetSookt, 

HiWs EXements of BheUffie and CompaMian 

By D. J. Hill, A.M., President Xiewisbuig Univenity, aixthor 
of l^e Science of Rhetoric. Beginning with the eelection of a' 
theme, this book conaue^ the loiumer through every process 
of oomposition. Including the afecnmnlation of material, its 
arrangement, the choice of words, the construction ' — ' 
the variation of ezpre|Bion, the use of figures, 
paragraphs, the prepalation of maniucript, 
the completed composition. 




/ 




HiWa Science of JRheioric. .y« . . 

An introdnction to the Laws of Efiieicfive Didbp 



By 




D. J. Hill, A.M., President of the University at LeWlibtirg. 
12mo, 800 pages, ^ /; 

This is a thoroughly 8cientifi<^<vir7n^Ehetoiic fad sjdvanc^ 
classes. / ' / < 

InteUectutU: ^hilosopfi^ (ELioaiWs of).\ 42^pag^. 

By Frai^jb WAYULNfPy late Prei|ident of Ifrov^ Univer- 
sity. '. /• ^■ 

The JMements of Moral Science '\>..^. 

By Fbaitcis Watland, D.D., President of Brown Univer- 
sity, and Professor of Moral Philosophy. Fiftieth thousand. 
12mo, doth. 

I 

\ 
Mements of Political Eeonom y *. 

By FBANCI8 WA'SiiAND, D.P., late President of Brown Uni- 
verrity. ISnlo, clpth, 408 pages. ' 

Recast by Aabok L. Ghaf^, D.D., Ptesident of Beloit 
College. * / 

No text-book on the snbjein has^gaiii^ snc^ general accept- 
ance, and been so extensively and continaoi^y used, as Dr. 
Wayland*s. Dr. Chapin has had chiefly in mMd the wanU qf 
the dan^T^ifm, as suggested hy an experieno« of many years. 
His aim has been to give in full and proposioned, yet clear 
and compact statement, the elements of thi^important branch 
of scienc^ in their latest aspects and applications. 



r 




../ 



3 



• r 

/ 



/ 









T 




PROFESSOR OLNEY'S 

NEW. MATHEMATICAL SERIES. 






T^ 






7T 



»*-?• 



The suoo^ia of Pro! Olnej's series has been most wonderful. 

With all their admitted excellencies, both the Author and Pub- 
lishers have felt tnat it was possible to retain their many attractive 
features and yet adi^t the books more perfectly to the special 
school-room wants. 

To accomplish this most desirable end, Professor Olney has been 
aocumuiating^ very valuable suggestions. He has also, for several 
years, had associated with him in the preparation of this new 
series, V>lne of the best practical teachers in the country. 

The design is to present to the educational public the best and 
most teachable series of Mathematics ever published. The work 
is now so £ELr advanced that the Publishers arc able to make the 
above tfgasing jajinouncement, which they feel will be of great 
interqRll!^ all ^ho are engaged iti teaching. 

VhE new series EMBRACES: 

I 
Otney*s First .Lessons in ATiihtnetic. . #X7st Pxtblishbb. 

Olnep's Prctctical Arithmetic. . 

This book has been published but a short time, but it has 
already had the most VHmderfiU avcced. 

. They are models of beauty a^d cheapness. 



lj)0!SQf{ 



For Bchj)o!s ofa high grade, Profesior Olney has prepared — 



m. 



/ 



'Fbe Science of Arithmetic. 

The First Principles^jsf AlgehrU, / \ 

ks IifrmoDxTCfl^ to the AtirsoB's Ck)^cpLETB Ain) 

XJNnnBRSITY ALdBBBAS. \ 

V. \ , 

Olney^s Complete Algebra. New B^Dmoir, in^i^aiige type. 

This book is now entirely re-electrot]^)ed in larger and more 
ottrcieHve type. The explanatory matter n greatlj lessened. The 
attractive features of this book, which |ave i^ade it the mo9t 
popuia/r Algebra ever pvblished in tJUe country, (are] all retained. 







^ 





3 2044 097 043 798 



Bg. 1 



ELEMENTARY 



GEOMETRY. 



NEW EDITION. 



INCLUDING PLANE, SOLID, AND SPHERICAL GEOMETRY, WITH 

PRACTICAL EXERCISES. 



BY 



EDWARD OLNEY, 

PROFESSOR OF MATHEMATICS IN THB UNIVERSITY OF MIGHIGAN. 



SHELDON AND COMPANY, 

NEW YORK AND CHICAGO. 
1884. 



:-~K^<_ \ ji^}.:-; . '( ■[ ./.■, \ 




HARVARD 

INIVERSITYI 

LIBRARY 



OLNEY'S NEW SERIES 



EMBRACES THE FOLLOWING BOOKS. 



FIRST LESSONS IN ARITHMETIC. ) ..^ „ , „ . 
PRACTICAL ARITHMETIC. } Two-Book Serle.. 

This Series hiUi more examples, and at lesa price, than any eyer 
published. 



SCIENCE OF ARITHMETIC. 
(A ttrieay High School Text-Book.) 
Bend for full Ciicular of Olitet's Abithmbtzcs. 



FIRST PRINCIPLES OF ALGEBRA. 

COMPLETE ALGEBRA. (Newly electrotyped in krge type.) 
NEW ELEMENTARY GEOMETRY. 



Copyright^ 1883, by Sheldon 6* Co. 



Smrb ft McDouaAi^ BLBOvaonrKHH^ 
8S BMkmaB St., K. Y. 






THE first edition of Olket's Special or Elementary 
Oeometry was issued nearly twelve years ago. It con- 
tained many new features. The book has gone into use in every 
State in the Union, and has been tested by practical teachers in 
all grades of schools. This long and varied test has been watched 
with care by the author, and it is with the greatest pleasure that 
he has found that the general features of the book have been 
well-nigh universally approved. 

To make the book still more acceptable to the teachers and 
schools of our country, and to keep it abreast with the real 
adTBBcement in science and methods of teaching, as well as to 
make it a worthy exponent of the best style of the printer's art, 
are some of the reasons which have led to the preparation of this 
edition. 

1. The division into Chapters and Sections, instead of Books^ 
has been retained, as affording better means of classifying the 
subject-matter, and also as conforming to the usage of modem 
times in other literary and scientific treatises. 

2. Part First of the old edition has been omitted, and the 
definitions and illustrations necessary to the integrity of the 
subject have been incorporated with the body of the work. This 
has been done solely in deference to the general sentiment of the 
teachers of our country. The author can but feel that this senti- 
ment is wrong. That the best way to present the subject of 
Oeometry is to present some of its leading notions and practical 
facts with their uses in drawing and in common life, before 
attempting to reason upon them, appears to him quite clear. It 
is in accord with one of the settled maxims of teaching which 
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requires "facts before reasoning," and then it is in harmony 
with the historic development of the science, and with the order 
of mental development in the individual. Moreover, since this 
method was presented to the American public in this treatise, the 
author has received books on exactly the same plan, which are 
in general use in Germany, and also "A Syllabus of Plane 
Geometry, prepared by the Association for the improvement of 
Geometrical teaching" in England, in which this principle 
is recognized by recommending quite an extended course in 
Geometrical constructions before entering upon the logical treat- 
ment of the subject. The author hopes to revise his Part First, 
and present it as a little treatise adapted to our Grammar or 
lower schools ; as he can but think these subjects much more 
interesting and useful to pupils of this grade than much of the 
matter usually brought before them, especially the more advanced 
portions of arithmetic, and as he is confident that they are the 
proper preparation for the intelligent study of logical geometry. 

3. The same general analysis of the subject is adhered to as in 
the first edition. All must acknowledge it a reproach to the 
oldest and most perfect of the sciences that, hitherto, no system- 
atic classification of its subject-matter has been reached. T^at 
the ordinary arrangement found in our Geometries is not 
based upon a scientific analysis of the subject, and a systematic 
classification of topics will be evident to any one who attempts 
to give the subject-title of almost any so-called Book. A 
glance at the table of contents of this volume will show that 
the analysis of the subject-matter is simple and strictly philo- 
sophical. There are two lines of inquiry in geometry, viz., 
concerning position (from which form results) and magni- 
tude. The concepts of Plane Geometry are the point, straight 
line, angle, and circle. Now, the measurement of magnitude is 
either direct or indirect. The direct measurement and compar- 
ison of magnitudes is a simple arithmetical operation, and is 
presented, as regards straight lines, in Section 4. The direct 
measurement of other magnitudes is effected in a similar manner, 
but is unimportant from a scientific point of view. The indirect 
measurement of magnitude, as when we find the third side of a 
triangle from the other two and their included angle, the circum- 
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ference or area of a circle from the radius^ etc.^ is a somewhat 
remote application of more elementary principles. There is then 
lefty as the natural first object of inquiry, the relative position of 
two (and hence of all) straight lines. Here we have philosophi- 
cally the first inquiry of logical geometry. This inquiry divides 
into the three inquiries concerning perpendicular, oblique and 
parallel lines. In a similar manner the topics of the succeeding 
sections unfold themselves from the principles stated. 

4. This analysis and classification of the subject-matter re- 
quires that a somewhat larger number of propositions be demon- 
strated from fundamental principles, that did the old method, of 
proving first any proposition you could, and then any other, and 
so on ; but who will consider this a defect ? On the other hand, 
it gives almost absolute unity of method of demonstration in 
the propositions of any one section. 

5. The freedom with which revolution is used as a method of 
demonstration, will be observed upon a cursory reading. Of 
course it is assumed that the old repugnance to the introduction 
of the notions of time and motion into geometry is outgrown. 
Indeed, the old geometers could not get on without the super- 
position of magnitudes, and this idea involves motion. Now, 
revolution is but a systematic method of effecting superposition, 
which is well-nigh the only geometrical method of proving the 
equality of magnitudes. 

6. The author has long desired to introduce the idea of same- 
ness of direction in treating parallels; but could not accept 
what seemed to him the vague methods of writers who have 
made the attempt. If we cannot define the notion of direction, 
we certainly should have some method of estimating and measur- 
ing it before it can be made a proper subject of geometrical 
inquiry. This the author thinks he has secured, by giving the 
necessary precision to certain very common and simple notions. 

7. As to the introduction of the infinitesimal method into 
matbematica (and if introduced at all, why not in the elements 
where it will do most service ?), the author is confident that no 
(me thing would do more to simplify, and hence to advance, 
elementary mathematical study, than the general and hearty 
acceptance of this method. No writer has succeeded in getting 
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on far, even in pure mathematics, without openly or covertly 
introducing the notion^ and its directness, simplicity, if not 
absolute necessity, in the applied mathematics make its intro- 
duction into the elements exceedingly desirable. Nevertheless, 
the author has given alternative demonstrations, either in the 
body of the text or in the appendix, so that those who prefer 
can omit the demonstrations involving the infinitesimal concep- 
tion. 

8. Thanks to the spirit of the times, no geometry can now 
receive favor which does not give opportunity for the application 
of principles and for independent investigation. As in the 
former edition, so in this, large attention has been given to this 
just demand of the times. As a help to independent thinking, 
after the student has been fairly introduced to the methods, and 
had time to imbibe somewhat of the spirit of geometrical reason- 
ing, the references to the antecedent principles on which state- 
ments in the demonstrations are based, are sometimes omitted, 
and their place supplied by interrogation marks. 

9. In the earlier part of the work, the demonstrations are 
divided, according to the suggestion originally given by De 
Morgan, into short ^mragraphs, each of which presents but a 
single step. So, also, in this part, care has been taken to make 
separate paragraphs of the statement of premises and the conclu- 
sion, and to put the former in difierent type from the body of 
the demonstration. But, in the latter part of the work, this 
somewhat stiff and mechanical arrangement gives place to the 
freer and more elegant forms with which the student will need to 
be familiar in his subsequent reading. 

10. In the preparation of the work the author has availed him-^ 
self of the suggestions of a large number of the best practical 
teachers in all parts of onr country. His chief advisers have 
been Professor Benjamin F. Clarke, of Brown University, R. L, 
and Professor H. N. Chute, of the Ann Arbor High School, 
Mich. To Professor Clarke he is indebted for valuable sugges- 
tions on the whole of Chapter II., and especially on triedrals. 
Indeed, whatever merit there may be in the general method of 
treatment of triedrals, is due more to him than to the writer. 
His ability as a mathematician, and his knowledge of what is 
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practical in methods of presentation, gained by long experience 
in leaching the subjeet, appear on well-nigh every page of the 
latter part of the work. Professor Chute, the able and accom- 
plished teacher of geometry in the Ann Arbor High School, has 
given me the free use of his careful and scholarly thought, and 
long and successful experience as a teacher, by several readings 
of the proofs, and by the use of the advance sheets of the entire 
work in his classes. His logical acumen, practical skill, and 
generous contribution of whatever he has found most valuable 
in matter or method, have been of the highest service. The 
same general acknowledgments are due to other authors as were 
made in the earlier edition. To the taste and skill of the stereo- 
typers, and the lavish expenditure of patience and money of the 
Publishers, the author is indebted for the elegant and beautiful 

dress in which the book appears* 

BDWABD OLNEY. 

Univbbsity of Michigan, 

Ann Abbor, September i, 1883, 

N.B.— Part IIL of the old edition will still be published for nse in each 
BchooU as wish to posh the study of geometry still further than it is carried 
in the ordinary treatises, and especially into the methods of what is called 
the Modern Geometry. The topics embraced in that part are Exercises in 
Geometrical Invention, including advanced theorems in Special or Elemen< 
tary Geometry, Problems in the same, and Applications of Algebra to 
Geometry ; and also an Introduction to Modem Geometry, including the 
elements of the subjects of Loci, Symmetry, Maxima and Minima, Isoperi- 
metry, Transversals, Harmonic Proportion, Pencils and Ratio, Poles and 
Polars, Radical Axes and Centres of Similitude in respect to Circles. 

The author's Trigonometry can also be had, bound separately or in con- 
nection with the other parts of the Geometry, the same as formerly. 

E. O. 



SUGGESTIONS TO TEACHERS. 

1. Fix firmly in mind the fundamental definitions of the 
science, in exact language, and illustrate them so fully that 
the terms cannot be used in the hearing of the pupil, or by 
him, without bringing before his mind, without conscious 
effort, the geometrical conception. 

2. By numerous and varied applications of the fundamental 
principles of plane geometry to the most familiar and homely 
things in common life, divest the pupil's mind of the impression 
that he is studying " higher mathematics " (as he is npt), and 
beget in him the habit of seeing the applications and illustrations 
of these principles everywhere about him. 

3. By means of much experience in the elements of geometri- 
cal drawing, train the taste to enjoy, the eye to perceive, and the 
hand to execute, geometrical forms, and by so doing fix indelibly 
in the mind the " working facts " of geometry. 

4. Have all definitions, theorems, corollaries, &c., memorized 
with perfect exactitude, and repeated till they can be given with- 
out effort. Demonstrations should not be memorized by the 
pupil ; and considerable latitude may be allowed in the use of 
language, provided the argument is brought out clearly. But 
errors in grammar, and inelegancies in style, should be carefully 
guarded against. One of the chief benefits to be derived from 
clas3-room drill in mathematics is the ability to think clearly 
and logically, and to express the thought in concise, perspicuous, 
and elegant language. 

5. The teacher should never give a theorem or corollary in 
proper form, but by some such half-questions as the following, 
suggest the topic : 

The relation between the hypotenuse and the sides of a right- 
angled triangle ? 

The relative position of two circles when the distance between 
the centres is less than the sum and greater than the difference 
of the radii ? 
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The sum of the angles of a triangle ? 

The relation between the angles and the sides of a triangle ? 
etc. 

In this manner the teacher should always designate the propo- 
sition without stating it. The statement is one of the most 
unportant things for the pupil to learn, and have at perfect com- 
mand, and hence should not be given him by the teacher. 

6. The construction of the figure is a necessary part of the 
demonstration, and no assistance should be given the pupil, nor 
aids allowed. 

7. All figures in plane geometry should, upon first going over 
the subject, be constructed by the pupiU with strict accuracy, on 
correct geometrical principles, using ruler and string; and this 
should be persisted in unt^l it can be done with ease. In r&views, 
firee-hand drawing of figures may be allowed, and is even desir- 
able. 

8. The ordinary notation by letters should be used. 

9. All the exercises in the book should be worked with care in 
the study, and in the class, and be carefully explained by the 
pupil ; and as many additional, impromptu exercises as may be 
found necessary in order to render the pupil familiar with the 
practical import of the propositions. 

10. Little, if any, original demonstration of theorems not in 
the book should be required of the pupil upon first going over 
plane geometry. In review, more or less of such work may be 
required. 

11. Great pains should be taken that original demonstrations 
be given in good, workmanlike form. For this purpose, they 
should be written out with care by the pupil. Indeed, it is an 
excellent occasional exercise, to have demonstrations written 
out in full in class. 

12. In review, much attention should be given to synopses of 
demonstrations. They are the main reliance for fixing in 
memory the line of argument by which a proposition is demon- 
strated. 
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GENERAL DEFINITIONS.* 

1. A Proposition is a statement of something to be con- 
sidered or done. 

Illustratioh. — ^Thus, the comnion statement, "Life is short," is a 
proposition; so, also, we make, or state a proportion, when we say, 
** Let us seek earnestly after truth.'' — ** The product of the divisor and 
quotient, plus the remainder, equals the dividend,'' and the requirement, 
^*- To reduce a fraction to its lowest terms," are examples of Arithmetical 
propositions. 

2. Propositions are distinguished as AxiomSj T^eoremSy Leni- 
mas, Corollaries, Postulates, and Problems, 

* The terms here defined are such as are used in the scienoe hi conse- 
quence of its logical character, hence they are sometimes caUed logico- 
mathematical terms. The science of the Pare Mathematics may he con- 
sidered as a department of practical logic. 
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3. An Axiom is a proposition which states a principle that 
is 80 elementary^ and so eyidently trne as to require no proof. 

Illustbation. — ^Thns, " A part of a thing is less than the whole of 
it/' ^* Equimultiples of equals are equal," are examples of axioms. If any 
one does not admit the truth of axioms, when he understands the terms 
used) we say that his mind is not sound, and that we cannot reason with 
him. 

4. A Theorem is a proposition which states a real or sup- 
posed fact, whose truth or &l8ity we are to determine by 
reasoning. 

Illustbatiok.^ — " If the same quantity be added to both numerator 
and denominator of a proper fraction, the value of the fraction will be 
increased," is a Theorem, It is a statement the truth or falsity of which 
we are to determine by a course of reasoning. 

6. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. 
The term is also applied to a logical statement of the reasons for 
the processes of a rule. 

A solution tells how a thing is done : a demonstration tells why it is 
80 done. A demonstration is often called proof, 

6. A Liemma is a theorem demonstrated for the purpose 
of using it in the demonstration of another theorem. 

Illustbation. — ^Thus, in order to demonstrate the rule for finding 
the greatest common divisor of two or more numbers, it may be best first 
to prove that ** A divisor of two numbers is a divisor of their sum, and 
also of their difference." This theorem, when proved for such a purpose, 
is called a Lemma, 

The term Lemma is not much used, and is not very important, since 
most theorems, once proved, become in turn auxiliary to the proof of 
others, and hence might be called lemmas. 

7. A Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of 
the demonstration of a more general theorem, or which is a 
direct inference from a proposition, or a definition. 

Illustration. — Thus, by the discussion of the ordinary process of 
performing subtraction in Arithmetic, the following CoroUary might be 
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suggested: '' Subtraction may also be performed by addition, as we can 
readily observe what number must be added to the subtrahend to pro- 
duce the minuend." 

8. A Postulate is a propositioa which states that some- 
thing can be done, and which is so evidently trae as to require 
no process of reasoning to show that it is possible to be done. 
We may or may not know how to perform the operation. 

Illustbation. — Quantities of the same kind can be added together. 

9. A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it 

Illustration. — A problem is often stated as an incomplete sentence, 
as, '^To reduce fractions to forms having a common denominator.^' — ^This 
io6odiplete statement means that *^ We propose to show bow to reduce 
fifactions to iotm% having a common denominator." Again, the problem 
" To construct a square," means that " We propose to draw a figure 
which is called a square, and to tell how it is done." 

10. A Rule is a formal statement of the method of solving 
a general problem, and is designed for practical application in 
solving special examples of the same class. 

11. A Solution is the process of performing a problem or 
an example. 

A solution should usually be accompanied by a demonstration of the 
process. 

12. A Scholium is a remark made at the close of a dis- 
cussion^ and designed to call attention to some particular feature 
or features of it. 

Illustbatiok.— Thus, after having discussed the subject of multipli- 
cation and division in Arithmetic, the remark that '^ Division is the con- 
verse of multiplication," is a scholium. 

13. An Hypothesis is a supposition made in the state- 
ment of a proposition, or in the course of a demonstration. 

The Data are the things given or granted in a proposition. 
The Gondusiou is the thing to be proved. 

The c^a of a proposition and the hypotheses are the same thing. 
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THE GEOMETRICAL CONCEPTS* 



14. A' Potat is a place witbont size. Points are dengnatod 
by letters. 

Illcbtbatioh.— If we wish to dengnate anj paiticalai point (plice) 
oD the paper, we pat » letter by it, uid _ 
aometimes a dot in it. Thus, io Fig. 1, tliel 
ends of tbe line, which are points, are dedg- 1 
nated as "point A," "point D;" or,8itnp1y,l 
as A and D. The points marked in tbe I 
line are designated as " point 6," " point C," 
or as B and C. F and E are two points 
abore the line. 



Ifi. A Line is the path of a point in motion. 
Lines are represented apon paper b; marks made with a pen or pen- 
cil, the point of tbe pen or pencil representing tbe moving point. 

A line is designated by naming the letters written at its ex- 
tremities, or somewhere upon it. 

iLLUSTEATioir.— In each case in Pig, 8, conceive a point to start from 
A and more along tbe path indicated by the mark to B. The path thas 
traced is a line. Since a point hat no tite, a Um Am w> inadth, thongh 

* A oonceptisathlngthoo^ht abont J— atbougbt-object. Thui, in Arith- 
metic, number ia tbe conoept; in Botany, plants; In Geometry, as will 
appear in tbla seeUon, points, lines, surfaoee, and solldi. These may also be 
said to oonstltnte the tuijeti-mattor at the adance, 
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the Diu^B by which we repreaent Unn have Bome breadth. The fiiM nnd 
third lines in the figure are each designated as "the line AB." The aec- 
on<l line is conudeied as traced b; a point stardng ftoni A and coming 



Fi«. 2. 

aronnd to A agun, so that B and A coincide. This line may he desig- 
nated as the line AmnA, or AmnS. In the fourth case, there are three 
lines represented, which are designated, respectirelf, as AmB, ArB, and 
A«B ; or, the last, as AB. 

16. Lines are of Two Kinds, Straight and Curved. A 
straight line is alBo called a Right Line. A curved line is often 
called simply a Curve. 

17. A Straig'ht Line is a line traced by a point wbicb 
moves coDStantly in the same direction. (See 46, a.) 

The word " line '' used alone generally dgniSes a straight line. 

18. A Curved Line is a line traced by a point which oon- 
Btantlj changes its direction of motion. 

iLLttSTBATioir. — Thus, in (1), Pig. % if the line AB ts concdred as 
traced by a point moving fkim A to B, it is evident that this point moves 
in the same direction thmat^hnnt its cnurse; hence AB is a straight line. 
If a body, as a stone, is let fall, it moves constantly toward tbe centre of 
the earth ; hence its path rejiresents a straight line. If a weight is BOS- 
pended by a string, the string represents a stnught line. 

Considering the line represented by AiB, (3), Fig. 3, as tbe path of a 
point moving from A to B, we see that tbe direcUon of motion is con- 
stantly cban^ng. 
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Sometimes b pstta like that rep- | 
Kflented in Pig. 8 is cttlled, though I 
impn^ef^, d Brobeti Line. It is Dot I 
a line stall;. UwtiB, not one liqe: H | 
is a GomUnatioo of sti^ght Uiie«. 



SURFACES. 
19., A Sorfkce is the path of a line in motion. 

20. Snrlaces are of Two Klnds^ Plane and Curved. 

21. A Plane Surface, or simply s Plane, is a surface 
each that a Btraight line passing throngh any two of its points 
lies wholly in the eurface. Sach a sorface may always be con- 
oeiyed as the path of a straight line in motion. 

IliLDSTBATtOR. — Let AB, Fig. 4, be supposed to move to the right, bo 
that its extremities A and 6 move at the _ 
same rate and in the same direction, A k 
tracing the line AD, and B the line BC. The I 
path of the line, the flgnre ABCD, is a snr- I 
fece. This page is a BnrTace, and roaj be I 
conceived as the path of a line sliding like a I 
raler fVom tap to bottom of it, ur IVora one E 
Mde to the othef. Such a path will have •' 

length and breadth, being in the latter respect unlike a line, which baa 
only loigtb. 

22. A Curred Surfoce is a surface in which, if various 
lines are drawn through any point, some or all of them will be 
curved. 

Illubtbatiov, — Snppose a fine wire bent into the form of the curve 
AmB, Fig. 5. and its ends A and B stack int« a rod XY. Now, taking 
the rod XY in the fingers and rolling it, it is evident that the path of the 
line represented b; the wire AmB will be the surface of a ball (sphere). 

Again, suppose the rod XY placed on the surfk^ of this paper so 
that the wire AmB shall stand straight up from the paper, just as it 
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would if we oonid Uke hold of tbe cnrre at m and raise it right up, 
letting XY lie as it dt«8 in th« flgare. Not slide the roA stnight up oj 
down the page, making both ends moTe at the same a.U>. The path ot 
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AmB will be like the aurface of a half-roaud rod (a semi-cylinder). Thus 
we see bow sarfacea, plane and carved, ma; be coDc^ved as the paths of 
lines in motion. 

Ex. 1. If the cuire ArB, ¥\g. 6, be conceived u rerohed 
Vbont tbe line XY, the surface of what object will its path be like? 

Ex. 3. If the figure OMNP, Fig. 7, be conceived as revolved 
about OP, what kind of a path will MN trace? What kind of 
paths will PN and OM trace ? 

Ang. One path will be like the surface of r joint of stove- 
pipe, t. e., a cylindrical surface; and ODewill be like a flat wheel, 
(. e., a circle. 

Ex. 3. If jou fasten one end of a cord at a point in the ceil- 
ing and hang a hall on the other end, and then make the ball 
swing around in a circle, what kind of a surface will the string 
describe? 

£z. i. If on the sur&ce of a stove-pipe, yoa were to draw 
various lines through the same point, might any of them be 
straight? OouM ail of them be straight ? What kind of a sur- 
face is this, therefore? 

Ex. S. Can you draw a straight line on the surface of a ball ? 
On the Borface of an egg? What kind of sur&ces are these ? 
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Ex. 6. When the carpenter wishes to make the snr&ce of a 
boai'd perfectly flat, he takes a ruler whose edge is a straight line, 
and lays this straight edge on the surface in all directions^ 
watching closely to see if it touchecTat all points in all positions. 
Which of our definitions is he illustrating by hie practice? 

Ex. 7. How can you conceive a straight line to move so that 
it shall not generate a surface ? 



OF THE CIRCLE. 

23. A Circle is a plane surface bounded by a curved line 
all points in which are equally distant from a point within. 

24. The Circumference of a circle is the curved line 
all points in which are equally distant from a point within. 

26. The Centre of a circle is the point within, which is 
equally distant from all points in the circumference. 

26. An Arc is a part of a circumference. 

27. A Radius is a straight line drawn from the centre to 
any point in the circumference of a circle. 

By reason of (24) all radii of the same circle are equal 

28. A Diameter of a circle is a straight line passing 
through the centre and limited by the circumference. 

A diameter is equal to the sum of two radii ; hence, all diam- 
eters of the same circle are equal. 

Illustration. — A circle may be conceived as the path of a line, like 
OB, Fig. 8, one end of which, 0, remains at the same point, while the 
other end, B, moves around it in the plane of the paper. OB is the r^iditu^ 
and the path described by the point B is the eireumference, AB is a diam- 
eter. In Fig. 9, the curved line ABCDA is the eireumference, is the 
centre, and the surface within the circumference is the eirde. Any part of 
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a circumference, tw AB, nr anj one of the carved lines BB, Fig. 8, ia an 
an. Bo also AM and EF, Fig. 10, are area, EF ia an arc drawn &t>m 0' 
aa a centre, with the radiua <VB. 

39. A Chord is a straight line joining any two points in a 
oirCDinference, aa BC or AO, Fig. 9. The portiou of the circle 
inclnded betweea the chord and its arc, as Amo, is a Segment. 

30. A Tangent to s circle is a straight lice which touches 
the circauiference, bat does not intersect it, how far soever the 
line be produced. 

Two circles which toocK each other in bat one point are said 
to be tangent to each other. A straight-line tangent is called a 
Rectilinear Tangent. 

31. A Secant is a straight line which intersects the circnm- 



ANGLES. 



32. A Plane Angle, or simply an Angle, is tlie opening 
between two lines which meet each other. 

The point in which the lines meet is called the Vertex, and 
the hnes are called the Sides. 

An angle is designated by placing a letter at its vertex, and 
one by each of its sides. In reading, ve name the letter at the 
vertex when there is bat one vertex at the point, and the three 



33 BLSitBWTASr dBOXBrRT. 

letters when there are two or more verticea at the same point. 
In the latter case, the letter at the vertex is put between the 
other two. ' 

ILL0BTSA.TIOII. — Id cbm- 
m<Hi UnguBge an angle ia 
called a earner. The open- 
ing between the two lines 
AB and AC, in which the 
li^ie 1 atondti, is called the 
angle A ; or, if we chonse, 
we raay call it the angle 
BAC. At L there are two 
verticea, so that wen we to 
Bay the angle L, one would 
not know whetlier we meant 
the angle (comer) in which 

4 Btanda, or that in which 

5 stands. To avoid this 
ambiguity, we say the angle 
HLR for the former, and 
RLT for the hitter. The 
angle ZAY is the comer in 
which 11 stands; that is, 
the opening between the 

two lines AY and AZ. In designating an angle by three letters, it ia 
immaterial which letter stands first, so that the one at the vertex is pot 
between the other two. Thus, PQS and SQP are both designations of 
the angle in which 6 stands. An angle is also frequently dedgnated by 
putting a letter or figure in it and near the vertex. 

33. The Size of an Ai^le depends upon the rapidit; 
with which its aides separate, and not upon their length. 

Illubtratior. — The angles SAC and MON, Fig 11, are equal, rince 
the sides separate at the same rate, although the sides of the latter are 
more prolonged than those of the fnniier. The sides DF and DE separate 
faster than AB and AC, hence the angle EDF is greater than the angle 
BAG. 

34 Adjacent Allg:Ie8 are angles so situated as to have a 
common vertex aad one commoD side lying between them. 
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ILLDBTRATION.—In Fig. 13, angles 4 and 
5 afe ad^aeent, Bince tUey have the coniiuun 
vertex L, and the cummon aide LR. Angles 
9 aod 10 are also adjacent. 

88. Angles are distinguished na ~ 

Right Angles and Oblique Angles. 

Obliqne angles are either AcuJe or 

Obiuse. 

36. A Right Ang^le ie an angle ineladed between two 
Btmight lines which meet each other in such a manner as to 
make the adjacent angles equal. 

37. An Acute Angle is nn angle which is less than a 
right angle, t. e., me whose sides separate less rapidly than those 
of a right angle. 

38. An Obtuse Angle is an angle which is greater than a 
right angle, i. e., one whose sides separatemore rapidly than those 
of a right angle. 

39. A Straight Angle is an angle whose sides extend in 
opposite directions, and hence form one and the same straight line. 

Illdbtkatioxb. — Id coromoD language, a nght angle ia called a 
Afuora corner, and an acute angle a dwrp eoraer. 



Angles BAD and BAG, Tig. 18, are right anglet, PST is an acute mgk, 
and HLR is an obtuse angle. 

If HL were turned to the left until it fell in the dotted line, the angle 
HLR would increase, and when HL fell in the dotted line, the angle would 
become what is called a tbraight angle. 
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40. The Sum of Two Ani:Ie8 ie the angle inclnded 
between their non-coincident sides, when the two angles are so 
placed aa to be adjacent angles, and their sides lie in the same 
plane. 



Illubtbation. — Let and M be anjr two angles. Make EPB = M, 
and APE = 0, thus placing ttie two angles O and M bo that the; become 
a^iacent aogles (34). Then » APB the Bam of aJl|J M, and we write, 

+ M = APB, or APE + EPB = APB. 

That 18, the eum of the angles and M, or APE and EPB, is APB. 

41. The Difference between Two Angles is the 

angle inclnded by their non-coincident sides, when the angles 
are so placed as to bare a common vertex and side, tbe second 
side of the less angle lying between tlie sides of tbe greater. 



iLLTOraiTioii.— To find the difference between the two angles and 
8, we place the verticea and S at a common point, as at P, making 
APB = RST, and APC = DOE. Then is CPB the difference between 
RST and DOE ; that is, 

RST - DOE = CPB. 
So also APB - APC = CPB, 
and . APB - CPB = APC. 
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42, CenoLLARY 1.— (ff) The sum of two right angles, 
(6) Or, the sum of the two adjacent angles formed hy 
one straight line meeting another, 

(c) Or, the sum, of all the consecutive angles included 
by several lines lying on the same side of a given line and 
meeting Uina eommon point, is a straight angle. 



Fig. IS. 
ThuB, ABP -I- PBC, or DEQ + GEP, or HIL + LIM + MIN -|- NIK, 

u a straight angle. 



4S. Corollary 2. — The sum, of the four angles formed 
hy two intersecting lines, or the sum of all the consecutive 
angles formed by any number of lines meeting in a com- 
mon point is two straight angles, or four right angles. 

TbuB, the aam of the ibur angles ADC, CDB, BOE, and EDA is foni 
right angles, aa also is the sum of AOB, BOC, COD, DOE, EOF, FOQ, 
and 00 A. 
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44. A Solid is a limited portiou of epace. 

Illustbation.— Suppose jou have a block of wood like that repre- 
sented in Fig. 17. Hold it still in 

yonrfingera a moment, and fix your I 

mind Qpon it. Nun take tbc block 
away and tbink oftbe space (place) 
wbere it was. This »paee is an ex- 
ample of wbal we call a Solid in 
Oeometry. In fact, the solids of 
Geometry are not solids at all, in 
tbe common sense of tbe word f,. ^ 

solid; tbey are only jdates qfeertain th/qiei. 



Again, bold yonr ball still a moment in yonc flngera, tiien let it drop, 
and think of the place it filled when you bad it in yonr fingers. It is 
diie place, shaped jnet like yonr ball, that we tbink aboat and talk abont 
■8 a lelid in Oeometry, 



GENERATION OF LINES, SURFACES, 
AND ANGLES. 

45. When one geometrioal concept is conceived to move bo 
that its path is some other concept, the former is said to generate 
the latter, and the latter is called the locus of the former. 

The LocuH of a Point is thn line (either straight or 
cnrved) generated by the motioD of the point according to gome 
given ]aw. 

In the same manner, s surface is conceived as the loons of a 
line moving in some determinate manner. 

46. A Line is generated by a moving point (IS-IS). Hence, 
the locus of a point is a line. 
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(a) Tbe name stmigbt line may be conceived as generuted b; a point 
moviog in either of two opposite directions, oi part of it niajr be cou- 
cared as gei]erKt«d by a point moving in one direction, afid part b; a 
point moving in the opposite direction. Tboi, FA, Pig. 18, may be con- 
ceived as generated by a point moving fkiin F to A, ur bom A to F ; or 
the part OA may be conceived as generated by a point moTing from to 
A, and tbe part OF by a point moving in tbe oppoait« direction, i. «., 
from to F. 

47. A Surface is generated by a moving line (19-22). 
Hence, the Iogub of s line is a surface. 

48. An Angle ia generated by the revolution of a atraight 
line aboDt one of its eztremities, the line lying all tbe time in 
the same plane. 

iLLDaniATioN. — The angle BOA, 
Fig. 18, may be considered as gen- 
erated by tbe revolntinn of the litte 
BO ftom tbe portion AO to its pres- 
ent poution. Tbe angle COB may 
be tinusidered as generated by tbe 
revolution of CO fWtm the position 



BO to its present position, etc. 



Fi,. 18. 



49. A Right Ani:le is generated by one-fonrth of an en* 
tire revolntion, an Acute Angle by less than one-fonrth of an 
entire revolution, and an Obtuse Angle by more than one- 
fourth. A Straight Angle is generated by one-half of a 
revolntion. 

M. A Solid may be conceived as generated by the motion 
of a plane, and hence may be defined as the path of a plane in 
motion. 

fij-UBTBATios.— Thus the solid, Pig. 17, may be conceived as gener- 
ated by the movement of tbe plane ABCO from its present position to the 
pontion QHFE. 

51. A Sphere may be conceived as generated by the revo- 
lution of a semi-circle about its diameter. (See illustration at 
the bottom of page 18.) 
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QU E RI ES. 

1. If the surface OMNP, Fig. 19, is conceived as reTolved 
aronDd op, what is the path through which it moves 't 

Cautiok.— The student sbotild distingnlsh between the nafaee gener- 
ated b; the Uae MN, and the toUd generated b; the mifaea OMNP. 



2. If the sarface represented by CAB, Fig. 30, is conceived as 
revolved aboat ite side CA, what kind of a solid is its path ? 

3. As yon fill a vessel with water, what is the solid traced by 
the snrfaoe of the water? 

Ans. The same as the space within the vessel. 

4. If a circle is conceived as lying horizontally, and then 
moved directly np, what will be the solid described, i. e., its path ? 
Do not confound the snrface described with the solid. What 
describes the surface ? What the solid ? 



EXTENSION AND FORM. 

52. Extension means a stretching, or reaching oni 
Hence, a Point has no extension. It has only position (place). 

A Line stretcheB or readies out, but only in length, as it has 
no width. Hence, a line is said to have One Dimention, viz., 
lengtli. 

A Surface extends not only in length, but also in breadth ; 
and hence has Two Dimensions, viz., length and breadth. 
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A Solid has Three DimensionSy viz., length, breadth, and 
thickness. 

Illustbation. — Suppose we think of a point as capable of stretching 
out (extending) in one direction. It would become a line. Now sup- 
pose the line to stretch out (extend) in another direction — to widen. It 
would become a surface. Finally, suppose the surface capable of thick- 
ening, that is, extending in another direction. It would become a solid. 

58. The Limits (extremities) of a line are points. 
The Limits (boundaries) of a snrface are lines. 
The Limits (boundaries) of a solid are surfaces. 

54. Magnitude (size) is the result of extension. lines, 
surfaces, and solids are the geometrical magnitudes. A point is 
not a magnitude, since it has no size. The magnitude of a line 
is its length ; of a snrface, its area; of a solid, its volume. 

55. Figure or Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon 
the relative position of the points in the line. The form of a 
surface (as plane or curved) depends upon the relative position of 
the points in it. ^The form of a solid depends upon the relative 
position of the points in its surface. 



QUERIES. 



1. Suppose a line to begin to contract in length, and continue 
the operation till it can contract no longer, what does it become ? 
That is, what is the minor limit of a line? 

2. If a surface contracts in one dimension, as width, till it 
reaches its limit, what does it become ? 

3. If a solid contracts to its limit in one dimension, what does 
it pass into ? If in two dimensions ? If in three dimensions ? 

4. What kind of a surface is that, every point in which is 
equally distant from a given point? 
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56. Geometry is that science which treats of magnitude 
and/on^i as the result of extension and position. 

The Geometrical Concepts are points, lines, surfaces 
(including plane and spherical angles), and solids (including 
solid angles).* ^ 

The Object of the science is the measurement and compari- 
son of these concepts. 

Hane Qtometry treats of figures all of whose parts are confined to one 
plane. Solid Oeometry^ called also Geometry of SpaeCj and Oeometry of 
Three Dimensions, treats of figures whose parts lie in different planes. 
The division of this treatise into two chapters is founded upon this dis- 
tinction. 



♦ •» 
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AXIOMS AND POSTULATES 

57. There are very many axioms; but, as they are truths 
which the mind grants on the mere statement, it is not needful 
to enumerate tiami all. We give a few of the more important, 
with some illustrative remarks. 

68. All demonstration is based upon definitions, axioms, or 
previously demonstrated propositions. 



♦ A plane angle may be conceived as a portion of a plaae, and lienoe as 
itself a surface, and thus capable of increase or diminution like the fiUier 
magnitudes. The angle thus considered becomes a sort of infinity deter- 
mined relatively by the rate of separation of the lines. It is thus analogous 
to an infinite series the law of which is determined by a few of its first terms. 
See definitions 82, 38, and 48, with their illustrations. 
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Wk^ Axiom I. — J. straight line is the shortest line 6e- 
leen two points. 

Illustbatiok. — If a cord is stretched across the table, it marks a 
straight line. In this way the carpenter marks a straight line. Having 
rubbed a cord, called a chalk-line, with chalk, he stretehes it tightly from 
one point to another on the surface npon which he wishes to mark the 
line, and then raising the middle of the cord, lets it snap upon the sur- 
face. So the gardener makes the edges of his paths straight by dretMng 
a cord along them. Tliese operations depend upon the principle that 
when the line between the points is the shortest possible, it is straight. 




60. Axiom II. — Two points in a straight line deter- 
mine its position. 

Illustration. — ^If the farmer wants a straight fence built, he sets two 
stakes to mark its ends. From these its entire course becomes known. 
This is the principle upon which aligning (or sighting) depends. Two 
points in the required line being given, by looking fh)m one in the direc- 
tion of the other, we look along a straight line, and are thus able to locate 
other points in the 
line. If the points A 
and B are marked, by 
putting the eye at A 
and looking steadily '** 

towards B, we can tell whether D and E are in the same straight line with 
A and B, or not. So we can observe that C and C" are not in the line ; 
but that C is. This process of discovering other points in a line with two 
given points is called aligning, or sighting. In this way a row of trees is 
made straight, or a line of stakes set. It is the principle upon which th^ 
surveyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are the given points, and the mark, or game, is a third 
point, which the marksman wishes to have in the same straight line as 
the sights. 

61. Axiom 111. — Between the same two points there 

is one straight line, and only one. . * 

Illustbatiok.— Let any two lettera on this page represent the situa- 
tion of two points ; we readily see that there is one, and only one, straight 
path between them^ Again, let a comer of the desk represent one point 
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and a corner of the ceiling of the room represent another point ; we per- 
ceiTe at once that, if a point is conceived to pass in a straight line from 
one to the other, it will always trace the same path. In short, as soon as 
two points are mentioned, we think of the distance between them as a 
single straight line, — for example, the centre of the earth and the centre 
of the sun. 

Once more, conceive A and B, Fig. 21, to be two points in the path of 
a point moving from A in the direction of B. Now aU the points in the 
same direction from A that B is, are in this path ; and any point out of this 
line, as C' or C", is in a different direction from A. 

In this manner we draw a straight line on paper by laying the straight 
edge of a ruler on two points through which we ¥rish the line to pass, 
and passing a pen or pencil along this edge. 



62. To Intersect is to cross ; and a crossing is called an 
Intersection. 

63, GoROLLABY. — Two Straight lines can intersect in hut 
one point; for, if they had two points common, they would 
coincide and not intersect. 

Ex. 1. A railroad is to be run from the town A to town B. 
If it is made straight^ through what points will it pass ? Can it 
pass through any points not in the same direction from A that 
B is? 

Ex. 2. If I live on the south side of a straight railroad, and 
my friend on the north side, but five miles farther east and two 
miles farther north, and the road from my house to his is 
straight, how many times does it cross the railroad ? 

Ex. 3. Gan you always draw a straight line which shall cut a 
curve (whatever curve it may be) in two points at least ? Try it. 



64. Axiom IV. — The whole is greater than any of its 
parts, 

66. Axiom V. — ^e whole is equal to the sum of all 
its parts. 
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66. Axiom VI. — Things which are equal to the same 
thing are equal to each other, 

67. Axiom VII. — // equals be increased or diminr- 
ished equally, the results unit be equal. 

68. Axiom VIII. — If unequals be increased or dU 
minished equally, the greater will give the greater result, 
i. e., the inequality vriU exist in the same sense. 



POSTULATES. 



69. Postulates, like axioms^ are very numerons, and it would 
be useless to attempt to enumerate them all. We give a few 
simply as specimens. 

70. Postulate I. — A line can be produced to any 
length. 

71. Postulate n. — From any point a straight line 
can be drawn to any other point. 

72. Postulate ill. — QeametriccH magnitudes can be 
added, subtracted, WfUltipUed, or divided. 

78. Postulate IV. — A geometrical figure can be con- 
ceived as moved at pleasure, without changing its size or 
the rdaHon of its parts f shape). 

74. Postulate V. — Any number of lines can be drawn 
mahing equal angles with a given line. 

75. Postulate W.-^With any point as a centre, a 
circumference can be drawn with any radius. 
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MEASUREMENT OF RIGHT LINES. 

76. The Measure of a line ia anotfaer line which is con- 
tained in it an axact nnmber of timea. 

77. A Common Measure of two or more lines is a line 
which meaeures each of them. 

78. Conunensurable Unes are lines which bare a 
finite common measure. 

79. The Sum of Two Lines is the lioe formed by uniting 
them 80 that one shall be the prolongation of the other. 

80. The Difference between Two Lines is the line 
which remains after the length of the less has been taken &om 
the greater. 

81. Problem. — To measure a straight line jvith the 
dividers and scale. 

SoLtrriON.— Let AB, Pig. 33, he the line to be measuied. Take the 
dividers, Fig. 2 (frontift- 
pibce), and placiDg the 
sharp point A firmly 
npoD tfae end A of the 
line AB, open the di- 
viders till the other point 
B (the pencil point) juat 
reaches the other end of 

the line, B. Then letting Fig. 21. 

the diridere remain open Jnat thia amonnt, place the point A on the 
lower end of the left-hand scale, as at o, V\g. 1 (frontispiece), And notice 
where the point B reaches. In this case, it reaches S spaces beyond the 
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figure 1. Now, as thin scale ie inches uid ieath» of iacbes,* the line AB ia 
1.8 inches long. 

Ex. 1. What is the length of CD f Ans. .15 of a foot. 

Ex. 2. What is the length of EF? Ans. .75 of an inch. 

Ek. 3. What is the length of QH ? Ans. \\ inches. 

Ex. 4. What ia the length of IK ? Am. .18 of a fbot. 

Ex. 6. Draw a line 3 inches long. 

Ex. 6. Draw a line 3.15 inches long. 

Ex. 7. Draw a hne 1.35 inches long. 

Ex. 8. Draw a line .85 of an inch long. 

[Note.— Suppose a fine elastic cord were attached by each of its ends 
to the points A and B of the dividers ; when tbe; were opened so as to 
reach fnim C to D, Fig. 23, the cord would represent the line CD. Now 
applying the dividers tu the scale is the aanie as laying this cord on the 
acsle. Without the cord, we can im^ine the distance betwem the points 
of the dividers to be a line of the same length as CD.] 

Ex. 9, Find in the same way ae above the length and width 
of this page. Also the distance from one comer (angle) to the 
opposite one (the diagonal). 



82. Problem. — To find the sum of two lines, 
SoLUnoK.— To find the snm of AB and CD, l\ first draw the indefl- 

rjite line EX. With the di- ■ 

viders I obt^n the length [ 

of AB, byplacingonepoint I 

on A and extending tbe I 

other to B. This length I | 

now lay off on the indefinite f '■■ **• 

line EX, by putting one point of the dividers at E and with the othei 

marking the point F. EF is thus made equal to AB. In the same man- 

* The next scale to tlie rigbt is divided into lOths and IDOths of % foot. 
Thna, from p to 10 is 1 tenth of a foot, and the smaller diviwons aie hun- 
dredths. 

f These elementary solutions ure sonietinieB put In the singular, as the 
more rimple style. 
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ner, tahing tbe length of pO 
with the dmdere, I lay it 
off flrom F on the line FX. 
Thus I obtain 

EG = EF + FG _. „ 

= AB + CD. '■" " 

Hence, the sam of AB and CD is EG. 

Ex. 1. Find the sum of AB and EF, Fig. 22. 
Ex. 2. Find the Bum of EF, CD, and GH, Fig. 22. 
£x. 3. Make a line twice aB long as CD, Fig. 22. Three 
tiniee as long. 

83, 'Pro}i\era.— To find the difference of two lines. 

SoLUTicoi. — To find the difference of AB and CD, I take the length of 
the lees line AB with the dividers; 
and placing one point of the dividers 
at one extreniit; of CD, as 0, make 
CE = AB. Then is ED the di^r- 
ence of AB and CD, unce 

EO = CD - CE = CD - AB. 

Ex. 1. Find the difference of IK and EF, Fig. 22. 

Ex. 2. Fiod the difference of ,QH and CD, Fig. 22. 

Ex. 3. Find how much longer IK, Fig. 22, ie than the snm 
of EF, Fig. 22, and CD, Fig. 23. 

Ex. 4. Fmd the difference of the sam of AB and GH, and 
^e Bnm of CD and EF, Fig. 22. 



Fig. 24. 



84. Problem. — To find the roMo of two commensurable 
lines. 

SoLimaN. — Let AB and CD (Fig. 29) be the two lines whose ratio we 

Applj the shorter (AB) to the longer (CO) ss manj times as the latter 
will contfun the former. If AB b contained an int^ral number of times 
(sa; 3, or m) in CD, then AB is a common measnre of AB and CD, and we 
AB 1 

•""CO"!'"'"'- 
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Bnt iFthedwrter UnntconUuDediotbeloBgersiimt^ral nnmberof 
tiDMs, apply H aa diod; times aa it Ja contained, aa6 note the remainder ; 
thus, AB is contained in CD onee, with a remainder aD. 

Now appl; this remainder, aD, to AB as many times aa AB will con- 
tain it, vbich, In this case, ia mue with a temainder iS. 



Fig. 35. 

Again, apply thin remainder, bB, to aD, the former remainder. In 
this case, it is contained imee with a remainder eD. 

Agun, apply eD to (B. It is contained tvriee, with a remainder dB. 
Finally, applying dB to «D, we find it contained 3 times, withont any 



Hence, (2B is the common measnre of AB and CD. 
Cdlii^ dB the unit of measnre, 1, we have, 

dB = I; 
~ d» = MB = 8; 
hd = ZOi = 9; 
MS = IB = bd + dB = 7; 
aD = oc 4-«D = lOi 
AB = A( + W = oD + o« = 17; 
•CO = Ca + aO = AB + oD = 37. 

Hence the lines AB and CD are t<i each other as the numbers IT and 
87 ; AB is ^ of CD ; or, expressed in the Jnrm of a proportion, 
AB _17« 
OD ~ 27 • 
[N<rrB. — This process will be seen to be the same as that derdoped 
in Aii^metic and Algebra for finding the greatest nr highest Common 
Measnre of two numbers. 8ee Fkacticai. ABrrHXETic, p. 363, and 

C01IF1.BTB Al/GBBBA, (187).] 

* This method will not always obtain the exact ratio, both becauBe of 
the Imperfection of the measurement, and because some lines are incommea- 
■arable by any finite unit, as will appear hereafter. 
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Fig. ». 
Ex. 1. Fiud, ae above, the approximate ratio of AB to CD. 

Ex. 2. FiDd, a8 above, the approximate ratio of CD and IK. 

Ratio, |. 
Ex. 3, Find, as above, the approximate ratio of EF to GH. 

RaHo, |- 
Ex. 4. Find, as above, the approximate ratio of EF to CD. 



CONTINUOUS VARIATION. 

86. A magnitude is aaid to vary coiitlnnously when in 
passing from one valne to another it passes through all interme- 
diate values. 

Illdbtbation. — Let the line EF, Fig. S6, be prodaced b; placing a 
pendl at F and tracing the line to the right, until it heconiea uqual to IK. 
EF bas tboB been made U> be Hocceuiively of all iotermediate lengtha be- 
tween its present length and the length of IK ; i. e., it bas varied ewnlnv- 

»^. 

^bi like manner, an angle ma; be CDHReived to vary continnonsly from 
one magnitude to another. Thus, in Fig. 37, the anple CPB may be made 
greater or less by revolving CP about P. By soch a revolution of CP the 
angle CPB may be conceived to vaiy, or grow,am(tnu(Wt{tr till it becomes 
CPB. 



■*• CHAPtfeR i. 

PLANE GEOMETRY. 



OF PERPENDICUUR STRAIGHT LINES. 

86. A Perpendicular to a given line is a line which 
makes a right angle (36) with the given line. 

87. An Oblique line is a. line which makea an obliqtie angle 
with a given line. 



PBOPOSITION I. 

88. Theorem. — <^t any point in a straight; line, one 
perpendictUar can be erected to &ie line, and only one, 
which shall lie on the same side of the line. 

Dbhonstbation. 

Let AB reprawnt iny line, ind P ba any point Iharaln. 

We are to prove tbat, on tlie same side 
of AS, there can be one, and only one, 
perpendicalar trected tc AB at P. 

From P draw any oblique line, aa PC, 
forming witb AB tbe two angles CPB and 
CPA. 

Now, while the extremity p, of PC, 
remains at P, conceive the line PC to re- fjj. 27. 

volve Bo aa to increaae the lew of the two 

angles, as CPB, continaonBly. Since the snm of CPB and CPA remuns 
. conatant, CPA will diminigh continaonBly. 
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Hence, for & certain position of CP, as 
C'P, these angles will become equal. In 
this position, the line is perpendicular to 
AB (36, 66). Therefore, there can be one 
perpendicular, C'P, erecteU to AB at P. 

Again, if the line C'P revolTe&om the 
position in which the angles areeqnal, one 
angle will increase and the other diminish ; 
hence there is only imt position of the line 
un this side of A8 in which the adjacent angles are equal. 

Therefore there can be onlj one perpendicular erected to AB at P, 
which shall lie on the same side of AB. n- s. s. 

89. COBOLLABY 1. — On tJiB Other side of the line a second 
perpendicular, and only one, can be erected from the same 
point in the line. 

90. Corollary S. — If one straight line m-eets another 
so as to make the an£le on one side of it a right angle, ^e 
angle on the other side is also a right angle. 



PEOPOSITION II. 

91. Theorem.— // *wo straight lines intersect so as to 
make one of the four angles formed a right angle, the 
other three are right angles, and the lines are Tnatu-aUy 
perpendicular to each other, 

Dbkohstbatioit. 
Let CD intersect AB, making CEB a 
right angle. 

We are to prove that CEA, AEO, and 
DEB are also right angles, and that CD is 
perpendicular to AB, and AB to CD. 

By (90), Bince CEB is a right angle, 
CEA is also a right angle. 

In like manner, as BE meets CO, 
making CEB aright angle, BED is a right 
angle, by (90). 

Again, ^ce DEB is right, DE meets 
AB, making one angle right; hence the pi-, 29, 

Other, AED, is right also (90). 4. £. D. 
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Piiullr, nnce CD meeta AB, making AEC a right angle, CO ia perpen- 
dicniat to AB <86) ; and, since AB meets CD, making AEC a right angle, 
AB IB perpesdicular to CD. q. k. d. 



PROPOSITION III. 

82. Theorem,— W%en two straight lines intersect at 
right angles, if the portion of the plane of the lines on ofie 
side of either line he conceived to revolve on that line as 
an axis until it coincides with the portion of the jdane on 
the other side, the parts of the second line wiU eoineide.* , 

Dbuokstration. 

Let ths two llna> AB and CO Interaaot at right anglM at E; and let 
the portion of the plana of the linea on the tide of CD on whioh B Ilea 
ba conceived to revolve on the line CO a« an axis, until It hlli in the 
portion of the plane on the other tide of CD.f 

We are to piOTe that EB will fall in 
and coincide with EA. 

The point E being in CD, does not 
change pontion in the revolution; and, 
as EB remains perpendicular to CD, it 
must coincide with EA after the revota- 
tli;D,or there would be two perpendicn- 
lars to CO on tbe same aide and from the 
same point, E, which ia impoaaible (88)- 

Hence, EB coincidea with EA. 4. B. D. 

ng. 39. 



PROPOSITION IV. 

98. Theorem.— i'VoTTO any point tvithout a straight 
line, one perpendicular oan be lei faU upon that line, and 
only one. 

■ Thla hae nothing to do with the Ungth» of EB and EA ; indeed, lines 
■re generally snppoMd Indefinite in length, nnleee limited b; the data. 

f This revolution mKj be illnstrated by cmceiving the paper folded in 
the line CD until EB is bronght Into EA. 
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Dbmonbtbation. 
Ut AB b« any Mt and P any point wilhout th« line. 

We are to prove that one per- 
peodicnUr, aad only one, can be 
let fkll from P npoa AB. 

Let A'B' he an anxiliar; line; 
and at any point in it, as D', let a 
perpendicular P'D' be erect«d (88). 

How place A'B', bearing P'O' 
nith it, in AB, and move it to tbe 
right or left till P'D'passeathrongh 
P, and when in this position let 
D be the point in AB in which 
D' folia. 



Fig. JO. 

Connect P and D. 



Then, since angle PDB coincides with the right aagXt P'D'B', PDB is a 
right angle, and PD is a perpendicular from P to the line AB (86). 4- B^ d. 

We are now to prove that PO la the only perpendicular &om p to the 
line AB. 

Bappose that there can be another, and let it be PD". 

Prodace PD to P**, and take DP"=DP, and draw P"D". 

Now let tbe portion of the plane above AB be revolved npon AB as 
an axb until it falls in the plane on tbe opposite aide of AB from ita firat 
position. Tlien will DP' fall in DP"' (98), and since DP" ia by conatnic- 
tion equal to DP, P wilt tall in P". 

Theii, Hince PDB ia a right angle BDP" is also a right angle, and PP" 
is a straight line {i% a). 

For a like reason PD" P" is a strught line, and we have two stTMgbt 
Ijnes from P to P", which is impoaaible. 

Hence there ram be but one perpendicnlar, as PD, from P npon AB. 



PROPOSITION V. 

94. Theorem. — ^ont a point udthout a straight line, 
the perpendicuXoT is the shortest distance to the line. 

Dexokstsation. 
Let AB (Fig. 31) be any straight line, P any point without It, PD ■ per- 
pendicular, and PC any oblique line. 

We are to prove that PD is shorter than any oblique line, as PC. 
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1st. Bioce tbe sborteat cUitance from P h) 
any point in the line AB ii a itnigbt line 
(69)i we are to examine odI]p Btreight lines. 

2d. Produce PD, oiaking DP' = POt Hn<1 
dnw P'C. 

Nowlettheportionofthepleneoftheliiies 
above AB be revolved upon AB aa ao axia until 
it coincides with the portion below AB. 

Since PP' and AB intersect at rigfat 
BngleH, PD will fall in DP' (92) ; and, since 
PD=^DP', P will fall in P', and PC=P'C, p- ^ 

unce they coincide when applied. 

Finally, PP' beinga Htraight line, is shorter than PCP' which isa broken 
line, uDce a atraightline ietlie shortest distance between two points (fi9)- 

Now PD, the half of PP*, is less than PC, tbe half of the broken line pCP . 

Therefore, the perpendicalv, PD, ia the shortest distance from p to 
the line AB. % b. d. 

95. The Distance lietween two points is the straight line 
which joins them, and the Distance from a point to a line is 
the perpendicalsr from the point to the line. 

PBOPOSITION VI. 

96. Theorem. — // a perpendicidar is erected ai the 
middle point of a straight line, 

Ist. Any point in the perpendicular is equally distant 
from th& ejctremitiea of the line. 

2d. Any point udthoiU thg perpendicular is nearer the 
extreTnity of the line on its own side of the perpendicular. 
DB110N8TRATI0K. 

Let PD Iw a perpendtoular to AB at 
Hs middle point, D, my point in Mill 
perpendicular, and V any point without 
tha perpendicular. 

Draw OA, OB, O'A, and tn. 
We an to pnire, Ist, that OA=OB; 
and Sd, that OV < CA. 

Ist. Berolre ODB on PD as aa axia, 



44 ELBMSNTARY GEOMETRY. 

till B fallB in the plane on the oppodte 
radevfPD. 

TbeD, dQce PD is perpeodicalar to AB, 
DB will foil in DA (68). And dnce DB 
= DA by h:rpotlie8iB, B will Tall in A, and 
OB will coincide with OA (61)> 

Hence OA = OB. %. e. d. 

9d. 0' being on the opposite side of PO 
from A, O'AwUlcnt PD at some point, a«0. 

Draw CB. ^''' "■ 

Now, since C is a point in the perpendicular, CA = CB by tbe fot^ 
mer part of the demonstration. 

And, ^nee O'B is a strught line and O'C + OB is a broken Ihie, 

08 < O'C + CB (68). 
Wiience, substituting CA for its equal CB, we have 
O'B < O'C + CA, 
or O'B < O'A. «. B. D. 

97. Corollary. — Conyeraely, The locus of a point equi- 
distant from, the extremities of a given line is a perpen- 
dicular to that line at its middle point, since any point in 
fluch perpendicular is equidietant from theextremitieBof the line, 
and any poiut not in the perpendicular is unequally distant from 
the extremities. 



PBOFOSITION VII. 

88. Theorem. — // each of two points in one line is 
equally distant from the ejotremities of another line, the 
former line is perpendicular to the latter at its m^iddle 
point. 

DEMOJraTRATION. 

'Every point equally distant fh>m the extremities of a straight line lies 
in a perpendicniar to tbat line at its middle point, bj (97). But two 
points determine the position of a straight line. Hence, two points, eacb 
equally distant from the extremities of a straight line, determine the 
position oftheperpendicular.at the middle point of tbe line, tt- e. d. 
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PROPOSITION VIII. 

99. Prdblem. — To erect a perpendicular to a given 
linb at a given point in the line. 

SOLOTION. 

t«t XY b« the Jilvan Hne, md A tha given point. 

We are to erect a perpendicu- 
lar to XY, Ht A. 

From A lay off on each dOe 
equal distances, as AC = AB. 

From C and B as centres, with 
a. radtUB sufficiently great to eanse 

the area to intersect at some point Fig. 33. 

without XY, describe arcs interBecting at 0. 

Pass a line through and A, and it will be the perpendicnlar sought. 

Dbmonstbation of SonmoN. 

Since OA ha« two pointa, and A, each eqaallj distant froni B and 
0, OA is a perpendicular to BC at A, its middle point (98)- 

Bat BC coincides with XY; hence OA is perpendicular to XY at A. 

100. Definitioit. — To BtBect anything is to divide it into 
two equal parts. 



PB0PO8ITI0K IX. 
101, Problem. — To bisect a given line. 

Solution. 

Let AB be the given line. 

We aie to bisect it, that is, to divide it 
into two equal parts. 

From the extremities A and B as cen- 
tres, with an; radins sofficientl; gi%at to 
can»e the arcs to iutersect without the line 
' AB, describe arcs intersecting in two points, 
as ni and n. 
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Pass a line tbrongh >n and n, iotereect- 
ing AB at 0. 

Tlien is tlie middle poiot of AB, and 
AO = OB. 

Demonstration of Solution. 

Since tbe line mn has two points, m and 
», eacli equally distant tram A and B, it is 
perpendicular to AB at )U middle point (98). pj ^^ 



FBOPOSITION X. 

102. Problem. — From .a point without a given line, to 
let fail a perpendicular upon the line. 



Let XY be the given liiw, and O the point without the line. 

We are to let fall a perpendicnlar 
from to XY. 

From O as a centre, with a radios 
mffictently great to raose the arcs to in- 
tersect, describe an arc cutting XY in two 
pointa, as B and C. 

From B and C as centres, with a ra- 
dius sufficiently great to caase the arcs to 
intersect without XY, describe arcti in- 
tersecting at some point, aa 0. n|. ». 

Pass a line through and 0, meeting XV in A. Tbtxk ia OA the 
perpendicular sought. 

Dbmonstbation of Solution. 

OA being produced tbrough D haa two points, and D, each equally 
distant from B and C, and hence is perpendicnlar to BC, wbieb coincides 
with XY. Hence, OA pawes through and is peipendicuUr to XY. 
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QU ER I ES. 

108. 1. In the aolntion of Proposition IX, is it necessary 
that the arcs which intersect at n should be struck with the same 
radios aa those which intersect at m ? Is it necessary that the 
two intersections be on different sides of AB P 

3. In the solution of Proposition X, is it necessary that the 
intersection D should fall on the opposite side of XY from o? 
Why '\d it necessary to talce the radias with which these arcs are 
struck greater than half of BC ? 



EXE RCISES. 

IOC- 1. A mason wishes to bnild a wall from 0(I^g. 36), in the 
wall AB, "atraigbt across" (perpendicuUr) to the wall 00, which 
is 8 feet from AB. He has only his 10-foot pole, which is snbdi- 
Tided into feet and inches, with which to find the point iu the 
opposite wall at which the cross wall must join. How shall he 
find it? What principle is involved ? 



Ftg. H. I 

Fig. 37. 

3. Wishing to erect a line perpendicular to AB (Fig. 37) at 
its centre, I take a cord or chain somewhat longer than AB, and 
ftstening its ends at A and B, take hold of the middle of the cord 
or chain and carry it as far from AB as I can, first on one side 
and then on the other, sticking pins at the most remote points, 
as at p and P'. Thesepointsdeterminetheperpeudicnlarsought. 
What is the principle involved ? 



48 
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o. Bisect a line by making marks on only one side of it. 

4. With a measuring-tape asr an instrument, how would you 
erect on the shore a perpendiculu* to the straight bank of a lake^ 
at a given point in the bank ? 



-♦►♦♦- 




-Ht^ 
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OF OBLIQUE STRAIGHT LINES. 

105. The Supplement of an angle is the angle which 
remains after it has been taken from a straight angle, or two 
right angles. 

106. Supplemental Angeles are, therefore, two angles 
whose sum is a straight angle, or two right angles (42, b). 

107. Vertical, or Opposite Angles are the non-adja- 
cent angles formed by the intersection of two straight lines. 



PROPOSITION I. 

« 

108. Theorem. — Vertical^ or opposite angles are equal. 



Demonstration. 
Let AB and CE intersect at D. 

We are to prove that ADC ~ BDE, and 
CDS =ADE. 

ADC + CDB = a straight angle (48f b)\ 
and for the same reason CDB + BDE » a 
straight angle. 

Hence, ADC + CDB = CDB + BDE ; and 
subtracting CDB from each member, we have 
ADC = BDE. 

Ini like manner, CDB + BDE ~ BDE + ADE ; whence, CDB 

<^S. D. 




Fig. 38. 



= ADE. 
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PBOPOSITION II. 
106. Theorem. — If two suppleme/Ual angles are so 
)3laced as to be adjacent to each other, the two sides not 
common fall in tfie same straight line, 

■ Dbhonstbation. 

Let A08 and B'O'E' be two tuf^lemental 
angla*, »nA let B'O'E' b« plaoMl «o at to be 
adjaoent to AOB, i. e., at BOE. 

We are to prore that AE is a atruigbt line. 

Before considering 8'0'E' as placed ac|ja' 
cent to AOB, pnidnce AO to E, forming AE. 

B; (42, b), AOB + BOE = a straight 
angle, i. «., tvo right angles, whence BOE ia the 
supplement of AOB. 

Now, as by hypotbens B'O'E' is the supplement of AOB, 8'0'E' 
= BOE. 

Place B'O'E' at^acent to AOB, O' in 0, and O'B' in 08. Then will 
O'E' fall in OE. 

Therefore the two sides not coounon, i. «., AO and O'E', fall in the 
aame straght line AE- 4. >■ », 



Fig. 19. 



PROPOSITION III. 

110. Theorem. — // from a point udiJioui a line a 
perpendiovlar is drawn to the line, and oblvqite lines are 
drawn from the same point, meeting the line at equal 
distances from the foot of the perpendicular, 

Ist. 7^ dbliqii-e lines are equal to each other. 

2d. The angles which the oblique lines form with the 
perpendicular are equal to each other. 

3d. ITte angles formed by the oblique lines with the first 
line are equal to each other. 

Demonstration. 
Let AS (Fig. 40) be any line, P any point without It, PD a perpanclioulir, 
•nd PO and PE oblique line* meeting AB at and E, to that CD = DE. 
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We are to prove, Ist, that PC = PE ; 
Sd, that CPD = DPE; and 8d, that 
PCD = PEO. 

Revolve PDE on PD as an axis, until 
E falls in the plane on the other aide of 
PD. 

Nov, ^nee AB is perpendicular to . 

PD, DB wUl foil in DA (93)- And mnce 
DE = DC b; bypotbeos, E will fall iu p, ^ 

C. Hence the two flgnres PDE and PDC 
cnincide, and we have, Ist, PC = PE; 3d, CPD = DPE; and 8d, PCD 

= PEO. (fc B. D. 

Query. — How would the equality of PC and PE follow from 
(M)? 

PKOPOSITION IV. 

111. l4ieoreiii. — // from, a point without a line a 
perpendicular is drawn to the line, and from the sams 
point two oblique lines are drawn, making equal angles 
wil^ the perpendicular and meeting the first line, 

Ist. The cMique lines are equal to each other. 

2d, The oblique lijies cut off equal distances from the 
foot of the perpendicular. 

3d. The oblique lines make equal angles with the first 
line.* 

DEH0N8TRA.TI0K. 

L«t AB ha a straight line, P any point without It, and PD a parpea' 
dioular to AB ; and let PE and PC ho drawn, making CPD = EPD. 

We are to prove, Ut, that PC = PE ; 
2d, that DE = DC; and Sd, that PED 
= PCD. 

Bevolve PDE upon PD as an axis, 
nndl E falla in the plane on the oppodte 
^deofPD. 

Then, since EPD = CPD, bj bjpoth- 
eeia, PE will foil iu PF, and the point E 
will be found somewhere in Pp. r- 4, 

■ This propoeition Is the eonwru of the last. The aigniScance of this 
statement will be more tMy developed farther on (188). 



OF OBLtQVS STRAlaat LllfSSL 51 

Again, DE will fall in. DA (92). tu><i E will bll somewhere iu DA. 

Now as E (alls at the same time in DA and PF, it miut fall at their 
intersection C, and the flgnres PDE and PDC must coincide; whence we 
have, 

1st, PC = PE; 2d, OE = DC; and Sd, PCO = PED. q. e. d. 



PEOPOSITION V. 

112. Theorem. — If from a point without a line a 
■perpendicular is drawn to the line, and from the same 
point -two oblique lines are drawn making equal angles 
with the first line, 

1st. The ol^ique lines cut off equal distances from the 
foot of the perpendicular. 

3d. Uie obiiqive lines are equal to each other. 

3d. The oblique lines make equal angles with tlis per- 
pendicuZar. 

Dkmonstbation. 

Let P bs any point without tha lino AB, and PD ■ perpendicular from 
P upon AB, and let PE and PC be drawn making the angle DEP = angle 
DCP. 

We are to prove, Ist, that DE = DC; 
2d, that PE = PC ; and Sd, that angle 
DPE = angle DPC. 

Conceive a perpendicnlar erected at 
the middle point of CE, and let it intersect 
OP, or OP produced, in some point as X. 
Conceive X joined with E. 

By (liaSd.) XED=XCD, («.«., PCD). Fi|.*a. 

But h; hypothesis PED = PCD. Hence, XE fallB in PE, and PD is the 
perpendicnlar to CE at its middle point. 

Therefore, DE = DC; and by (HO) PE = PC, and DPE = DPC. 
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PROPOSITION VI. 



113. Theorem.— ///rom a point without a, Uneaper- 
pendiciblar is let fall on the line, and p-om the same point 
two oblique lines are drawn, the oblique line which cuts off 
the greater distance from the foot of the perpendicular is 
the greater. 

*. Demonstbation. 

Let AB be my stralBht Une, P any point without it, and PC tni PF 
two oblique line* of which PF out* off the sreeter dietanoo from the foot 
ofthe penMndioulap PD; that i*, OF > DC. 

We are to prove that PF > PC. 

if t]ie two oblique line* do not lie on 
tlie same ade of tbc perpendicular, as in 
the case of PF and PE, toke DC = DE, 
and on the nde in which PF lies, 
dtaw PC. Tlien PC will be equal to PE, 
by (110, iBt). HenCe, if we show the 
pnpositioD true when botb oblique Hnes 
tie on the same side of the perpendicolar, 
it will be true in general . f*"- **" 

Produce PD, making DP' = PD, and draw P'F and P%, prodndng 
the latter until it meets PF in H. 

ReTolve the figure FPD upon AB as an axis, unti) it fella ia the plane 
on the opposite side of AB. 

Bince PP' Is perpendicular to AB, PD will fall in P'D; and, unce 
PD = P'D, P will fall at P'. Then P'C = PC and PT = PF. 

Sow the broken line PCP* < than the broken line PHP', Mnce the 
straight line PC < the broken line PHC. 

For a like reason, the broken line PHP' < PFP', since HP' < HFP*. 

Hence PCP' < PFP*, and PC (the half of PCP') < PF (the half of 
PFP"). q, E, D. 

114. OoROiLABT.— .TVom a given point without a line, 
there can be two, and only two, equal oblique lines drawn 
to the line, and these will lie on opposite sides of the per- 
pendicular drawn from the given point to the given line. 
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FBOPOSITION VII. 

118. Theorem. — // ^wo eqacH oblique lines are drawn 
from the same point in a perpendicular to a £iven line, 
they cut off equal distances on that line from the foot 
of the perpendicular. 

Ld PO ba parpandioular to AB, and 
PE = PC. • 

We are to prove that DE = DC. 

If DE were greater than DC, PE would 
be greater than PC, and if DE were leas than 
DC, PE wonid be leae than PC (113^ but 
both of tbeee conclosioDs are contraij to 
the hjpotlreaiB PE = PO. f'l- **■ 

Hence, aa DE can neither be greater nor leaa than DC it moat be 
' eqnal to DC. I). K. D. 



EX E RC IS ES. 

116. 1. Having an angle given, how can you construct its 
Bupplemeut F Draw on the blackboard any angle, and then con- 
struct its supplement. What is the enpplemeot of a riglit 
angle? 



Fig. 41. 

3. The several angles in Fig. 45 are such parts of a right 
angle as are indicated by the fractions placed in them. If these 
anglfia are added together by bringing the rertices together and 
causing the adjacent sides of the angles to coincide, how vill the 
two sides not common lie ? Why ? 
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3. If two times A, B (Fig. 45), two times D, three times E^ 
three times C, three times G, and two times F, are added in order, 
how will AM and GN lie with reference to each other ? Why ? 

Ana. They will coincide. 

4. If you place the vertices of any two equal angles together 
so that two of the sides shall extend in opposite directions and 
form one and the same stjraight line, the other two sides lying on 
opposite sides thereof, how will the latter sides lie? By what 
principle? 

5. If two lines intersect, show that the line which hisects one 
of the angles will, if produced, bisect the opposite angle. 

6. If one line meet another, sliow that the two lines bisecting 
these supplemental angles are perpendicular to each other. 

7. If two lines intersect, show that two lines bisecting the 
two pairs of opposite angles are perpendicular to each other. 



PARALLELS. 



tS^KCTtoK in. 



OF PARALLELS. 

117. The Direction of a atraight line is defined or deter- 
mined by the plane in which it lies and the angle which it makes 
with Bome fised line, this angle being generated (48) from the 
fixed line around in the same direction,* in the same srgnment. 

118. The assnmed fixed line ie called the Direction Ltnet 

and the angle which the line makes with the direction line is 
called the Direction Angle. 

Illitbtratioh. — ThoB the directions 
of the several lines AB, CD, and EF ma; 
be defined bj referring thAu to some as- 
ennied fixed line, as XY. 

The direction of AB is defined by say- 
ing that its direction angle is YOA, or ita 
equal XOB, this angle being cnnceived as 
generated ,^m the direction line, as indi- 
cated bj the arrows. 

So also tile direction of CD is defined 
by the angle YMCorits equal XMD; and 
the direction of EF is in like manner de- 
fined bj YNE, or XNF. F* *•■ 

119. With reference to its generation, the same 
line may be conceived as having either of two opposite directions, 
or various parte of it may be conceived as having opposite direc- 
tions. 

Illubtbatidh. — Thus, the line AB (Fig. 47) maj be considered as 
generated by a point moving from A to B, whence its direction niiuld 

' Revolotion around a fixed point is often designated as from l^ to 
fighl, or from right to lejl. To comprehend theee terms, one may conceive 
Umself In the centre of motion, and facing the movinor point. ThuB >ll the 
motions rapresentitd by arrows In Fig. 46 will bo aeen to be/ivmrightio left. 
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be from A towards B ; or, it may be considered 
as generated by a point moving fh)m B to A, 
whence its direction would be ^m B towards A. 
In like manner, part of the line, as PB, may 
be considered as having the direction from P 
towards B, while the other part is conceived as 
having the opposite direction, i, «., from P towards A. ^^^' ^' 

120. Lines have the Same Direction when they lie in 
the same plane and make equal direction angles with the same 
line. 

Any line may be assumed at pleasure as the directioa line, 
provided that in comparing the directions of different lines they 
all be referred to the same direction line. 

121. Parallel Lines are lines which have the same or 
opposite directions, 

« 

122. A Transversal is a line cutting a system of lines. 

123. When two lines are cut by a transversal, the angles 
formed are named as follows : 

' Exterior Angles are those without 
the two lines, as 1, 2, 7, and 8. 

Interior Angles are those within 
the two lines, as 3, 4, 5, and 6. 

Alternate Exterior Angles are 

those without the two lines and on differ- 
ent sides of the transversal, but not adja- ^*fl- *•• 
cent, as 2 and 7, 1 and 8. 

Alternate Interior Angles are those within the two 
lines and on different sides of the transversal, but not adjacent, 
as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within 
the two lines, and on the same side of the transversal, but not 
adjacent, as 2 and 6, 4 and 8, 1 and 5, 3 and 7, 




fABALLELS. 



PBOPOSITION I. 

124. Theorem. — Through a given, point one line can be 
drawn parallel to a given line, and but one. 

Demonsteation. 

Le.t AB be the given line, and P the given point 

We are to prove that one line can 
be drawn through P parallel to AB, 
and but one. 

Tbrougti P draw XY aa the direc- 
tina line, intersecting AB in E. 

Also through f posa a line C'D', 
making XPD' greater than XEB. 

Then revolving C'D' about P as a 
centre, XPD' may be made to dimin- 
ish continuous);, and in some pow- Fig. 4B. 
tiun, as CD, XPD will equal XEB. In this pondon, CD is parallel to AB 
(120, ISl). 

Hence there can be one line drawn through P parallel to AB. q, s. d. 

Again, there can be but one; since, if CO be revolved in either direc- 
tion aliout P, the angle XPD will become nnequnl to XEB, and hence the 
line CD will not be panllel to AB. Q. e. d. 



PBOPOSITION II. 

125. Theorem. — If a transversal cuts two parallels, 

let. Any tivo corresponding angles are equal. 

2d. Any two alternate interior, or any two alternate 
exterior angles are equal. 

3d. The sum of any two interior angles on the same 
side of the transversal, or the sum of any two exterior 
angles on the same side, is two right angles, or a straight 
angle. 

Demonstration. 

Let AB and CD (Fig. 50) be any two paraiielt, and EF any tranaversal. 
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Weare toprove, Ut. Of thecor- 
rcBpODuing angles, b = d, m = t, 
e = g, and f =■ h. 

2d. Of tUe alternate interior an- 
irle8,fi =/, ande = g; of theaitei^ 
Date exterior angles, d = li, and 

3tl. Of the interior angles cm the 
same ude of the tniDSTersal, 

h + e = % right angles, 
and if + / = a right angles ; 

Fig. 50. 

of the extenur angles on the same mde, 

a + d = 3 right angles, and « + A = a right angles. 

Let EF he taken as the direction line, the direction angles being esti- 
mated from right to left (120, 121, and foot-note, p. SS). Then, 

1st. Of the cor responding angles, h = d, these being the direction 
angles, and AB and CO being parallel. 

a = c, mnce they are supplements of the eqnal angles, h and d ; and 
e = g, for the same reason. 

Also, /= h, since they are opposite angles to the eqnal angles, b 
tadd. 

ad. Of the alternate interior angles, 6 =/, since /= d (108); ^ = g, 
•iuce the; are supplements of b and d. 

Of the altemste exterior angles, d = h, since h = b (108); and 
t s= a, since the; are supplements of i and d. 

8d. Of the interior angles on the same side, 

b + e = H right angles (or a straight angle), 
ranee d + e t= i right angles (or a straight angle), (42, &), uid b = d; 

and ? +/ = 3 right angles, 

rince g + b =^ & straight angle, and b—f. 

Of the exterior angles on the same side, 

a + d = 2 right angles, 
dnce a + b = A str^ght angle, and b = d; 

also « + A = a right angles. 

nnce ^ -f A = a straight angle, and « = ?. <i. e. n. 
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PROPOSITION III. 

186. Theorem. — Conversely to Proposition II, When 
two lines are cut by a transversal, the two lines are par- 
allel, 

1st. If any two corresponding angles are equal. 

2d. If any two altemate interior, or any two alternate 
exterior angles are equal. 

3d. If the sum of any two interior angles on the same 
side, or the sum- of any two exterior angles on the same 
side is two right angles. 

DSHONBTBATION. 

Let AB and CD ba two linai out by tha trarwvarMl-EF, miking any 
pair of oorrei ponding angiet equal, ■■ b = d, a = c, ff = e, It = f; 
or any two alternate Interior angles, or any two alternate exterior 
angles equal, a» b ~ f, g = c, a = e, w h ~ tl; or the aum of any 
two Interior anglei on the aame side, or of any two exterior angle* on 
the same side, equal to 2 right angles, a»b + c,tr + f> n + d,h + Vf 
equal to 2 right anglee. 

We ore to prove that AB and CD 
are parallel. 

Let EF be the diret'tiDn line, aod b 
and d the direction angles. IF, then, 
these are graated or proved eqoal, the 
lines are parallel (181). 

Now, Ist. Of the correspanding an- 
gles, if b = d, AB and CD are parallel 
by definition ; but, if a = e, b = d, 
uDce £ and d arc supplements of a and 
e; or, if {T = e, fr = '/, since ( and d Fig. si. 

are snpplements of g and e; or, if A =/, b = d, taace b = h and d =/ 
(108). Hence, in every case, b = d, and AB and CD are parallel. 

3d. Of alternate interior angles, if 6 =/, b = d, since/ = d; or, if 
g = e,h ^ d, since 6 and d 'are supplements of g and e. Hence, in either 
case, b = d, and AB and CD are parallel. 
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Of alternate exterior angles, if 
h = d,l = d, since ( = A dOS) ; or, 
if a = <, b = d, Bince b and d are 
snpplemeDtB of a and e. Hence, in 
either oise, b = d and, AB and CO 
are psratlel. 

3d. Of interior angles on the 
same ude, if A + e = 3 right angles, 
h = d, Bince d + e = 2 right angles 
(42) ; or, if If + / = 2 right angles, 



Fig. 51. 



g + f + h + e = i right angles ; 
hence, i + e is 2 right angles, and as d + e = 3 right itngles, d = b. 
Hence, in either case, b = d^ and AB and CO are parallel. 

Of exterinr angles on the same side, if a + d = 3 right angles, b = d, 
aince a ■\- h = 2 right angles; or, if A -|- e = 2 right angles, b = d, since 
A + «-fa + d = i right angles ; hence, a ■\- d = % right angles, and, as 
a + ( = a right angles, d = h. Hence, in either case, I = d. and AB and 
CO are parallel- 4-k-'>-' 

127. CoROLLART. — Two Unes which are perpcndicitlar 
to a third are parallel to each other. 

For, in such a case, all the eight angles funned are equal : hence, anj 
of the conditions of the proposition are met. 

138. Scholium. — The laat two propositions are the coiiTerse 
of each other ; i. e., the hypotheses and conclusions are exchanged. 
Thus, in Prop. II, the hypothesis is that the two lines are parallel, 
and the conclusion is certain relations between the angles; while 
in Prop. Ill the hypotheses are certain relations among the angles, 
and the conclusion is that the lines are parallel. 

The learner may think that, if a proportion is true, its converse is 
noceesaril; true ; and hence, that when a proposition has been proved, its 
coDverae may he assumed as also proved. Now this is b; no means the 
case. Although in a great number of mathematical propositions, it hap- 
pens that the proposition and its converse are both true, we never assume 
one from having proved the other; and we shall occasionally find a prop- 
outiun whose converse is not true. 



FARAhhBLS. 



PBOPOSITION IV. 



ISft Theorem. - Wheti. two straight lines are cut by a 
transversal, if the sum of the two iii.terior angles on either 
side is less than two right angles, the two lines will meet 
on this side of the transversal, if sufficiently extended. 

DeuONSTBATlOH. 

Lot AS and CD b« two lino* out by tho trantveraal XY, making 
BEP + EPD < 2 right angle*. 



Fig. n. 

We are to prove tbat AB and CD will meet on the side of XY od wbicli 
these angles lie. 

Throogh P draw FG parallel to A8. 

Take EH - EP and draw PH, and also ET perpendicniar to PH. By 
iWS), TH = TP. whence EHT = EPT (110) 

Bot EHT = GPH (126). Hence QPH = JGRE. 

Af^in, take HI = PH and draw pi, and it may be shown in the same 
manner that GPI ^ ^^GPH = JQPE. 

In this manner we may continne to draw oblique lines through P cnl^ 
infc AB fiirther and Ihrther from E, and may thns diminish at pleasure 
the anfjle included by the oblique line and PG. Hence this angle may be 
made less than GPD, the diffierence between DPE and the supplement 
of PEB. when the oblique line will fall between PD and PG. Call this 
line PR. Now as PR and PE cut AB, and PD lies between them, it must 
cut AB between E and R. i^ e, d. 
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130. Corollary 1. — If a, transversal cirfs one of two 
parallels, it cuts the other also. 

131. Corollary 2. — J^on-pardUel straight lines meet, 
if sufficiently produced. 

132. Corollary 3. — Two straight lines in, the same 
plane which do not meet, however far they are extended, 
are parallel. 

¥ot, let AB aad CD be two such lines, and P mj point in CO. Now 
all lines throogb P which &re not parallel to AB nieet AB (131)- Hence 
as there can be oue parallel to AB throi^h P (124)i it is the line which 
does not meet A8. 



PBOP03ITION V. 

133. Theorem. — t^ line which is perpendicular to one 
of two parallels is perpendicular to the other also. 

Dehonstration. 

Lst AB and CO be two parallels, and let EF be perpendicular to AB. 

We are to prove that EF is also 
perpendicular to CO. 

Snce EF ia a transversal cut- 
ting AB and CD, angle EOB = angle 
EMD (125. 1). 

Now EOB is a right angle b7 
hypothesis (86), 

Hence EMD is a right angle, 
and EF is perpendicular to CD. 

H.K.D. 

Fig. 53. 

134. Corollary.— 2!fee shortest distance between two 
parallels is th^e perpendicular which joins them. 

For, DM being a perpendicular trom to CD, is shorter than any 
other line Troni to CD (94). 



PARALLELS. 



135. The Distance between two pantlels is the perpen- 
dicnlsr which joini them. 



PBOPOSITION VI. 

186. Theorem* — Two parallels are everywhere equally 
distcuti from, each other, and hence never meet. 

Dbuoksteation. 

Let E and F be any two poinli In the line 00, and EG and FH per- 
pendicular! meaauring the diltanoei between the parallel! CD and AB it 
thste points. 

We Me to prove EG = FH, 

Iiet P lie the middle point between 
E and F, and PC a perpendicular at 
thia point. 

KeToIre the portion nf the figure 
on the right of PO, upon PO m an axia, ^'t- ^■ 

until it &I1b upon the plane of tbe paper at the left. 

Then, dnce FPO and EPO are right angles, PO will fall in PC ; and, 
aa PF = PE, F wiU Call on E. Aa F and E are right angles, FH will 
take the direction EG, and H will lie in EG or EG produced. Also, 
as POH and POQ are right angles, OB will tall in OA, and H, falling at the 
aanie time in EG and OA. ia at their ipt«r8ection 0. 

Hence, FH coinddee with and ia equal to EG. <t. b. d. 

Hence, also, 00 cannot meet AB, rince tiie diatauM from any point 
In-CO to AB is E£l. 4. x. d. ~ 



PROPOSITION VII. 

187. Theorem. —ConTereelj to PropoeitioB VI., // two 
points- in one straight line are equally distant from, a 
second straight line, and on the same aide of it, the lines 
are parallel to each other. 

Dbhonstbatiok. 

Let AB and CD (Fig. Bft) be two llnea having the paints P and S In CO 
equally distant from AB, and on the aame side of it. 
We are to prove that CD and AB are paralld. 



64 ELEMEKTARr BEOMETRY. 

From P tad S dnn PE and SF purpendiculu bj AB. Then is PE = 
SF, by hypothesis. 

Through 0, the middle point or PE, 
draw GH parsllel to AB. 

Since PE ia parallel to SF, GH cuts 
SF in some point oa I (130)- 

By (138), OE = IF; and since SF = 
PE and OE is {PE, IF is ^SF, that is, 
IF = IS. FiB- M- 

Now, as PE and SF are perpendicular to GH (183), if we reTolve the 
tgoK 0AEF8I on GH, E will fall iu P,and F in S (03), and AB will have 
two points in common witli CD, and hence will coincide with it. 

Hence, OPO = 8E0| and as the latter is a right angle by construc- 
tion^ AB and CO are perpendicular to PE, and hence parallel (187)- 

Q. E. D. 



PBOPOSITIOH VIII. 



138. Theorem. — A pair ofpardU^ transversals inter- 
cept equal portions of two parallels. 



Demonbtration. 

Let ST and RL tw two parallel transvertalt, outHng thfl two 
AB and CO. 

We are to prove that GE = HF. 

From E and F let Tall the per- 
pendiculare EM and FK. Then 

EM = FK (136). 

Now apply the figure QEM to 
HFK, placing EM in its equal FK. 
Since M and K are right angles, MQ 
will fell in KH. . 

With the flgnres in this powtion, 
FH and EG are lines drawn from the 
same point in the perpendicnlar to 
ST and making equal angles with it 
(126), and are hence equal (118). 4 



FABALLSLS. 



PROPOSITION IX. 

189. Theorem. — Two straigJit lines which are parallel 
to a third are parallel to each other. 

DEHOK8TBA.TI0H. 
Let AB and CD be eeoh parallel to EF 

We an to proTe tbat AB and CD are 
parallel to each other. 

DrawHI perpendiculsrto EF; then will 
it be perpendicular U) CD (183)- 

For a like reason,' HI is perpendicular 
toAB. 

Hence, CD and AB are both perpendic' _, _ 

nlor to HI, and consequently parnltel (127>' <t B. d. 



PROPOSITION X. 

140. Theorem. — If to each of two parallels perpendic- 
ulars ctre drawn, then are the perpendiculars paraMel. 



Dehonstbation. 

Let A and B be parallel Ifnei, P be perpendicular to A, and Q to B. 

We are to prove that P and Q ore par- 
allel to each other, 

Q, whicb is perpendicular to 8, one of 
the two parallels, is perpendicular to A, 
the other parallel, also (133). 

Hence, P and Q are both perpendicu- 
lar to A, and hence are parallel (127)- «■ k. d. 

Fifl. M. 
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PBOPOSITION ZI. 

141. Theorem. — // to each of two non-paraUel tines 
a perpendicular is drawn, the perpendiculars are non- 
parallel. 

Demonstration. 

Let A and B be non-parallet, end P ■ perpemfloular to A, and Q to B, 

We u« to prove thu P and Q ure 
Don-pftrall«l. 

If P anil Q were parallel, then, by the 
preceding propoBition, A and B woald be 
parallel, which is coatrar; to the hy- 
potheus. Hence, P and Q are non-par- 
allel . 9. B. D. 

Fig. SB. 



PROPOSITION XII. 

142. Problem. — Through a given, point to draw a 
parallel to a given line. 

Solution. 
Let AB be the given line, and P the given point. 



We are to draw through P a parallel to AB. 

Let foil PF, a perpendicnlar from p to AB^102)- 

At P erect CD, a perpendicular to PF (99)- 

Then is CD parallel to AB (127)" [Pupii giye proolj 



PABALLgLS. 



EXERCISES. 

143. 1. How can a farmer tell whether the opposite sides 
of his farm are parallel ? 

3. If we wish to cross over from oae of two parallel roads to 
the other, is it of any nse to travel farther in the hope that the 
distance across will be less? Why? 

3. If a straight line iatersects two parallel lines, how many 
angles are formed ? How many angles of the same size? May 
they all be of the same size? When? When will they not he 
all of the same size ? 

4. Are the two opposite walls of a building which are carried 
up by the plumb line exactly parallel ? Why? 

6. A hmd (Pig. 61) is an instm- 
m&ai macb used by cupeoters, and 
cnnnaU of a main limb AB, in 
which a tongae CD is placed, a 
to open and sfant like the blade of 
H knife. ThiB tougne turns on tl 
pivot 0, which i« a screw, and ci 
be tightened so as to hold the 
tongue firmly at any angle with the 
limb. The tongue can alsu be ad- 
justed so OS to allow a greater < 
less portion to extend on a givt 
aide, as CB, of the limb. Now, 
Buppofle the tongue fixed in posi- 
tion, as represented in the figure, and the side m of the limb to l)e placed 
against the straight edge of a board, and slid up and down, while tines 
are drawn along the ude n of the tongue. What will be the relative 
pontion of these lines ? Upon what proposition does their relative posi' 
tion depend ? How con the carpenter adjust the bevel to a right angle 
upon the principle in Prop. I, Sec. 1) At what angle is the bevel set, 
when, drawing two lines from the same point in the edge of the board, 
one with one edge m of the bevel against the edge of the board, and the 
otber with the other edge i»', these lines are at right angles to each other i 



Fig. ei. 



BLEUBNTASr GSOMSTRY. 



OF THE RELATIVE POSITIONS OF STRAIGHT LINES AND 
CIpCUMFERENCES. 



PROPOSITION T. 

144. Theorem. — Any diameter divides i 
also its circumference, into two equal parts. 

DEMONSTEATIOy. 

Let AB be the diameter of the circle A»iBn. 

We are to prove that arc AmB = arc 
AnB, and that Moment AmB = segmeDtAnB.' 

Revolve AnB upon AB as an axis, until 
itfiillBintheplaoeon tbeoppotdteaideof AB. 

Then, since every point in AnB i* at the 
mme distance fVoni the centre C as eveij 
point of AmB (24), the arc AnB falle in AmB, 
and both arcs and s^mentH coincide ; 
whence, arc AmB = »rc AmB, and Bogment 
ArB = segment AmB. Q. a. d. * f 



PROPOSITION II. 

146. Theorem. — ITie diameter of a circle is greater 
than any other chord of the same circle. 

DBMONSTEATtON. 
Let AB (Fig. 63) be a ohord meeting the oircunibrenoe In A4IhI 8, 
and not panlng through the centre ; and let AC be the diameter. 



STRAWBT LIXBS AND CIScmiFERBNCBS. 

We are tn prove that AB \% lees tban auf 
diameter, aa AC (38)- 

Now as AB is not a diataeUr, it dees not 
pass tbroDgh 0, or lie in AC. Hence B ia a 
difibrent point from C- 

Oraw OB. 

Now AB being a straight line, is teas than 
AO + OB, which is a broken line (69) ; hence, 
as AO + OB = AC, AB < AC. q. B. D. 



146. An arc ia said to be Snbteiided by the chord which 
joins its extremities, and the arc is said to subtend the angl^ in- 
cluded by the radii drawn to its extremities. 



PROPOSITION III. 

radius which is perpendicular to 
ni, the subtended are, and the sub- 



EHONSTRATIOlf. 

indlng the iro AB, which aro lubtsnds the 
be perpendicular to AB, cutting it in D. 

We are to prove that DA = DB, arc AE 
= aro EB, and angle AOE = angle BOE. 

Produce EO, forming the diameter EC. 

Revolfe the Beraidrcle EBC on EC as an 
axis, till it falls in the plane on the other ude 
of EC. 

The semicircles will coincide (144)i end 
since AB is perpendicular ta EO, DB will &11 
in DA. 

Moreover, ss OA = OB, and there cannot Fig. 64. 

* Boch Btotementa in Plane GeomeUy are generally limited to the con- 
sideralion of area leaa than a semi circumference, yet all the propoaitiona 
In thie eection, except Prop. YIII, are eqoall; true whatever the arcs 
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be two equal oblique lines irom a point to a line -on the same side of a 
perpendicular (114)) OB falls in OA, and B falls in A. 

Hence, DB coincides with DA, EB with EA, and angle BOE with angle 
AOE, and we have DA = DB, arc AE = arc EB, and angle AOE = angle 
BOE. <^ B. D. 



PBOPOSITION IV. 

148. Theorem. — Conversely to Proposition III, A radius 
which bisects an arc bisects the chord which subtends the 
aro, is perpendicular to the chord, and also bisects the 
sivbtended angle. 

Demokstratiok. 

Let arc AB be bisected by the radius OE at E. Let the straight line 
AB be the chord of this arc, and AOB the subtended angle. 

We are to prove that OE bisects the chord 
AB and is perpendicular to it, and also bisects 
the angle AOB. 

Produce EO, forming the diameter EC. 

Revolve the semi-circumference EBO upon 
EC as an axis; till it falls in the plane at the 
left of EC. 

Then will semi circumference EBC coincide 
with EAC, and since arc BE = arc AE by hy- 
pothesis, B will fall in A, and BD = AD. Fig. 64. 

Hence, the line OE has two pointa, O and D, each equally distant 
from A and B, and is therefore perpendicular to AB (98)* 

Furthermore, angle BOD coincides with AOD, and BOD = ADD. 

Q. B. D. 




PBOPOSITION V. 

149. Theorem.— Conversely to Propositions III and IV, 
A radius which bisects the angle included by two other 
radii bisects the arc subtending the angle, and the chord 
of the arc, and is perpendicular to the chord. 

[Let the student give the demonstration.] 



STRAIBBT LINES AND CIRCUMFERENCES. 



PBOPOSITION VI. 

160. Theorem. — lit the sum-e circle, or in equal cir- 
cles, equal cftords are equally distant from the centre. 

Demonstration. s 
Let EF and QH b« equal chords in the ■■mo oirofa or in equal clroie* ; 
and OL and ON be the perpendiouiar* from the centre upon tlie 
chords, and thus be the distances of the chords fram the centre (85). 



Fifl. as. 

We are to prove OL = ON. 

Since OL nnd ON are perpendicuiars Trom the centre upon the equal 
chords EF and QH, HN = FL (147)- 

Now apply the figure HNO to FLO, placing HN in its equal FL. Theu 
win NO coincide with LO (88)- 

In this position, HO and FO aie equal lines drawn from the same 
point in the perpeudicalar FL to the line LO- Hence, LO = NO (115). 
q.B.D. 

[Let the student state and prove other converses to Propoattions in, 
IV and VI] 



PBOPOSITION VII. 

161. Theorem. — In the same circle, or in equal cir- 
cles, if two arcs are equal, the chords which subtend them 
are equal; and, conversely, if two chords are equal, the 
subtended ares are equal. 



SLEMENTAST QBOMETRT. 



DEMONBTBA.TIOtT. 



Let AmB and CnD bs equal arcs In the aame oirole or in equal 
olrotea. 



We are to prove, first, that the chords AB anil CD are equal. 

Apply the figure CnDO to AmBO, placing the radius CO in its equal 
AO, and let the arc CD extend in the direction of arc AB. 

Then, idnce each point in arc CO is at the aanie distance ftnia the cen- 
tre as each point in arc AB, arc CD Alls in arc AB, and aioce arc CO = 
arc AB by hypothesis, D falls in B. 

Hence, chord AB = chord CD (61)- Q- K. o. 

Conversely, If chord AB = chord CD, arc AB = arc CD. 

Draw \ht perpendicnlare OL and ON. Then, since the chords are 
eqaal, OL = ON (160). 

Now apply the flguTe CnDO to AmBO, placing ON in its equal OL. 
Since CD is perpendicular to ON, and AB to OL, CD will fall in AB ; and, 
since the chords are equal by hypothesis, and are bisected at N and L 
(147), D falls in B and C in A. 

Hence, arc CnD coincides with arc AmB, and arc CnD = arc AmB. 

Q. K. D. 



PROPOSITION VIII. 

158, Theorem.— /t the same circle, or in equal cir- 
cles, if two arcs are unequal, the less arc has the leas chord ; 
and, conversely, if two chords are unequal, the less chord 
subtends the less arc. 
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Demonstration. 
In the Mine circle, or In equal circlet, let arc AmB < arc CnD 



Fig. 67. 

We are to prove, first, that chord AB < chord CD. 
Draw OA, OB, OD, and OC- 

Apply the figiiTe CnDO to AmBO, placing OC in its equal OA, and the 
arc n in the a^ ni. 

Since arc CnD > arc AmB, D will fall beyond B, as at D'. Draw OD'. 
' AD* will evidently cat OB- Let N be tbe point of intersection. ' 

Now AB < AN + NB (59), 

and BO = D'O < ND' + ON (69). 

Adding, AB 4- BO < AN + ND' + ON + NB, 

or AB + BO < AD' + BO. 

Subtracting BO l^m each member, we have 
AB < AD'. 4. E. D. 

Converaely, if chord AB < chord CD. 

We ere to prove that arc AmB is less than arc CnD, 

For, if arc AmB = nrc CnD, chord AB = chord CD (181). And, if 
arc AmB > arc CnD, chord AB > chord CD, by the former part of this 
demonstration. But both of these conclndona are contrary to the by- 
(wthesis. 

Hence, as arc AmB can neither be equal to nor greater than arc CnD, 
it mOBt be leas. q. b. d. 



ELEMENTARY OEOMETRT. 



PROPOSITION IX. 



153. Theorem. — In. the same circle, or in equal cir- 
_cles, of two unequal cJwrds, the less is at the greater dis- 
tance from the centre; and, conversely, of two cftords 
which are unequally distant from the centre, that which 

is at tfbe greater distance is the less. 

Deuokstbation. 
in the same circle, or in equal oirole*, let chord CE < chord AB, 
and 00 and 00' their respective disfanoea from the centre. 



Fib 68. 

We are to prove, first, that 00 > 00'. 

From A, one extremity nf the greater chord, lay off towards B, AE' = 
CE. Since AE' < AB, arc AE' < arc AB.(152), and E' tails eomewliere 
on the arc AB between A and B. ' ; , 

Draw OD" perpendicular to AE', and CD" = OD, dnce the equal 
chords are equally distant from the centre (ISO). 

Now 00" is a difierent line ftam OD', since OD" produced would 
bisect arc AE', and OD''Would bisect arc AB. Hence, as 00' is perpen- 
dicalar to AB, 00" mast be oblique (03). 

Again, OD" cnta the line A8 in some point as H, since the choid AE' 
lies on the opporate side of AS from the centre 0. 

Hence, OH > 00' (94), and mnch more is OH -t- HO" (= OD") > OD'. 

Q. E. D. 

ConTcrsely, let 00 > OD'. 

We are to prove that CE < AB, 

If CE = AB, 00 = 00' (160). and if CE > AB, OD < OD', both 
of which concluucns are contrary to the bypotheris OD > 00'. 

Hence, as CE can neither be equal to nor greater tban AB, it must be 
less. Q. E. D. 



8TBAIOHT LINES AND CIBCUXfEREJVCSS. 



PROPOSITION X. 

184. Theorem. — •! straight line which intersects a 
circiLTThference in one point intersects it also in a second 
point, and can intersect it in but two points. 

Demonstration. 

L«t LM (Fig. 69) inleraecl tha oiroumference in A. 

We are to prove ttaat it intereects in another point, as B, and in onl; 
these two pointB. 

Since LM intetBecls tbe circninrerence in A, 
it passes witbis it, and lience has points nearer 
the centre than A. OA is, therefore, an 
obliqae line, and not the perpendicular from O 
upon LM (94). 

Now two equal oblique lines can be drawn 
to a line from a point without (114)- ^t OB 
be the other oblique line equal to OA. But as 
OA is a radius, OB = OA must also be a radius, 
and Bis in the circumference. * K. D. Fig. 68. 

Again, LM cannot have another point cominnn with the circnnifer- 
ence, unce if it had there could be more than two equal straight lines 
drawn fhtm to LM, which is impossible. Q. E. D. 

. 155. Corollary. — t^ny line which is (Mique to a radius 
at its extremity is a secant line, since any such line liae points 
nearer the centre than the extremity of the radius, and hence 
passes within the circamference. 



PROPOSITION XI. 

166. Theorem. — A straight line which is perpendicu- 
lar to a radius at its outer extrenvity is tangent ^ the 
circumference ; and, conversely, a tangent to a circumfer- 
ence is perpendicular to a radius drawn to the point of 
contdct. 

Demonstration. 

A line perpendicular to a radius at its eitremitj touches the circum- 
ference because the extremity of the radius is in the circumference. 
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Moreover, it does not intersect the circa mference, since, if it did, it would 
liave points nearer the centre thnn the eztremitj of the r&dios; but these 
it cannot have, aa the perpendicular is the shortest distance IVom a point 
to a, line. Hence, ns u line which is perpendicular to a radius at its ex- 
tremity tonchea the circumference but doca nut intersect it, it ia a tan- 
gent (80)- <i-Ei.D. 

Conveiwly, as a tangent to a circamfereoce does not pass within, the 
point of contact is the nearest point to the centre, and hence is the foot 
Ufa perpendicular from the centre, q. e. d. 

157, COBOLLART. — A perpendicular from ike centre of 
a circle to a tan^etU jneets the tangent in the point of tan- 
gency (93). 



PlfOPOSITIOW XII, 

158. Theorem. — The arcs of a circumference inter- 
cepted by two parallels are equal. 

DEU0N8TKATI0K. 

There may be three oaiei, 1st. When one parallel is a tangent and 
Hie other a secant, as AB and CD ; 

2d. When both parallel* are secants, a« CD and EF; and 

3d. When ttoth parallels are tangents, as A8 and QH. 

In the first case we are to pr 
Ml = MK ; in the second, IL = I 
and in the third, MmN = MnN. 

Through Odraw MN perpendicular 
to one of the parallels, in any case, and 
it will be perpendicular to the other 
also (138); and as a perpendicular 
from the centre upon a tan^^ent meets 
the tangent at the point of t^gencj 
(167). Hand N are points of tangency, p. 

and MN is a diameter. 

Now, since the parallels are perpendicular to MN, and the cliords IK 
and LR are bisected by it, if we fold the right-hand portion of the fignro 
on MN as an axis until it falls in the plane on the left of MN, K will fall 
in I, and R in L. 

Hence, Ml = MK, IL = KR, and MmN = MnN. «. b. d. 
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PKOPOSITION XIII. 

169. Problem. — To bisect a given arc. 
Solution. 

Let ACB be the given arc. 

We ore to bisect it ; that ia, find its mid- 
dle point. 

Draw the chord AB joining the extremi- 
ties of the arc; nnd bisect this chord b; the 
perpendicular 00' (101)- Then will 00' bi- 
sect the arc, as at C. 

Dbmohbteation op Solution. 

OC being a perpendicnlu to the chord AB at its middle poiat.any 
point in it is equally distant from the extremities. Hence chord BC -= 
diord AC, and arc BC = arc AC (161). q. b. d. 



PROPOSITION XIV. 

160, Problein.-^2b find the centre of a circle whose 
cireunhferenee is known, or of any arc of it. 



Let ACB be in arc of a circumferenae. 
We are to find the centre of the 

Draw an; two chords of the arc, as 
AC and BC, not parallel, and bisect each 
by a perpendicular. Then will the in- 
tersection of these perpendicnlars, as 0, 
be the centre of the circle. 

FiB. 71. 

Dbmohsteation of Solctiok. 
OL being perpendicular to the chord AC at ita centre, passes through 
tlie centre of the circle, since if the centre were out of OL it would 
be unequally distant from A and C (96). And fur a enaular reason, OM 
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b«ng perpendicular to the chord BC at its centre, paBses through tbe 
centre of the circle. 

Hence, as the centre of the circle lies at the same time in LO and M0> 
it is their intersection 0. Q. E. i>. 



PKOPOSITION XV. 

16i. Problem.— To pass a circumference thraugh 
three given points not in the same straight line. 

SOLITION. 

Let A, B, md C be the three given poinli not in the eime ttrafght 
line. 

Join AB and BC. 

Ksect AB b; the perpendicular MN 
(101), and BC by the perpendicular RS. 

With O, the intersection of MN and RS, 
as a centre, and any one of the dist»ncea OA, 
OB, OC, say OA, as a radius, describe a cir- 
cumference. 

Then will this circumference pass 
tbrougrh the three points A, B, and C. 

Fig. 73. 

Dbmonbteation of SOLOnOK. 

Since AB and BC are non-parallel by hypothesis, MN and RS are non- 
parallel (141), and hence meet in some point, as (131). 

Now as every point in MN is equally distant from the extremities ot 
AB (98). OA = OB. 

In like manner, every point in RS is equally distant from B and C. 
Hence, OB = OC. 

Hence, OA = 08 = OC, and a circumference struck fhim as a 
centre, with a radius OA, will pass through A, B, and C- % b- n. 



PROPOSITION XVI. 

162, Problem. — To draw a tangent to a circle at a 
given point in its circumference. 



STRAWST ilXES ANli CIRVl'MFSREHCES. 



Let H be required U draw a tangent to 
the circle whoae 4>entre ie O, at the point P 
in its oircumferenoe. 

Dran the radius OP, and produce it to 
any cttnvenient distance t>eyond the circle. 
Throagh P draw MT perpendicular to OP. 
Tlien is MT a tangent to the circle at P. 

Demonstbaiion of SoldtiON. 
MT t)eing a perpendicular to the radina at its extremity, is a tangent 
to tite circle by (IfiS). 4. £■ d- 



EXE RCISES. 

163. 1. Draw ii ciTcle and divide it into two equal parts. 
What pf^waition iB involved ? 

%. Given a point in a circumference, to find where a semi- 
circnmference reckoned from this point terminates. What 
proposition is involved ? 

3. In a circle whose radius is 11 there are drawn two chords, 
one at 6 from the centre, and one at 4. Which chord is the 
greater ? By what proposition ? 

4. In a certain circle there are two chords, each 15 inches in 
length. What are their relative distances from the centre ? 
Quote the principle. 

5. There is a circular plat of ground whoae diameter is 20 
rods. A straight path in passing runs within 7 rods qf the cen- 
tre. "What is the position of the path with reference to the plat? 
What is the position of a straight path whose nearest point is 
10 rods from the centre? One whose nearest point is 11 rods 
from the centre ? 

6. Pass a line through a given point, and parallel to a given 
line, by the principles contained in (161), (147), (148),and (127). 



SLBMENTARr OSOMETJtr. 



OF THE REUTIVE POSITIONS OF CIRCUMFERENCES 



AXIOMS. 



104. Two circles may occupy any one of fire positinns with 
refereuce to each other: 

let. One circle may be wholly exterior to the other. 

2d. One circle may be tangent t» the other externally, the 
circles being exterior to each other. 

3d. One circnmference may intersect the other. 

4th. One circle may be tangent to the other internally. 

5th. One circle may be wholly interior to the other. 



PROPOSITION I. 

186. Theorem. — W%en, one circle is wholly exterior to 
another, the distnnee betiveen their centres is greater than 
the sum of their radii. 



DEMONSTRAnOM. 



Let M and N be two cirolM 
whose cantrei are O and O*, 
■ml whoM radii are OA = B, 
and aB = r, reapectively ; and 
let N be wholly exterior lo M. 

We are to prove that 00' 

> a + r. 

Draw 00', and let it ioter- 
sect drcninferonce M iu A, and 
NinS. 



RELATIVE POSITIONS OF CIRCUMFERENCES. 

Since N is who)); exterior to M, OB > OA. 

Adding BO' to each member of tbii ineqnalit;, we haro 
OB + BO* > OA + BO', 
Of 00' > B + T, 

aaof OB + BO' = 00', OA = J^ and O'B - r. «{. £. d. 



PEOPOBITION II. 

168. Theorem. — WTien two circles are tangeni to each 
other exterTially, 

Ist. The distance between, their centres is the sum of 
Uteir radii. 

2d. l%ey have a comTnon rectilinear tangent at ttieir 
point of tangency. 

3d. The. point of tangency is in the straight line Join- 
ing their centres. 

D £HONSTBATION. 

Let M and N be two circles tangent to each other externally; let 
and 0' be their reipective centrei, R and )' their radii, the point of 
tangency, and TR a tangent to M at D> 

We are to prore, lat That 
O0' = ii + r; 2d. That TR is 
tangent to N ; 8d. That D iH in 
00*. 

lat. Draw the radii OD = R, 
anil 0*0 = *•. 

If we abow that OD + O'D ~ 
R -I- r IB the shortest path from 

to 0', we show that it is a straight Fig. 7t. 

line (59)t ^id beoce ia the diHtance 
(rom O tn 0' (95). 

Conaider any other path firom to 0', croasmg circumference N in 
aome other point than 0, say in P. 

Now tbe shortest path from tn P is the straight line OP (59) ; and 
the shortest path from P to 0' is the straight line PO'. Hence the 
eborteet path from to 0' passing through P is OP + PO'. 
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But Q? > R (?)» and PO' = r, wheoce OP 4- PO' > £ + r. 

Hence, as P is tbe point where 
any other patb from to O* crosses 
circumference N, OD + D 0'= B 
+ r is the distance from to 0'- 

(i.K.D. 

2d. As TR is tangent to M at 0, 
bj hjpotbems, and as ODO' has 
been shown to be a straight line, TR 
is perpendicular to DO' 0) and 
bence tangent to N (156). «. «. d. !"'■■ "' 

3d. As is the point of tangency, and ODO' is 00', D is In 00'. 

41. K. D. 



PEOPOSITION III. 

187, Theorem.— r«w cireutnferenees ivhieh intersect 
in one point intersect also in a second point, and hence 
have a common chord. 

Dehonstration. 
Let M and N be two oircurafBnn«e» intersecting In P. 



r.B. 77. 

We are to prove that thej intersect in another point, as P', and hence 
have a common chord PP'. 

As M intersects N, it has points both without and within N. 

Now consider the circumference M as generated by a point moving 
from left to right, ami let Y Iw a point within N. The generating point, 



* Hereafter, minor references to principles on which a 
pends will be omitted, and the Interrogation mark substituted. This Indi- 
cates that the student Is to give the principle. Id this case, P is without M 
since by hypothesis N is external to M. 
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in passing from Y, a point witbin N, to X, any point in tbe circumference 
M without N, roust ctobs circumference N at some point, as P', since this 
is H closed curve, 

Hnreover, this second point, P', is a different point fVom P, since a 
circumference of a circle does not cat itself, or become tangent ta itself. 

Hence, if circumference M cuts circumference N in P, it cuts it also in 
a second point, as P'. q. e. d. 

Finally, since P tind P' are common to both circumferences, tbe 
circles M and N bave a common chord PR'. 4. E. D. 



PROPOSITION IV. 

168. Theorem. — When two circumferences intersect, 
1st. The line joining their centres is perpendicular to 

their common chord at its middle point. 

2d. The distance between their centres is less than the 

sum of their radii and greater than their difference. 

Demonstration. 

Let M and N be two circumferences fnterseoting at P >nd P' ; let 
and 0' be their centre*, and I£ and i- their radii reapectiveiy, B being 
equal to or greater than r. 

We are to prove, let. That 
00' is perpendiculur to PP' at 
its middle point ; andSd. That 
00' < * + r, and 00" > 
B-r. 

Draw OP and OT. 

let. Since is equally dis- 
tant from P and P', and 0' is 
also equally distant from P and 
P' (?) , 00' is peqjcndicular to 
PP' at its middle point (98). f't- '^ 

Sd. As P is not in 00", 00' < OP + PO' {?), or 00' < B + r. 
Again, 00' + O'P > OP, 

or 00' + r > Bi 

whence, subtracting r from each member, 

00' > .ft - r. (J. E. D. 



ELS3IENTABT GEOMETRY. 



PROPOSITION V. 



1 89. Theorem. — WTien ihe less of two circles is tange/ht 
to the other internally, 

Ist. Hiey have a common rectilinear tangent at the 
point of tangency. 

2d. Their centres and the point of tangency Im in the 
same straight line. 

3d. The distance between the centres is eqiuU to the dif- 
ference of their radii. 

Dehonsiratioht. 

Let M and N be two circles whoae centres are O and O' respectively, 
N being less than M and tangent to It internally ; let £ and r be their 
radii, and the point of tangency. 

We are to prove, Ist. That they have 
a coniinon rectilinear tangent at D; 9d. 
That 0, O', and D are in the same straight 
line; and 3d. That 00' =^ R — r. 

lat Draw TR tangent to M at D. 
Dnw also O'D, and any other line from 0* 
to TR, as O'E. i 

Now, rioce E is without the circle M 
(?), sod M is without N (?), O'E > O'D. ' 

and O'D is perpeadioular to TR (94)- 

Hence, TR is tangent to N (166). and ^ ^ 

is therefore a cnmraon tangent, n. E. D. 

Sd. Since both OD and O'D are perpendicular to TR at D (?), OD 
and O'D coincide (88), and and 0' lie in the same stnught line with D. 

Q. B. D. 

3d. Since 00' and are in the aame atmight line, and 0' la between 
OandD, 00' = 00 — 0^0; that is, 00' = S — r. 4. e. d. 
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PBOPOSITION VI. 

170. Thi^xreva.,— When the less of two cU-cle8 is wholly 
interior to the otfier, the distance between the centres is 
less than the difference of their radii. 

DEH0K8IBAII0N. 

Let M and N be two oirolei whose oentret are and Of, and whOM 
»dU are £ and r roapeotivalr, and let N be wholly within M. 

We are to prore that 00' < R — r. 

Produce 00' till it meets both circumfereDcea 
oa the same side of that 0' is ; and let the inter- 
BectioDS with N and M respectirelj be and E. 

Then, as 0, 0', D, and E lie in order in the 
same straight line, 

0D,< OE; Fi,. ,0. 

and sobtracting O'D from each, and nolidng that OD — O'D = 00', 
that OE = i^ and O'D = r, we have 



171, Qkhbbai. Schouom. — The converse of each of Props. I, H, IV, 
V, and VI is also true. Thus, if the distance between the centres is 
greater than the sum of the radii, the circles are wholly exterior the one 
to the other; since if they occapied an; one of the other four posnble 
positions, the distance between the centres wnnld be equal to the sum of 
the radii, less than their snm, equal to their difference, or less than their 
difference; anyone of^ which concludons would be contrary to the hy- 
pothesis. 

In like manner, the converse of any <»ie of the five propositions may 
be proved. 

This method of proof ia called The Rkductio ad ABSUBPmc, and 
consists in showing that any concluuon other than the one stated wonld 
lead to an absurdity. 
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PROPOSITION VII. 

172. Theorem. — All the etrcumferences which can be 
passed through three points not in the same straight line 
coincide, and are one and the same. 

Demokstbation. 
Let A, B, and C be three points not in tiie same straigiit line. ^ 

We arc to prove that all the circumferraices 
which can be passed through them coincide, and 
are one and the same circumference. 

By (161) a circumference can be passed through 
A, B, and C. 

Now- every point equally distant from A and B 
lies in FD, a perpendicular to AB at its middle 
point (?). And, in like manner, every point equally 
distant from B and C is in HE, a perpendicular to 
BC at its middle point. 

But the two straight lines FD and HE can intersect in only one point. 

Hence all circumferences which can pass through A, B, and C have 
their centre in 0, and their radius OA, and therefore they constitute one 
and the same circumference, q. e. d. 




178. Cob. 1. — Through any three points not in the same 
strcdght line a circumference can he passed, and hut one. 

174. Definition. — A circle is said to be determined when 
the position of its centre and the length of Its radius are known. 

176. Cob. 2. — Three points not in the same siraight line 
determine a circle. 

176. Cob. 3. — Two circumferences can intersect in only 
two points. 

For, if they have three points common, they coincide, and form one 
and the same circumference. 
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EX ERG I SES. 

177. 1. The ceDtree of two circles whose radii are 10 and 7, 
are ut 4 from each other. What is the relative positioa of the 
circumfereucee F What if the disbmce between the ceDtres is 17 'i 
Whatifao? Whatif2? WhatifO? Whatif3? 

2. Given two circles and 0' (Fig. 82), to draw two others, 
one of which shall be tangent to these externally, and to the 
other of which the two given circles shall be tangent internally. 
Give all the prinoiples involved in the construction. Give other 
methods. 



Fig. K. Fl|. SI. 

3. Given two circles whose radii are 6 and 10, and the dis- 
tance between their centres 20. To draw a third circle whose 
radius shall be 6, and which shall be tangent to the two given 
circles. Can a third circle whose radius is 2 be drawn tangent to 
the two given circles? How will it be situated? Can one be 
drawn taugent to the given circles, whose radius shall be 1? 
Why? 

' ' 4 With a given radius, draw a circumference (Fig. 83) which 
shall pass through a given point and be tangent to a given line. 
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$l?CTIOM Yl. 



OF THE MEASUREMENT OF ANGLES. 



178. Two angles are Commensurable when there is a 
common finite angle which measures each. When they have no 
such common measure, they are Ineommensurable. 

179. An Angle at the Centre is an angle included be- 
tween two radii. 

180. An Inscribed Angle is an angle whose vertex is in 
a circumference, and whose sides are chords of that circumfer- 
ence. 

181. Angles are said to be measured by arcs, according to the 
principles developed in the following propositions. 



PROPOSITION I. 

182. Theorem. — In the same circle, or in eqnal circles, 
two angles at the centre are in the same rai>io a^ the arcs 
intercepted between their sides. 

Demonstration. 
There are three cases : 

CASE I. 

Wlien the angles are equal. 

Let angle AOB = angle DOE (Fig. 84) in the same circle or in equal 
circles. 
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We are to prore that 
AOB_ McAB * 
DOE aicOE' 
AppI; tbe angle DOE 
to the angle AOB, pladng 
the radius OD in iti eqoal 
OA. B; reason of the 
equalit; of tbe anglo!) 
DOE and AOB, OE will 
foil in OB, and E in B {I). 

Hence DE coincides with AB, and 
arc AB 



AOB 

Bnt, by hypothesis, ^^ = 

AOB 

Hence, ^ = 



CASE II. 
When tite angles are ctnntnenaurabte. 
Let AOB and DOE be two oommenturabla angle* at the centre in the 
■■me circle, or in equal o I roles. 



* This method ot writing a proportion Ib adopted in this book as tbe 
more elegant, and as it appears to be comiDg into eicluuTO dbs. The above 
!a the same as 

AOB : DOE :: arc AB : arcDE 
and is to be read in the wiue nunner. 
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We are to prore that ^^ = ^^^^ ■ 

As the angles are coiumeoaiirable hj liypotbe»s, let m be their com- 
mon nieasare, and let it be contained 5 times in AOB and 8 times in DOE, 
BO that 

A08_5 
DOE ~"8' 
Cimcei?e the angle AOB divided into 5 partial angleB, each equal to 
m, and the angle DOE divided into 8 such partial angles. 

Now ofl these partial angles are eqnal, their intercepted area are eqaal 
(?), and as AB contains 5 of them, an:l DE 8, 
arcAB 5 
aiiiOE ~8' 
„ AOB arc AB ,^ 

Hence, DOE = .I^^DE <^- **" "^ "■ 

CASE III. 
Wh^n tfie angles are incotntneiiSHrable. 
Let AOB and DOE (Fig. 86) be two inoommensuraMe angle* at the 
centra, in the same cirole, or in equal olroles. 



e to prove that 



AOB _ 
DOE" 



If the ratio ^ is not equal to the ratio ^^g , let it be ffrtater; 

and let 

AOB mAB 
DOE " wcDL' 

in which DL is less than DE' 
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Fig. M. 

Draw OL, ftnd divide AOB into eqaal pkrta, each len than LOE. 
Apply this measnre to DOE, beginning at DO. At least one line of di- 
TiBinn will fall between OL and OE. Let thia be OK. 

Now AOB and DOK are commensurable ; hence, bj Case U, 

AOB _ TC AB 
DDK ~ are DK ' 



but b; hypothesis 



AOB are AB 
DOE ~ arc DL ■ 

_. ... AOB , AOB „ . arc AB . 

^"•^^-S DOK "^y D05' '"'* ii^DK "y 
DOE _ arc DL 
DOK arcDK' 

But this conclusion is absurd, since 



Thus we sliow that the mtio jr== caoaot be greater than the ratio 

— =r=\ and in a simitar manner we mav show that ii;r= cannot be less 
are Dt DUE 

than - 

Hence, as ^^ is neither greater nor less than ^ 



arcDE 

AOB .. 
* DOE ^' 

AOB _ 
DOE 



[For other methods of demonstrating this important theorem, see 
Appendix.] 
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188. Out of the truth developed in this propoeitioii grows the 
method of representing angles by degrees, minutes, and seconds, as given 
in Trigonometry (Part IV, 3-8). It will be observed, that in all cases, if 
arcs be struck with the same radius^ from the vertices of angles as centres, 
the angles bear the same ratio to each other as the arcs intercepted by 
their sides. Hence the arc it said to meature the angle. Though this lan- 
guage is convenient, it is not quite natural; for we naturally measure a 
quantity by another of like hind. Thus, distance (length) we measure by 
distance, as when we say a line is 10 inches long. The line is length ; and 
its measure, an inch, is length also. So, likewise, we say the area of a 
field is 4 acres: the quantity measured is a surface; and the measure, an 
acre, is a surface also. Yet, notwithstanding the artificiality of the 
method of measuring ^angles by arcs, instead of directly by angles^ it is 
not only convenient but universally used ; and the student shoold know 
just what is meant by it. 

189. A Deg^ree is ^ part of the circumference of a circle; a 
Minute is ^ of a degree, and a Second is ^ of a minute. This is the 
primary signification of these terras. But as any angle at the centre sus- 
tains the same ratio to any other angle at the centre as do their subtended 
arcs, we speak of an angle as an angle of so many degrees, minutes, 
and seconds. Thus, an angle of 45 degrees (written 45°) means an angle 
at the centre 45 times as large as one which subtends ^f^ of the circumfer- 
ence, or half as large as one which subtends 90** of the circumference. 

This idea, as well as the notation °, ', ", for degrees, minutes, and 
seconds, has already been made familiar in Arithmetic. 

190. As the vertex of any angle may be conceived as the centre of a 
circle, the intercepted arc of whose circumference measures the angle, we 
speak of all angles in the same manner as of angles at the centre. Thus, 
a right angle is called an angle of 90''. one-half a right angle is an angle 
of 45°, a straight angle is an angle of 180°, and the sum of four right 
angles, being measured by the entire circumference, is an angle of 360°, etc. 



PROPOSITION II. 

191. Theorem. — An inscribed angle is measured by 
half the arc intercepted between its sides. 

Demonstration. 
Let APB be an angle inscribed in a circle whose centre is Q, 
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We are to prore that tlie angle APB is measured by one-balF the 
arc AB. 

Tbere are three cases : Ist. When the centre ie in one side; 2d. When 
the centre is within the angle ; and 3d. When it is without. 

CASE I. 
Wheti the eentre, 0, i» in one^Ule, a» PB. 
Draw the diameter DC pantltel to AP. 
B; reason of the par^lels AP and CD, 
arc AC- arc PD (158): 
and,aiac« COB = POO (t), 

arc CB = are PD (I). 
Hence, are AC = are CB, 
and arc CB = } are AB. 

Again, tnnce the parallels AP and DC arc cut b; the transversal PB, 
the anglee APB and COB are equal (125). 

But COB is meanued b; arc CB (?). Hence, APB is measured by 
arc CB = ^ arc AB. «. B. d. 

CASE II. 
When the centre in within the angle. 

Draw the diameter PC. 

Now by Case I, APC is measured by ^ arc AC, 
and CPB by i arc CB. Hence the aiim of these 
aiu?les, or APB, is measured by ^ arc AC + ^ are 
CB, or J are AB- Q. k. d. 

Fig. 8S. 
CASE III. 
Whett the centre i« without the angle. 
Draw the diameter PC. 
By Case I, APC is measured by I arc AC, and 
BPC by } arc BC. Hence, APB, whicE b APC — 
BPC, is measured by 

i an; AC - ^ arc BC 
or^arcAB. * k. d. „ 
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192. CoROtLAET. — In the satne circle or in eqtial circles, 
ail angles inscribed in the same segment or in et/uul seg- 
ments intercept equal arcs, and are consequenUy equal. 
If the segment is less tharif (t semicircle, the angles are 

^ ciftuse; if a semicircle, right; if greater than a semi- 

^ circle, acute. 




iLLtaTRATiON.— In each separate figure the anglea P are equal to 
each other, fur the; ore each nieaguied by half the same arc. 

In 0, each angle P is acute, being measured by Jin, nhich ia less than 
a quarter of a circumference. 

In 0', each angle P is a right angle, being measured b; }»i', nhich ia 
a quadrant (qnarter of a circumference). 

In 0", each angle P is ohtnse, being meaaured bj ^m", nhich b 
greater than a quadrant. 



PROPOSITION III. 

193. Theorem.— .^fty angle formed Tjy two chords in- 
tersecting in a circle is measured by one-half the sum of 
the arcs intercepted between its sides and the sides of its 
vertical, or opposite, angle. 

Demonstration. 

Let the ch«rdi AB and CD (Fig. 91) fnterseot in P- 

We are to prore that angle APO (= angle CPB !) ia measured bj 

^ (arc AD + arc CB) ; 

and that angle BPD (= angle CPA !) is measured by 

t (arc BO + arc CA). 



mbasursment of angles. ftS 

Draw CE parallel to AB. 

Are AE = arc CB (!) ; whence, are ED == 
are AD + arc CB. 

Now the iDscribed angle ECD is measured 
by J arc ED = i (are AD + arc CB). 

Bat ECD = APD (f) ; henee, APD (= CPB) 
ifl measured by } (are AD + are CB). <i, b. d. 

Finally, that APO, or iu equal BPD, b 
meaanred by f (AC + BD), appeare ft«m the ^'S- •'■ 

fhct that the aani of the four angles about P 

being equal to fonr right angles, is measured by a whole circumference 
(190). 

But APD -I- CPB is measured by AD + CB ; whence APC -t- BPD, or 
2APC. is mesBured by the whole cirenniference minua (AD + CB); tiiat 
is, by AC -h BD. Hence APC is measured by ^ (AC + 8D). Q. b. d. 

194. Scholium.— The case of the angle included between two chonls 
passes into tliat of the inscrihed angle in the preceding proposition, by 
conceiring AB to move parallel to its present position until P arrives at 
C and BA coincides with CE. The angle APD. is all the time measared 
by half the snm of the intercepted ares; but, when P has reached C, CB 
becomes 0, and APD becomes an inscribed angle measured by half ita in- 
tercepted arc 

In s similar manner we may paae to the case of an angle at the centre, 
by suppoMug P to move toward the centre All the time APD is meaa- 
ured by J (AD + CB); but, when P reaches the centre, AD = CB, and 
J (AD + CB) = ^(3AD) = AD; i.e., an angle at the centre is measared 
Ify ita int^cepted ar?. 



PROPOSITION IV. 

196. Theorem. — An angle included between ttvo se- 
cants meeting jvithout the circle is measured by one-half 
the difference of the intercepted arcs. 

Dbkonsteatiok. 

Let APB (Fig. 92) be an angle included between tlia secants PA 
and PB ; and let the Inttraeotlons with the oiroumferenoe be C and D. 
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We are to prove that APB is measured by 
i (arc AB — arc CD). 

Draw CE parallel to PB. 

Now arc CD = arc EB (?). Hence, arc AE 
= are AB ~ arc CD. 

Again, ACE = APB (?)• 

Bat ACE is measared by ^ arc AE (?). 
Hence APB is measured by 

^ arc AE = ^ (arc AB — arc CD), q. b. d. 

196. Scholium.— -This case passes into that 
of an inscribed angle, by conceiving P to move 
toward C, thus diminishing the arc CD. When 
P reaches C, the angle becomes inscribed ; and, as CD is then 0, j^ (AB — 
CD) = ^ AB. Also, by conceiving P to continue to move along PA, CD 
will reappear on the other side of PA, hence will change its sign ♦ and 
J (AE — CD) will l)ecome ^ (AE + CD), as it should, since the angle is 
then formed by two chords intersecting within the circumference. 




Fig. 92. 



PROPOSITION V. 

197. Theorem. — ^ll equal angles whose sides inter- 
cept a given line, and whose vertices lie on the same side 
of that line, are inscribed in the same segment of which 
the intercepted line is the chord. 

Demonstration. 

Let APB, APB, AP'B, etc., be any number of 
equal angles whose sides intercept the given line AB. 

We are to prove that the vertices P, P', P", etc., 
all lie in the same arc of which AB is the chord. 

Through one of the vertices, as P, and A and B 
describe a circumference. 

Now the angle APB is measured by ^ the arc 
kmB^ and as the other angles are equal to this, they 
must have the same measure. 




Fig. 93. 



* In accordance with the law of pocdtive and negative quantities as used 
in mathematics, whenever a continuously varying quantity is conceived as 
diminishing till it reaches 0, and then as reappearing by the same law of 
change, it must change its sign. 
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But snppoBC any one of them, as P', bad its vertex within the 
segment. It would then be an angle inclniled between two chords 
drawn fhitn A and B, and hence would be measured by ^AmB plot some 
arc (193)- 

If, on the other liand, the vertex P' was withont the segmeut, the 
angle would be an angle incladed between two Beconts, and would be 
measnred by ^AmB len some arc (19S)- 

Hence, as P' can lie neither without nor within the arc APB, it lies in 
it. Q. E. D. 

198. Corollary. — jNI right angles whose sides inter- 
cept a given line are inscribed in a semieirde whose 
diameter is the given line. 



PROPOSITION VI. 

199. Theorem. — ^n angle included between a tan- 
gent and a chord drawn from, the point of tangeney is 
measured by one-half the intercepted are. 

Demonstbation. 

Lat TPA be an angle Included be- 
tween the tangent TM and the chord 
PA. 

We are to prove that TPA is mea- 
sured by J arc PnA. 

Thrungh A draw the chord AD 
parallel to TM. 

Then is PAD = TPA (?). 

Now PAD is measured by ^PmD ((). 

Whence TPA is measured by 
^PmD. Bat PmD equals PnA (T). 

Hence TPA is measured by |PnA. Fig. 94. 

Q. B. D. 

ExKRCiSB,— Show that APM is measured by ( arc AmP. 

Also, observe how the case of two secants (195)i passes into this. 
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PROPOSITION VII. 

200. Theorem. — An. angle incliule^l between two tan- 
gents is measured by one-half the difference of the inter- 
cepted arcs. 

Dehonbibation. 

Let APB be an angle included between 
the two tangents PA and PB, tangent at 
C and D. 

Vfe are to prove that APB ia ineasared 
by 

i {arc CmD - ore C«D). 

Draw the chord CE parallel to PB. 

Now arc CmD = are EniD ()). 

Whence are CE = are OmD — are C»D. 

A^in, ACE = APB (I). ^.^^ ,^ 

But ACE is measuTed by f are CE = ^ 
(arc CniO — arc CnO). Hence APB ie measured by j (are C»iD — are 
CnO). Q. B. D. 

201- ScHOLiiM. — The case of two secants (195) be<:"Q>es this bysnp- 
po^n;; the HecaotB to move parallel to their first poaition till they Ixith 
become tangents. 



PBOPOSITION VIII. 

202. Theorem. — An angle 
included between a secant and a 
tangent is measured by one-half 
the difference of the intercepted 
arcs. 

[Let the student write ont the demon- 
stralaon in form.] 
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PROPOSITION IX. 

808. Problem. — Prom a given, />oint in a given line to 
draw a line which shall make with the given line a given 
angle. 

So LOTION. 
Let A be the grven point In the given line AB, and the given ingle. 

We are to draw from A a 
line wbicb sbHll ranke with 
AB an angle eqoal to 0. 

From O as a centre, with 
an; convenient radiua, de- 
scribe an arc, as eh, measQring 
tbe angle O. 

From A Rs a centre, witb 
the same radios, describe an 

arc en cutting AB and extend _ ^ 

ing on that side of AB on 
which tbe angle is to lie. Let this arc intersect AB in r. 

From e as a centre, witb a radios equal to the chord db, describe an 
are cntting en, as at d. 

From A draw a line through if, as AC. 

Then will CAB be the angle reqoireil. 

Demonstration of Solution. 

Are ab measaree angle (t). 

Aiced = tinab (t). 

Hence, angle CAB = angle (0- 



FBOPOSITION X. 

204. Problem. — l%rough a given point to draw a par- 
allel to a given line. 

Solution. 
L«t P (Fig. 9S) be the given point, and AB the given line. 
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We toe to draw a line tlirougTi I 
P which shall be parallel to AB. 

From P as a centre, with any I 
radius suffidentl; great, strike a^ 
arc cntting AB, as at a, aad ex 
tending on the sanie side of AB ' 
that the parallel is to lie. Let the an: be oe. 

From a as a centre, with tbe same fadins, pass an arc tbroDgh P, cat- 
ting AB in some point, as (. 

With the chord SP as a radius and a as a centre, strike an arc cutting 
ao, as in O. 

Draw a tine througb and P, and it will be the parallel required. 

Demonstkation of Solution. 

The arcs Oa and Vh are area of circles with equal radii, and have 
equal chords, and are hence equal arcs (?). 

The angles OPa and ?ab are equal, since the; are measured b; the 
equal arcs Oa and ?h (I). 

Hence the transversal Pa cuts the two lines MN and AB,. making the 
alternate angles MPa and BaP equal. Wherefore MN is parallel to AB, 
and as it passee through the given point P, it is the parallel required. 

4. E. D. 



PROPOSITION XI. 

205. Problem. — From, a point without aeirdetodraw 
a tangent to the eirde. 

Solution. 

Let O be the centre and OT the radiut 
of the given circle, and P the given point 

We are to draw from P a tangent to 
the circle. 

Join P with the centre by a strtight 

On the line OP describe a circle inter- 
secting the given circle in T and T'. 

Through the points P and T, P and T' "'■ "*" 

draw the straight linee PM and PM', These will be the required tangents. 
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DEHomtfKATiotr 07 Solution. 

Drawing OT, the ugle OTP is a right uigle, riiic« it is inicribed in a 
semicircle (193)- 

Hence PM ia atangent tothe circle,asit isaperpeiKiicalartoa ndiui 
at its extremity, and aa it pawes througli P it fulfills the conditJoua of the 
problem. 

la like manner, PM' is seen to be a tangent passing throngfa P, and 
the problem has two solatioM. q. x. d. 

206. GoBOLLAKY. — Through any poini without a circle 
two tangents may be drawn to the circle. 



PEOPOSITION XII. 

207. Problem. — On a given line to construct a segment 
which shaU contain a given inscribed angle. 

SOLITION. 

Let AB be the given line and the given angl*. 

We are to comtrnct a segment 
on AB which shall contain the angle 
O aa an inscribed angle. 

At one extremity of AB, as B, 
constmct an angle ABC equal to 0, 
and on the aide of AB oppowte to 
that on which tlie segment is to lie. 

Erect a perpendicular to CB at 
B, and one to AB at its aiiddle point 
E. Eiet F be the intersectioo of these Fig. 100, 

perpendiculars. 

With FB (or FA) as a radina, describe a circle. Then will Am'nt"B be 
the s^ment required ; and any angle inscribed in ttiis s^ment, as AHB, 
nil I be equal to 0. 

Demonstration of Solution. 

Since CB and AB are non-parallel lines, perpendiculars erected to 
them will meet in some point aa F (141, 131). 
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F being Bpoint in the peipendica- . 

Ur to AB at its middle point FA = 
FB (96)< and * drcle struck with FB 

as & radius and F as a centre will I 

pass througti A. HcHvover CB will I 

be a tangent to this circle, since it is 
perpendicular to a radius at its ex- 
tremity (156). 

Now = ABC hy constrnction, 
and ABC being an angle included 
between a tangent and a chord, is ''' 

measured by lialf the intercepted arc AmB (t). 

But an; angle inscribed in the segment Am'm"B is measured bj ^ arc 
AniB (i), and beuce equals ABC = 0. 4. e. d. 



PSOPOSITION XIII. 
208. Problem. — To bisect a given angle. 

Solution. 

Let BOA be tho given angle. 

We are to draw a line divitJing BOA 
into two equal angles. 

With any convenient radius and O u 
a centre, describe sn arc catting the sides 
OB and OA at h and a. 

From a and h ns centres, with eqnal 
radii, strike arcs cQtting in some point, ^^^ 

asp. 

Throu<;h O an<l P draw a straight line. 

Ttien is the angle BOA bisected by OP, and BOP = POA. 

Demonstration of Solution. 

OP being perpmdicular to the chord of arc ab (?) bisects the a 
(147). Hence arc W = arc aD. 

But •54«-|»?=''"-*°. Therefore, BOP = POA. q. e. d. 
angle POA arc oO 
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EXERCISES. 



208. 1. To find a point in a plane having given its distances 
from two known points. , ,,, 

When are there two sohitionBP M'''" 
When but one solation? v- ' ' 
When no solution? — ^ 

3. In Fig. 103 there toe 4 pairs of equal angles. Which are 
they, and why? 

Show that COB = 'ABD + CDB. 
Show that DOB = ABC + DAB. 



Fig. 101. F>|. 103. 

210. Concentric Circles are circles which have a com- 
mon centre. 

3. Draw two conceiitne circles (Fig, 103), such that the 
chords of the outer circle which are tangent to the inner shall 
be equal to the diameter of the inner. 

4. From a point out of a given straight line to draw a line 
making a given angle with the first line. 

5. Prove that if two circles are concentric, any chord of the 
outer which is tangent to the inner is hisected at the point of 
contact. ' I b'U*- - ; 

C. Prove that if D and B (Fig. 104) are right angles, A and 
^'e supplementary. 
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7. Prove that if, in the adjoining 
figure, the opposite sides AB and DC> 
and AD and BC be produced till they 
meet, the lines which bisect the in- 
cluded angles will be perpendicular to 
each other. 

8. Draw a triangle, and then draw 
a circle about it so that all its angles 
shall be inscribed ; i. e.y circumscribe 
a circle about a triangle. (See 161.) 




Fig. 104. 



♦ »» 




-»»•• 
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OF THE ANGLES OF POLYGONS, AND THE RELATION 
BETWEEN THE ANGLES AND SIDES. 



OF TRIANGLES. 

211. A Plane Triangle^ or simply a Triangle, is a plane 
figure bounded by three straight lines. 

212. With respect to their sides, trianp^les are distin- 
guished as Scalene, Isosceles, 
and Equilateral. 

A Scalene Triangle is 

a triangle which has no two Fig. los. 

sides equal, as (1) or (2). 

An Isosceles Triangle is a triangle 
which has two 6f its sides equal to each other, 

as (3). Fig. 106. 





TSIANQhBS. 

An Equilateral Triangle is a triangle 
which has all three of ita sides eqaal each to each, 

88(4). 

213. With leapect to their angles, triangles ^'i «>'• 
are diattnguiiihed as acute angled, right angled, and obtuse 
angled. 

An Acute Angled Triangle is a triangle all of whose 
angles are acute, as (4). 

A Right Angled Triangle is a triangle one of whose 
angles is right, as (2), 

An Obtuse Angled Triangle is a triangle one of whose 
angles is ohtnee, as (1). 

214. A circle Circumscribes a figure when all the angles 
of the latter are inscribed. 



PBOPOSITION I. 

215. Theorem. — The su^m of the three angl-es of a tri- 
angle is two right angles. 

DEHONSTRATIOil. 

Let ABC be any triangle. 

We Are to pntve that 

A + B + C = 3 right angles. 

CirCD inscribe a circle aboat the triuigle (161)- 

Then the angle A is mewnred b; ^ the arc 
BaC (?), the angle B b; } the arc C^A, and the 
angle C b; | the arc AeB. 

Hence the sum of the three angles, or A + B + ^'i' '"'■ 

C. is measorecl by ^ the sam of BaC + CbA -I- AeB, or ^ the circumference. 

But a eemi-circumr'ereacc is the meaaure of two right angles (190)< 
Hence A + B + C = 3 right angles, q. b. d. 
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316. CoBOLLARY 1.-^ triangle can have only one right 
angle, or one obtuse angle. Why? 

217. Corollary 2. — Two angles of a triangle, or their 
sum, being given, the third may be found by subtracting 
this sum from two right angles, i. e., any angle is the 
supplement of the sum* of the other two. 

218. Corollary ^.-^The sum of the two acute angles of 
a right-angled triangle is equal to one right angle ; i. e., 
they are com^plements of each other. 

219. Corollary 4. — // the angles of a triangle are 
equal each to each, any one is one-third of two right an- 
gles, or two-thirds of one right angle. 



PROPOSITION II. 

220. Theorem. — The sides of a triangle sustain the 
same GENERAL relation to eaeh other a^ their opposite an- 
gles; that is, the greatest side is opposite the greatest 
angle, the second greatest side opposite the second greatest 
angle, and the least side opposite the least angle. 



Demonstration. 

Let ABC be any triangle having the angle C greater than B, and B 
greater than A. 

We are to prove that AB opposite C is the 
greatest side, AC opposite B the next greatest, 
and BC opposite A the least. 

Circamscribe a circle about the triangle (161)* 

If the triangle is acute-angled, the arc meas- 
uring any angle is less than a quarter of a circum- 
ference (191). 

Now the angle C being greater than B, the 
arc e is greater than arc h (?). Hence, the chord 
AB is greater than the choM AC 




Fig. 109. 
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In like manner, the angle B being greater than the angle A, tbc arc 
b is greater than arc a (?J. Hence the chord AC is greater than the 
chord BC. 

If the triangle has one right angle, as C, Fig. 110, this angle is 
Dieasnrcd bj } the scmi-circnmference AeB, and inscribed in the senii- 
drcnmference ACB. Hence the order of magnitude of the arcs is still 
t>b>a(i), and of the sides AB > AC > BC. 



Hmce the chord AB is greater than either AC or BC (0. 
Thns ne have showQ that in all cases, the order of magnitude of the 
angles being C > B > A, the order of tn^piituile <)f the sides is 
AB > AC > BC. «i. E. D. 

221. Corollary 1. — Convereely, TTte ord^r of the mag- 
nitudes of the sides being AB > AC > BC, the order of tiie 
magnitudes of the angles is C> B> K. 

[Let the student give the demonstralion in 
form.] 

222. Corollary 2, — ^n equiangu- 
lar triangle is also equilateral; and, 
conversely, an equilateral trinngle is 
equiangular. 



Thus, if A - 8 = C, a 



i=arc( = a 
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and, Gonseqaently, chord BC = chord AC = chord AB. ConTereelj, if 
the chords »k equal, the area are, and hence the angles subtended by 
these arcs. 

223. CoROLLAKY 3. — In an, isosceles triangle the angles 
opposite the equal sides are equal ; and, 

conversely, if two angles of a triangle 
are equal, the sides opposite are equal, 
and the triangle is isosceles. 

Tbos, if AB = BC, area = arc e; and hence, 
ugle A, measured b; ^a, = angle C, measored 
by 1 -T. 

CouTereely, if A = C, arc a = arc e; and 
beoce chord BC = chord AB. Fll. m 

224. Scholium.— It shonld be observed that the proporitibn gires 
only the general relation l)etween the angles and udes of a triangle. It Is 
not meant that the sides are in ttu tame ratio 

as their opposite angles: this is not tme. 
Thus, in Fig. 114, angle C is twice as great aa 
angle A ; but side e is not iteiee as great as aide 
a, although it i» greater. Trigonometry dis- 
covers the amrf relation which exists between 
the sides and angles, „ . . 



PEOPOSITION III. 

226. Theorem. — // from any point within a triangle 
lines are drawn to tiie extremities of any side, the included 
angle is greater than the angle of the 
triangle opposite this side. 

Deuonstbatiok. 
Let ACB be any triangle, any point with- 
in, and OB and OA llnei drawn fk-ont this point 
to the extremities of AB. 

We are to prove that angle AOB > angle 
ACB. . Fij. 11$. 
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Gircnmacribe s drcle abont the tiiuiglc (161), and produce AO and 
BO till thej meet the circumference. 

Now ACB ia measured by |AnB (191) 1 bat AOB b meauiTed by 
I (AnB + EmO) (193)- Hence, AOB > ACB. H. e. O. 



226. An Exterior Aiig:le of a triangle is an angle formed 
by any side with ite adjacent side produced, aa CBD, Fig. 116. 



PROPOSITION IV. 

227. Theorem.— .4»y exterior angle of a triangle is 
equal to the sitm of the two interior non-adjacent angles. 

DEMONSTRAnOlf. 

Let ABC be a triangle, and CBD be an ex- 
terior angle. 

We are to prove that CBO = A + C. 

ABC + CBD = a straight angle (?). 

But ABC + A + C = a Btraight angle (?). 

Hence, ABC + CBD = ABC + A + C (?). 

Hence, subtracting ABC ftom each member, _. . " " 

CBD = A + 0. 4. B. D. 

228. OoROLLABT. — Either angle of a triangle not adja- 
cent to a specified exterior angle, is equal to the differ- 
ence. between this exterior angle and tfte other non- 
adjacent angle, 

TbnB, aince CBD = A + C, 

b; trannpositioti, CBD — A = C, 

and CBD — C = A. 
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OF QUADRILATERALS. 

22B. A Quadrilateral is a plane surface inclosed by /our 
right linee. 

S30. There are three Classes of quadrilaterals, viz., Trape- 
ziums, Trapezoids, and Parallelograms. 

231. A Trapezium is a quadi-ilateral which hus no two 
of its sides parallel to each other. 

232. A Trapezoid is a quadrilateral which has but two of 
its aides parallel to each other. 

233. A Parallelogram is a quadrilateral which has its 
opposite sides parallel. 

234. A Rectang:le is a parallelogram whose angles are 
right angles. 

235. A Square is an equilateral rectangle. 

236. A Rhombus is an «qailateral parsllelogram whose 
angles are oblique. 

237. A Bhom- 
bold is un oblique- 
angled parallelogram 
two of whose sides 
are greater than the 
other two. 

III. —The d^ res i n 
the maigJD are all quad. 
riUterala. A is a trat>e- 
zinra. (Why ?) B is a 
trapezoid. (Why?) C, 
D, E, and r are paral- 
lelugrams. (Wbj?) D 
and E are rectsoglea, 
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altbongb D is the fonn uBuallj referred to bj the term rectangle. So C 
is tbe form nsoBlIf referred to when ft pamllelogram is ipoken of, without 
Bttjing wfaftt kind of a puallelogrmm. C is also a rhomboid. (WhyfJ 
E ia a siiaare. (Wliy t) F is a rbombos. (Why !) 

238. A Diagfonal is t line joiDJng the vertices of tvo tioa- 
consecutive angleB of a figure. 

239. The Altitude cf a parallelogram is a perpeDdicular 
between its opposite sides ; of a trapezoid, it is a ^perpetidicnlar 
between its parallel sides ; of a triangle, it is the perpeDdicular 
from any rertex to the side opposite or to that side produced. 

240. The Bases of a parallelogram, or of a trapezoid, are 
the sides between which the altitude is conceived as taken ; of a 
triangle, the base is the side to which the altitude is jMrpendicular. 



PROPOSITION V. 

941. Theorem. — The sum of the angles of a quadri- 
lateral is four right angles.* 

DSHONSTBAIION. 

Let ABCD be any quadrilateral. 

We ue to prove that 
DAB + B + BCD + D = 1 right angles. 

Draw either diagonal, aa AC. 

Tbe diagonal divides the qoadrilateral 
into two trianglee, and the sum of the an- 
gles of the two triangles is the same as tbe Fig. IIS. 
ram of the angles of the qnadri lateral, since 

BOA + ACD = BCD, 
and BAG + CAD = DAB. 

But tiie sum of the angles of the triangles is fonr right angl<s(?). 
Hence the snm of the angles of the quadrilateral is four right angles. 

4. E. D. 

• See (361). 
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PBOPOSITION VI. 

242. Theorem. — The opposvbe angles of any guadri^ 
lateral which can be inscribed in a circle are supple- 
mental. 

DEHONSTRATIOlir. 

Let ABCD be any inscribed quadrilateral. 
We are to prove tliat 

A + C = 2 right angles, 
and also that D + B = 2 right angles. 

A is measured by ^ the arc DCS, and C by j^ 
the arc BAD. 

Hence, A + C is measured by ^(DCB + BAD), 
that is, by a semi-circumference, and is therefore 
2 right angles (190). Q- b- i>. 




Fig. 119. 



In like manner, B + D is measured by ^ (ADC + CBA), and hence is 
2 right angles, q. b. d. 



PROPOSITION VII. 

243. Theorem.— 1%^ adjacent angles of a parallel^)- 
gram are supplemental, and the opposite angles are equal 
to ea,ch other. 

Demonstration. 

Let ABCD be any parallelogram. 

We are to prove, Ist. That A + B, or 
B + C, or C 4- D , or D + A is 2 right 
angles ; and 2d. That A = C and D = B. 

1st. Since, by definition (238), AD is ^''^' '^®- 

parallel to BC, and the transversal AB cuts them, the- sum of the two in- 
terior angles on the same side, that is, A + B, is 2 right angles (125)* 

In hke manner, B + C is two right angles; since they are the interior 
angles on the same side of the transversal BC which cuts the parallels AB 
and DC. 
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In the same way, C + D, or D + A maybe shown equal to 3 right 
angles. 

Hence the sum of any two adjacent angles of a parallelogram is % 
right angles. (^ e. d. 

2d. A + B = B + C, since each snDi is 2 right angles, by the pre- 
ceding part of this demonstration. 

Hence, subtracting B from each member, we have A = C 

In a similar manner, we may show that B = D. 

Hence, either two opposite angles are equal to each other. <^ b. d. 

244. Corollary 1. — The two angles 
of a trapezoid adjacent to either one 
of the two sides not parallel are sup- 
plemental. pig. I2J. 

[Let the student show why.] 

245. Corollary 2. — // one angle of a parallelogram is 
right, the others are also, and^ the figure is a rectangle. 




• PROPOSITION VIII. 

846. Theorem.— Coiirversely to the last, If three consec- 
utive angles of a quadrilateral are such that the first 
and the second, and the second, and the third are sup- 
plemental, or if the opposite angles are equal, the figure is 
a parallelogram. 

Dbmonstration. 

Let ABCD be a quadrilateral having D and A, and A and B su^iple- 
mental, or having A = C and D = B. 

'We are to prove that, in either case, 
the figure is a parallelogram. 

1st. If we have D and A, and A and B 
supplemental. FijnST 

Since the transversal AD cuts the lines 
AB and DC, making A + D = 3 right angles, the lines AB and DC are 

parallel (126). 
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Agab, for % like reaaoD, nnce A+B = 2 right angles, AD wid BC an 
parallel. 

Hence the oppoate rides of tbe qaad- I 
rilateral txn panllel, and the figure is a 
panllelogram (233)- 4. s. d. 

3d. If A = C, and D = B, adding, ' 
we have "'' "" 

A + D = C + B. 
But A + D + C + B = 4 right anglei. 

Howe, anbBtitating, we tuTe 

A + D-fA + D=4 right angles (T), 
or 9 (A + D) = 4 right angles, 

or A + D = A+^B{?) = 8 right angles, 

and tbe flgnre ia a panllel<^;;Run by the fonuer part of the demonstratioi 

4. B. D. 



PBOPOSITION IX. 

247. Theorem* — If 'w» opposite sides of a quadrilat- 
eral are effital and parallel, the figure is a parallelograni, 

D EUONSTRATIOK. 

Let ABCD, in (o), b« ■ quad- 
rilateral having the aidei AB and 
DC equal tni parallel. 

We are to prove that AD and 
BC ore parallel, and hence that 
the fignre is a parallelogran). 

Draw the diagonal AC. 

Then, by reason of the paral- 
lels AB and DC, the angles BAC 
and OCA are equal (f) 

Concdve the quadrilateral di- 
vided in this diagonal into two 
triangles, as in (b). 

Reverse the triangle ACB and 
place it as in (c). Siuce AC of Fi|. 123. 

tbe triuigle ADC = CA of the 
triangle ABC, CA may be placed in AC, as in (e). 
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Now revoWe the trUngie CBA on CA m an axis. Since, u we hare 
ahown, tfae tagle BAC = angle DCA, BA will Uke the direction CO, and 
Iwlng eqnal to it, b; hypotheaia, B will fall in D, and the angle BCA CO- . 
inddea with aod ia eqiul to DAC. 

But in (a) the anglea BCA and DAC arealtemate interiorangles made 
bj the tmnBTeraa! AC cutting AD and BC. Hence AD and BC are piiral- 
Id, and as AB and DC are parallel by hypotbeuis the qiudrilater^ ia a 



Id BB AB 
lelogfam 



paTallel<'lgtani (233)- 4. !■ ■>■ 



PB0P08ITI0N X. 

818. Theorem. — // ths opposite sides of a qaadrUat- 
eral are equal, the figure is a paraUelo^raTti. 

Dbiconstration. 
Lai ABOO, (a), be a quadrilateral, having AD = BC and AB = DC 
We are U> prove that ABCD 
is a parallelognuii, i. e^ that 
AB is parallel to DC, and AD to 
BC. 

Draw the dtagtmal AC, and 
concFive tiie qnadrilateral di- 
Tided in thia diagonal into two 
triangles, as in (b). 

Rererae the triangle ABC, 
and place it as in ie). Since 
AC of the triangle ADC eqnats 
CA of the triangle ABC. CA 
maj be placed in AC. as in (e). 

Draw DB, intersecting CA 
(or CA produced), in 0. 

As CD = AB, and AD = F^, ,24. 

CB, t^ liTpotbeaie, the line AC 

has two points each equally distant IVom the extremities of DB, and AC 
and DB are perpendicular to each other (98)- Horeorer, aince AB and 
CD are eqnal oblique lines drawn fh>in the same point in the perpendic- 
ular to tbe line DB, angle BAC = angle DCA (98, 110, 3d). 

Now in (a), as angles BAC and DCA are the alternate interior anglea 
Tuade b; the transversal with the lines AB and DC, the latter are parallel, 
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sdA as thej are equal by lijpotlieus, the quadrilateral is a parallelogram 
by the last propogition. ^ k. d. 

249. CoROlXAKT. — A diagonal of a paraUelogranv di- 
vides it into two equal triangles. 



PEOPOSITION XI. 

260. Theorem.— Conversely to the last, The opposite 
sides of a paraUdogram, are equal. 

DBK0N8TBA.TI01T. 

Let ABCD be a parallelogram. 

We are to prove that AD = BC, 
and AB = DC. 

AD and BC being parallel traoHTer- 
W^U cntlllig Ae TMrallels AB asd 00, tbeir 
intercepted portionfifffhick are the oppo- ^''' '*'■ 

site rades of the patallelograin, are equal by (136). ' 

- For a like reason, AB = DC- 

Hence, AD = BC and.AB = DC. Q. b.d. 



PROPOSITION XII. 

251. Theorem, — The diagonals of a parallelograni 
bisect each other. 

Deuonstbatioh. 

Let ABCO be ■ parallelogram whoae 
diagonals AC and DB intersect In Q. 

We are to prove that AQ = QC, and 
DQ = Q8. 

Angle QDC = angle QBA (0. angle 
QCD = angle QAB (?), and DC = AB (!). f'^t- '2«- 

For distinctneas, let Q' represent tbe vertex at Q of the triangle DQC. 

Now apply the triangle AQB to OQ'C, placing the aide BA in its equal 
DC, with the extremity B in D, and A in C, and the vertex Q on the saine 
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ride of OC that the vertex Q' is, and the triangicB will coincide. For, 
idnce angle QAB = angle Q'CD, AQ will take the direction CQ', and the 
vertex Q will fall somewhere in the line CQ', In like manner, hy reason 
of the ectnalitf of angles QBA an<l Q'DC, the vertex Q will fall in DQ'. 
Hence the vertex Q of the triangle AQB falling at the same time in CQ' 
and OQ', blls at their inteniectioa 

Hence, as these triangles coincide, AQ = Q'C, >uul DQ' = QB ; that is, 
AQ = Q(;, and pO = QB. 4. S. d. 



PBOP-OSITION XIII. 

252. Theorem. — The diagonals of a rhombus bisect 
each other at right angles. 

Deuonstbation. 

Let ABCD be a rhombue, and AC and DB it* diagonili Interaectlng 
at Q. 

We are tn prove that DB and AC are per- 
pendicular to each other. 

Since AB = AD, and CD = CB (!), the 
line AC has two points, A and C, each equally 
distant from the extremities nf DB. Hence AC 
is a perpendicnlor to OB at its middle point Q 
(98)- «l.B!.I>. ""■'"■ 

In like manner, DB may be shewn to be perpendicnlBi to AC at its 
middle point. 4. x. i>. 

253. CoHOLLABY. — The diagonals of a rhotnbus bisect its 
angles. 

For, revolve ABC upon AC as an axis, and it will coincide with ADC. 
Hence angles A and C are bisected. In like manner revolve DAB upon 
OB, and it will coincide with DCB. Hence, and B are bisected. 



PEOPOSITION XIV. 

264. Theorem. — The diagonals of a rectangle are 
equal. 
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Demonstration. 

Let AC and DB bo th« diagonaU of the reciangle AfiCD. 

We are to prove that AC = DB. 

Upon AC as a diameter describe a circle. 

Since ADC and ABC are right angles whose 
sides intercept AC, they are inscribed in the cir- 
camference of which AC is a diameter (198)* 

Again, since DCB is a right angle and is in- 
scribed, DB is a diameter (?). 

Hence AC and DB, being diameters of the same 
circle, are equal, q. b. d. 




Fig. 128. 



255. OoRQLLABt'. — Conversely, // the diagonals of a par- 
allelogram are equal, the figure is a rectangle. 

By (261) the parallelogram is ciicamBcriptible ; whence, bjr (192) the 
angles are right angles. 



OF POLYGONS OF MORE THAN FOUR 

SIDES. 

266. A Polygon is a portion of a plane bounded by straight 
lines. 

The word polygon means many-angled ; so that with strict propriety 
we might limit the definition to plane figures with five or more sides. 
This limitation in the use of the word is frequently made. 

257. A polygon of three sides is a triangle ; of fonr^ a quad- 
rilateral ; of five, a pentagon ; of six, a hexagon ; of seven, a 
heptagon ; of eight, an octagon ; of nine, a nonagon ; of ten, a 
decagon ; of twelve, a dodecagon, 

258. The Perimeter of a polygon is the distance around 
it, or the sum of the bounding lines. 

259. A Salient Angle of a polygon is one whose sides, 
when produced, can only extend without the polygon. 



260. A Re-entrant Angle of a 

polygon is one whose sidea, when pro- 
dnced, can extend toithin the polygon. 

lu-OHTBATioN,— In the polygon ABCDEFQ, 
&II the angles are salient except 0, whicli ie 
re-entrant. 

261. A Convex Polygon is a 

polygon which has only salient aDglee. Fig. as. 

A polygon is always Buppoaed to be convex, unless the contrary 

is stated. 

262. A Concave or Be-entrant Polygon is a polygon 
with at least one re-entrant angle. 

263. An Equilateral Polygon is a polygon whose sides 
are equal, each to each ; and an Eqiilailgular Polygon ia 
a polygon whose angles are equal, each to each. 



PBOPOSITION XV. 

264. Theorem. — The sum of the interior angles of a 
polygon is eqiuU to txvice as mnny right angles as the poly- 
gon has sides, Isss four right angles. 

Demonstration. 
Let n be the number of tides of any polygon. 

'We are to prove that tlie sum of its angles 
is n limes 3 right angles less 4 right angles. 

From any point within, as 0, draw lines to 
the vertices of the angles. As many triangles 
will then be formed as the polygon has sides, 
that is, n. 

The sum of the angles of the triangles ie n 
times 3 right angles, 

Bnt this sum exceeds the som of the angles 
of the polygon by the sum of the angles around '' 

a rertex 0, that is, hy 4 right angles. 



t 
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Hence the sum of the angles of the polygon is 

n times 2 right angles less 4 right angles, q. B. d. 

266. Scholium 1. — The sum of the angles of a pentagon is 

5 times 2 right angles — 4 right angles, or 6 right angles. 

The sum of the angles of a hexagon is 8 right angles; of a heptagon, 
10*; of an octagon, 12, et<;. 

266. Scholium 2. — ^This proposition is equally applicable to triangles 
and to quadrilaterals. Thus, the sum of the angles of a triangle is 

8 times 2 right angles — 4 right angles = 2 right angles. 

So also the sum of the angles of a quadrilateral is 

4 times 2 right angles — 4 right angles, or 4 right angles. 

267. Scholium 8. — ^To find the value of an angle of an equiangular 
polygon, divide the sum of all the angles by the number of angles. 



PBOPOSITION XVI. 

268. Theorem. — If one of the sides of a polygon is 
produced (and only one) at each vertex^ the sum of the 
exterior angles thus formed is four right angles, 

Dbmonstbatiox. 

Let n be the number of the sides of any 
polygon, and one side be produced at each 
vertex. 

We are to prove that the sum of the ex- 
terior angles thus formed, a8a + & + + <2, 
etc., is 4 right angles. 

At each of the n vertices there are two 
angles, an interior and an exterior one, 
whose sum, as A + a, is 2 right angle& 
Henoe the sum of all the exterior and inte* 

rior angles is Fig. I3i. 

n times 2 right angles. 
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Now, from this Bum eubtractJDg tbe mm of the exterior tmgles, the 
lemaJiMler is tUe sum of the interior angles. 

Bat, by the preceding propoeition, 4 right angles subtracted frooi n 
times 3 right angles leaves the sum of the uterior angles. 

Therefore the sum of the exterior angles is 4 right angles. «. a. d. 



OF REGULAR POLYGONS. 

269. A Ke^rular Polygon is a polygon which is both 
equilateral and equiangular (263). 

370. An Inscribed Polygon la a polygon whose angles 
are all inscribed in the same circumference. 

271. A Circumscribed Polygon is a polygon whose 
sides are all tangent to the eame circle. The circumference is 
said to be inscribed in the polygon. 



PBOPOSITION XVII. 

272. Theorem. — Theanglesof an inscribed equilateral 
polygon are equal ; and the polygon is regular. 

Demonsteation. 
Lot ABCDEF be in inscribed poly- 
gon, having AB = BC = CD, etc. 

We are to prove that angle ABC = 
angle BCD = angle COE, etc. 

the polygon being equal 
equal arcs (151). 
igle of the polygon is 
the difference between 
ce and the sum of two 
tee, as angle ABC meas- 
;umf^rence — arc ABC) Fig. 132. 

= |^arc AFEOC 

Hence all the angles are equal, and the polygon is regular (269). 4 K. D. 
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PROPOSITION XVIJI. : - 

278. Theorem. — A circumference may ^ .oircum^ 
scribed about any regular polygon. 



Demonstbation. 

L«i ABCDEF b« a regular polygon. 

We are to prove that a circumference can 
be circumscribed about it 

Bisecting any two consecutive sides, as FA 
and AB, by perpendiculars, as Oa and 05, pass 
a circumference through the vertices F, A, and 

B (161). 

We will now show that this circumference 
passes through all the other vertices. 

Revolve the quadrilateral ¥Ohk upon Ob as 
an axis until it falls in the plane of CO^B, 5A will fall in its equal 5B (?) ; 
and since angle A = angle B, and side AF = side BC, F will fall in C. 

llius it appears that the circumference described from 0, and pass- 
ing through F, A, and B, also passes through C. 

In a similar manner it can be shown that the same circumference 
passes through all the vertices, and hence is circumscril^ed. Q. e. d. 




Fig. 133. 



PROPOSITION XIX. 

274. Theorem. — A circumference m^ay be inscribed in 

any regular polygon. 

Demokstbatiok. 

Let ABCDEF be a regular polygon. 

We are to show that a circumference may 
be inscribed in it. 

Let be the centre of the circumscribed 
circumference (278); then the sides of the 
polygon are equal chords of this circle, and 
consequently equally distant from the centre 
(160). 
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Now draw the perpendiculars Oa, 06, Oc, Odj etc. These perpendic- 
ulars are all equal, and a circumference struck from as a centre, with 
anyone of/hem, as Oa, as a radius, will pass through 5, c, d, etc. 

Moreover, the sides AB, BC, CD, etc:, being perpendicular to the / 

radii Oa, 06, etc., are tangents to this circumference, which is therefore 
an inscribed circumference (271)< Q- B. d. 

275. CoBOLLABY. — The centres of the inscribed and cir- 
cumscribed circles coincide. 



276. The Centre of a regular polygon is the common cen- 
tre of its inscribed and circumscribed circles. 

277. An Angle at the Centre of a regular polygon is 
the angle included by two lines drawn from the centre to the 
extremities of a side, as FOA, AOB (Fig. 133). 

278. The Apothem of a regular polygon is the distance 
.from the centre to any side, and is the radius of the inscribed 
circle. 



PROPOSITION XX. 

279. Theorem. — The angles at the centre of a regular 
polygon are equal each to each ; and any one is equal to 
four right angles divided by the nurnber of sides of the 
-polygon. 

Dbmonstratiok. 

Let P be 8 polygon of n sides. 

We are to prove, Ist. That the angles at the centre are equal ; and 

2d. That any one of them is ^ nght angles ^ 

n 

1st. Each angle at the centre intercepts one of the equal sides of the 
polygon. But these sides are chords of equal arcs (?). Hence the sev- 
eral angles at the centre have equal measures, and are therefore equal. 
Q. c. D. 
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2d. The sum of all the angles at the centre is 4 right angles (?), and 
as they are equal and n in number, any one is 

4 right angles 



n 



q. E. o. 



PROPOSITION XXI. 

280. Theorem^ — Any side of a regular inscribed hex- 
agon is equal to the radius. 

Demonstbation. 

Let ABCDEF bo a regular hexagon inscribod in a cirolo whoso radius 
\% B. 

We are to prove that any one of the equal 
sides, as AB, equals B. 

Let be the centre of the polygon, and draw 
OA, OB, etc. 

Now in the triangle AOB, angle is ^ of 4 
right angles, or |^ of 2 right angles (?). 

Whence the sum of the angles OAB and OB A 
is f of 2 right angles (?). 

Bat the triangle AOB is isosceles, OA and 
OB being radii of thei same circle. Hence, each ^'O- >tt- 

one of the angles at the base is ^ of f of 2 right angles, or |^ of 2 right 
angles. Therefore the triangle AOB is equiangular and consequently 
equilateral (^22), and AB = OA = B, q. e. d. 




281. A Broken Line is said to be Gonveoc when a straight line 
cannot be drawn which shall cut it in more than two points. > 

• -V' 

■ »■■ ■...■■ ■■■■I ■■ .1 ^^ I , ,■■ V 

\ 

PROPOSITION XXII. 

282. Theorem. — A convex broken line is less than any 
broken line which envelops it ajid has the same extremities, 
the former lying between the latter and a straight line 
joining its extremities. 
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DsMOHsraATioijr. 



Let Kbcda b6 1 broken llm enveloped by the broken line ACDEFB, 
■nd hiving the ume extremltlei A md B. 

We «re to prove that 

A&idB < ACDEFB. 
Prodace tlie parts of A&xlB till they i 
meet the envelopiog line, es Aft tu «, ie to | 
f,mA<dU>g. ' 
Now, « + fc) <; AC« (?), '* "* 
fe + ^ <&) +rf)E/(i), 
ed + df <tf +/fa, 
dB < dg 4 gB. 

Hence, Adding, and aabtnctiog common tenuB, 

Ab + be + ed + dB < Me + oOe/ +/F? + ffi, 
or AMB < ACDEFB. 4. c d. 



PEOPOBITION XXIII. 

2B3. Problem. — To inscribe a circle in a given tri- 
angle. 

Solution. 

Let ABC be ■ trlang:e. 

We are to inecribe a circle. 

Bisect an; two angles, as A and B (208). 

From the int«rHection of the biaectOTS, as 0, 
let fall a perpendicnisr, ns OD. 

Thea is the centre of the inscribed circle, 
and OD ite radios. 

Hence « circle described with as a centre 
and OD as a radiiu will he inscribed. 

Fig. IJ7. 

Demonstration of Solition. 
From let &11 the perpendicalara OD, OE, and OG on the tddes. 
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Now the triangle AOE = AOQ (t), BEO= 
BODP). 

Hence OD = OE = OG, and the circom- 
ference strnck Ironi as a ceotre with a radios 
OD, pnases through E and G. 

Moreover, AC, AB, and BC are perpendicu- 
lar to the radii 00, OE, and OD respectively, 
and hence are tangents to the nircle. 

Therefore the circle is inscribed in the 
triangle. 4. S. D. 



PBOPOSITION XXIV. 

284. Problem. — In a given circle to inscribe a square, 
and hence a regular octagon, and then a regular polygon 
of 16 sides, etc. 

[Let the papil give the solution and demonstration.] 



PROPOSITION XXV. 

886. Problem. — In a given circle to inscribe a regtdar 
hexagon, and hence an equilateral triangle and a dodec- 
agon. 

[Let the pnpil gire the solution.] 



PBOPOSITION XXVI. 

286. Problem. — To circumscribe a square about a 
given circle. 

[Let the pupil give the solution.] 
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PROPOSITION XXVII. 

287. Problem. — To circumscribe an equilateral tri- 
angle about a circle. 

[Let the papil give the Bolntioa.] 



PROPOSITION XXVIII. 

288. Problem.— 2b circumscribe a regular hexagon 
about a given circle. 

[Let the pupil (p.Te the solnlion.] 



289. Quest. — Qiven any regnlar inacribed polygon, bow is 
the Tegular circnmBcribed polygon of the same number of sides 
constrncted ? 



EXERCISES. 

290. 1. Given two angles of a tri- 
angle, to find the third. 

SaooBSTiOKa. — The student should draw 
two angles on the bhukboard, as a aod b, and 
then proceed to find the third. The figure 
will suggest the method. The third augle 
ise. 

The solution ia efiected also by con- 
BtmctJDg the two giTen aaglea at (he extreni- Fig. ug, 

ities of any line, and producing the aides till they meet (?). 

2. What part of a right angle is one of the angles of an equi- 
lateral triangle? From this fact, how can you obtain an angle' 
equal to ^ of a right angle ? 

3. Two angles of a triangle are respectively | and ^ of a right 
angle. What is the third angle p 
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4. The angles of a triangle are respectively f , j^, and f of a 
right angle. Which is the greatest side? Which the least? 
Can you tell the ratio of the sides ? 

5. What is the value of one of the equal angles of an isosceles 
triangle whose third angle is ^ of a right angle ? 

6. Two consecutive angles of a quadrilateral are respectively 
f and f of a right angle, and the other two angles are mutually 
equal to each other. What is the form of the quadrilateral ? 
What the value of each of the two latter angles? 

7. One of the angles of a parallelogram is | of a right angle. 
What are the values of the other angles ? 

8. The two opposite angles of a quadrilateral are respectively 
f and f of a right angle. Can a circumference be circumscribed ? 
If so, do it. 

9. Two of the opposite sides of a quadrilateral are parallel, 
and each is 15 in length. What is the figure ? Do these facts 
determine the angles ? / ^ \ 

10. Two of the opposite sides of a quadrilateral are 12 each, 
and the other two 7 each. What do these facts determine with 
reference to the form of the figure ? "A.ot 

11. What is the value of an angle of a regular dodecagon ? ;§ ^ ^'- ^ 

12. What is the sum of the angles of a nonagon ? (jT'hat is 
the value of one angle of a regular nonagon ? Of one exterior 



u^e 

M 



angle 

13. What is the regular polygon, one of whi^e angles is 1^ 
right angles ? \\\ y^} ^ \ j ^ /:. ^ . ^ . ' V • .y , 

14. What is the regular polygon, onfe of whose exterior angles 
is } of a right angle ? 

15. Can you cover a plane surface with equilateral triangles 
without overlapping them or leaving vacant spaces? With 
quadrilaterals? Of what form? With pentagons? Why? 
With hexagons? Why? What insect puts the latter fact to 
practical use ? Can you cover a plane surface thus with regular 
polygons of more than 6 sides ? Why ? 



EXSBC13BS. 



THEOREMS FOR ORIGINAL INVESTI- 
GATION. 

[It is qatte derinbld that Btadeats have eierciBe, euXj in tdeir conrae, 
In the origiD&l domonBtrntion of theorems. Those which are g^lveu in thii 
•Jid the following lists are not Buch m ue essential to the integritj of an 
elemeDlary coarse, aod pnplls ma; be encouraged to demoDBtrate more or 
Icfls of them, as their time and ability will allow. Bat all should do some 
Bucb work — it \i the true lest of matheiUdtical ability and attainment.] 

291. I. Theorem. — Tke least chord that can be drawn 
through a point within a circle is the chord which is per- 
pendicular to a diameter passing through the same point. 

2. Theorem, ^JTt* shortest distance from a point 
withoat a circle to the circumference is measured in a 
line which passes through the centre. 

3. Theorem. — JTie sum, of the angles formed by pro- 
ducing the alternate sides of a regular pentagon is two 
right angles. 

4. Theorem. — Prove that tlie sum 
of the angles of a triangle is two right 
angles, by producing two of the sides 
about an angle, and through the vertex 
of this angle drawing a line parallel to 
the third side. 

Prove the same by producing one 

side of the triangle, and drawing a line 

through the vertex of the exterior angle 

parallel to the non-adjacent side. 

Fig. IJ9. 

6. Theorem. — // AB is any chord, AC a tangent at A, 
and CDE a line parallel to AB and cutting the circumfer- 
ence in D and E, the triangles ACQ, CAE, and ADB are 
mutt£atly equiangular. 

6. Theorem. — // from any point in the base of an 
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isosceles triangle lines are drawn parallel to the equal 
sides, a parallelogram is formed whose perimeter is equal 
to the sum, of the equal sides. 




*ii«i 



OF EQUALITY. 

292. Equality signifies likeness in every respect 

293. The equality of magnitudes is usually shown by apply- 
ing one to the other^ and observing that the two coincide. 



OF ANGLES. 



PROPOSITION I. 

294. Theorem. — Two angles whose corresponding 
sides are parallel, and extend in the same or in opposite 
directions from, their vertices, are equal. 

Demonstration. 

Mrsf.. In (a) and {aJ)^ let B and E be two 
angles having BA parallel to ED and extending in 
the same direction from the vertices, and also BC 
parallel to EF and extending in the same direction 
from the vertices. 

We are to prove that angles B and E are equal. 

Produce (if necessary) either two non-parallel 
sides, as BC and ED, till they intersect, as in H. 

ABC = DHC (T), 

and DHC = DEF (?). 

Therefore, ABC = DEF. (^ b. d. 




Fig. 140. 



^ 



SQUALiry or ANoLBa. 

Second, In (ft) and (6'), tet B' and E' have 
B'A' parallel to E'F', but axtending In an oppo- 
<ite dlraotion from tha vertloaa ; and in like man- 
ner B'C parallel to, but extending In an oppotite 
direction from E'D', 

We are to prore that B' and E' are eqaal. 

Produce (if DeceeBorj) either two non-parallel 
eidea, as A'B' and E'D', till Uie; meet in some 
point, BB H'. 

D'H'B' = D'E'F' (I), 
and O'H'B' = A'B'C (t). 

Therefoie D'E'F' = A'B'C Q). » b. d. 



PBOPOSITION II. 

296. Theorem.— IVw angles having their corres- 
ponding sides parallel, while two extend in the same 
direction, and the other two in opposite directions from 
the vertices, are supplemental. 

Deuonstkatioh. 

Let ABC and DEF be two 
anglea whote oorreaponding 
•idM BA and EF are paralUI 
and extend in the aama dlrao- 
tion from B and E, while BC 
and ED extend in oppoaita 
direction* from the vertioei. 

We are to prove that ABC 
and DEF are Bupplcmental. 

Produce one of the two '''•■ '**■ 

sidea bsTiDg opporite directions, as DE to H, in the same direction from 
the Tcrtez that BC ext«nds. 

Now DEF is Bnpplemental to FEH (?), and FEH is equal to ABC (t) 

Therefore, DEF and ABC are snpplemental. H- e. d. 
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PBOPOSITION III. 
886. Theorem. — If the sides of one angle are perpen- 
dieidar respectively to the sides of another, the angles are 
either equal or supplemental. 

DBH0N8TKATI0K. 

L«t ABC be my ingle ind DE 
and FH b« two linei drawn through 
any ptAnX 0, DE being perpendicular 
to BC and FH to AB. 

We are to prove that of the four 
angles FOO, DOH, etc, two are 
equal to ABC, and two are snpple- 

Draw BS Irfsectiiig ABC, and 
from any point in this bisector, ne L, 
draw LM and LN, respectively paral- 
lel to DE and FH. 

Now, in the qaadiilateral LNBM, the sum of the four angles is fonr 
right angles (266) ; and, as LNB and LMB are right anglea (?), NLIH and 
NBM (or ABC) are Bnppleniental. 

But NLM = FOD (!) = HOE (1). 

Therefore two of the four angles FOD, DOH, et«., namelj, FOD and 
HOE, are anppleroental to ABC. 4. k. s. 

Finally, FOE and DOH are Bapplements of FOD and HOE (I) and 
hence equal to ABC- 4- E. D. 

297. BoHOLTuiL—To determine whether the anglea are eqnal, or 
whether they are supplemental, we may consider one angle as moved 
(if necesaor;) till its vertex falls in Hxe Insector, ita sides remaining 
parallel to their firat position. Then, if both sides of one angle extend 
towards, or both extend IVom the ddes of the other, the angles are sup- 
plemental, otherwise they are equal. 
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OF TRIANGLES. 



PROPOSITION IV. 
298. Theorem. — Two triangles which have two sides 
and the intruded angle of on^ equal to ixvo sides and the 
included angle of the other, each to each, are equal. 



Fig. 144. 



XQUALirr OF TBIANOLES. 

DSHONSTBAXroy. 

L«t ABO Md DEF ba 

two trlinglei, having AO 
= OF, AB = OE, and angia 
A = angta 0. 

We are . to prove ttiat 
the triaaglea are eqnal. 

Place the triangle ABC 
in the position {b), the nde 
AB in its eqnal OE, and 
the angle A atljacent to its 
eqnal angle D. 

Then revolTing ABC upon DE, nnti) it Calls in the plane on th« oppo- 
site side of DE, unce angle A = angle D, AC will take the direction DF ; 
and as AC = DF, C will fall at F. Hence BC will fall Id EF, and the 
triaogles will coincide. Therefore the two ttiangies are equal, q. b. d. 

299. ScHOUTTH 1. — We ma; also make the application of ABC to 
DEF directly. The method here given is oaed for the porpose of uni- 
formity in this and the following. We ma; observe that in this, as in 
the other cases, DB is perpendicular to FC, and bisects it at 0. 

300. ScHOLIDH 3. —This proposition signifies that the two triangles 
are equal in aU re»peet», i. t., that the two remaining udes are equal, as 
CB = FE; that angle C = angle F, angle B = angle E, and that the 
areas an eqoaL 



PROPOSITION V. 

801. Theorem. — 7\oo triangles which have two angles 
and the included side of the one equal to two angles and 
the ineluded aide of the other, each to each, are egual. 

DBH0NSTBA.T10N. 
Lat ABC and DEF (Fig. I4B) be two Irianglei, having angle A = 
angle D, angle 6 = angle E, and aide AB = side DE. 

We are to prove that the triangles are equal. 
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Place ABC in the po- 
sition (f>), the ude'AB in 
its eqnHl DE, the angle A 
adjacent bi its equal angle 
D, and B a^acent to ita 
equal angle E. 

Then revolTing ABC 
upon DE till it falls in the 
plane on the same side as 

DFE, rfnce angle A = Fij. i»s. 

angle D, AC will take the 
direction DF, and will fall sonieivhere in DF.or DF produced. 

Also, sini^e angle 6 ~ angle E, BO will take the direction EF, and C 
will fall somewhere in EF, or EF produced. 

Hence, as C falls at the some time'in DF and EF, it fiills at their in- 
tcreection' F. Therefore the two triangles coincide, and are consequently 
equal. 4. a. D. 

303. Corollary. — Ifoite triangle has a side, its oppo- 
site an^le, and ora« adjacent iirtgle, egttal tothe correspond- 
ing parts in another iri.angle, the triangles are equal. 

For the third angles are eqnal to each other, since each is the aupple- 
ment of the sum of the given angles. Whence the case is included in the 

proportion, 

303- Scholium.— A triangle may have aside and one adjacent angle 
equal to a side and an ailjactnt angle in another, and the second adjacent 
angle of the first equal to the angle opposite the eqnal nde in the second, 
and the triangles not be eqaal. Thus, in the figure, AB = C'A', A = A', 



and B = B': but the triangles aK evidently not equal. [Such triangles 
are, however, Hmilar, as will be shown hereafter.] 



BQUALITT or TRIASOLEB. 13l> 

PBOPOSITION VI. 

304. Theorem. — Two triangles which have two sides 
and an angle opposite one of these sides, in the one, equal 
to the corresponding parts in the other, are eqvM,l, if of 
these twp sides the one opposite the given angle is equal to 
or greater than the one adjacent. 

Dehonstbation. 

In lh« triangles ABC and DEF, tet AC = DF, CB = FE, A = D, and 
CB (= FE)> AC (= DF). 

We are to prove that 
the tritmgles are equal. 

Apply the tiiuigle 
ABC U> DEF, placing AC 
in ite equal OF, the point 
A falling at D, and C at 
F. 

Since A = D, AB 
will take the direction 
DE. 

Let fall the perpen- 
dicular FH upon DE, or y^ l^_ 
OE produced. 

Now, CB being 5. OF, cannot ftll between it and the perpendicular, 
but must fall in FD or beyond both (0- / '-d 

Bnt CB cannot fall in FD, since it is a different line from CA. 

Again, aa CB = FE, and both lie on the same aide of FH, they most 
coincide (114). 

Hence, the two triangles coincide, and are consequently equal. 

4. B.l>. 



PROPOSITION VII. 

305. Theorem.— I>fo triangles ivhich have the three 
siden of the one equal to the three sides of the other, each 
to each, are e(piMl. 
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DEHON8TRA.nOK. 

Let ABC Md DEF be 
two triangles, )n whioh AB 
= DE, >C = DF, and BC 
= EF. 

We »re to prove tliat 
the triangles are equal. 

Place the triangle ABC 
io the position (6), witti 
the longest aide, AB, io its 

eqoal, DE, so that the PI j^g^ 

other eqaal sieves shall be 

atiyacent, as AC adjacent to DF, and BC to EF. Draw FC cutting 
DE in 0. 

Now, since AC = DF, and BC = EF, DE is perpendicnlar to FC at 
its middle point (t). 

Hence, lerolving ABC upon DE, it will coincide with DEF^hen 
bionght into the plane of the latter, since OC will bA in OF (^ Mid is 
equal to it 

Therefore the two triangles coindde, and hence are equal, q. e. d. 

306. GoBOLLABT. — In two equal triangles, the equal an- 
gles lie opposite the eqiutl sides. 



FBOPOSITION VIII. 

807. Theorem.— If two triangles have two sides of the 
o7te respectively equal to two sides of the other, and the 
included angles unequal, the third sides are unequal, 
and the greater third side belongs to the triangle having 
the greater included angle. 

DEH0N8TBA.TI0N. 

Let ABC and DEF (Fig. 149) be two trlangtoi having AC = DF, 
CB = FE, and C > F. 

We are to prove that AB > DE. 



squAhirr of tbianoles. 137 

Hake the uigle ACE = DFE, I 

take CE = FE, and dnw AE. . 

Then is the triftngle ACE = DFE, ' 

•nd AE = DE. 2 7 V, i 

Bisect ECB with CH. 

Now since angle DFE = ACE 
< ACB bj hypothesis, CE f»\\& be- 
tween CA and CB, and CH will 
meet AB in some point, aa H. 

Dnw HE. 

The triangles HCB and HCE 
have twu sides and the included 
angle of the one, equal to the cor- 
responding parts of the other, 
whence HE = HB {)). T--'j . Fi(. I«. 

Now AH + HE > AE 

bQt AH -(- HE = AH + HB = AB. 

Therefore, AB > AE, or AB > DE. «. e. d. 

308. OoEOLLART.— Conversely, // two aides of one tri- 
angle are respectively eqtiiol to two sides of another, and 
the third sides are unequal, the angle opposite this third 
side is the greater in the triangle which has the greater 
third side. 

That is, if AC = DF, CB = FE, and AB > DE, angleX > angle F. 
For, if C = F, the triangles would be equal, and AB = DE (298) ; and, 
if C~^were le«s than F, AB would be less than DE, b; the proporition. 
Bat both these concluaons are contrary to the hypothesis. Hence, as C 
cannot be equal to F, or less than F, it muat be greater. 



PROPOSITION IZ. 

309, Theorem. — Two right-angled triangles which 
have the hypotenuse and one side of the one equal to the 
hypotenuse and one side of the other, each to each, are 
equal. 
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Demonsteation. 

In th« two triangles ABC and DEF, rigM-inglod at B and E, let AO = 
OF, and BC = EF. 

We are to prove that the 
triaDglea are equal. 

Place FE in ita equal CB, 
with FD on the aanie side of 
CB that AC is. 

Then, since two equal 
oblique lines cannot be drawn 
fVom C to AB on the same side 
of CB, FD will coincide with 
3 CAyand DE with AB (?) ; . 
\' ~ Hence the two triangles Fi- jjg^ 

are equal, as they, coincide 
throughout when applied (292, 293)< 4- E- d. 



PBOPOSITION X. 
310. Theorem. — Tivo right-angled triangles having 
any side and one acute angle of the •one equal to the 
corresponding partu of the other are equal. 

^ Demonstration. 

One acute angle in one triangle tieing equal to one in the other, the 
other acute angles are equal, since they are complements of the same 
angles (218)- The case then tails under (301). 



EXERCISES. 

EsERClSG 1. Given the sides of a triangle, as 15, 8, and 5, to 
conatmct the triangle. 

Ex. 2. Given two aides of a triangle, a = ?o, ft = 8, and the 
angle B ojiposite the side b equal ) of a right angle, to constrnct 
the triangle, \ i ■-- 
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Ex. 3. Same as in the preceding example, except h = 12. 
Same, except that i = 25. ^ 

Ex. 4. Construct a triangle with angle A = } of a right 
angle, angle B = ^ of a right angle, and side a opposite angle 

A, 15. 2r\ / u^ 

Ex. 5. Construct an isosceles triangle whose vertical angle 
18 30''. Jl -•/ 

Ex. 6. Construct a right-angled triangle whose hypotenuse 
is 12 and one of whose acute angles is 60^. 

Ex. 7. Construct an equilateral triangle, and let fall a per- 
pendicular from one vertex upon the opposite side. HoW| is this 
angle divided ? How many degrees measure the angle between 
the perpendicular and one side? o? ^^ i ^ 



THE DETERMINATION OF POLYGONS. 

311. A triangle, or any polygon, is said to be Determined 
when a sufficient number of parts are known to enable us to 
construct the figure, or to find, the unknown parts. If two 
different figures can be constructed, the case is said to be 
Amblsruoins. 

312. Since, in such a case, if several polygons were to be con- 
structed with the same given parts all would be equal, the condi- 
tions which determine a polygon are, in general, the same as 
those which insure equality (292). Hence, having shown that 
certain given parts determine a polygon, we may assert that two 
polygons having these parts respectively equal are equal, except 
in the ambiguous cases. 

PROPOSITION XI. 

313. Theorem,— .4 triangle is determined in the fol- 
lowing cases : 

I. When two sides and the included angle are known. 
11. Wlten two angles and the included side are known. 
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III. WTien the three aides are known. 

IV. WTien two sides and an angle opposite one of them, 
are hnown. 

{a.) If the known angle is right or obtuse. 

(6.) If the hnown angle is acute and the known side 
opposite it is equal to the perpendicular upon the unhnown 
side ; or equal to or greater than the other known side. 

(c.) But, if the known angle is acute and the known 
side opposite it is intermediate in length between the other 
known side and the perpendicular upon the unknown side, 
the case is ambiguous. 

Dehonstbation. 

The demonstratioii of this pTopoution b e^ted in the tolntion of the 
follow! Dg problems, 



314. Problem. — Given two sides and the included 
angle, to construct a triangle. 

SOLTTTION. 

Let A and B be the given (or known) eldei, ■«! the given ingle. 

We WK to construct a triangle having 
an angle equal to included between Bides 
cqnal to' A and B. 

Draw any line, as O'D, equal tu either ' 

of the given sides, as A. i 

La; off at either extremity of O'D, ee | 

at 0', an angle equal to O (203). and make 
O'E equal to B, and draw ED. 

Then will EO'D be the triangle i«- Fig. ISL 

For, if two triangles (or any number) be conitmcted with the same 
sides and included angle, they will all be equal to each other (S98)- 



315. Problem. — Given two angles and the inclttded 
side, to construct a triangle. 
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Let M and N be the two given 
■ng'ee, ind A the given elde. 

We are to couBtmct h triangle 
having a side equal to A and in- 
cluded between the vertices of two 
anglei eqoal respective! j to M 
andN. 

Draw OE eqo&I to A. At one 
extremity, as D, make angle FDE = 
M, and at E make FED = N. 

Then is DEF the triangle re- 
quired (I). , Fig. 1S2. 

QnSRT. — What is the limit of the snm of the given angles? 



318. Problem. — Oiven three sidea, to construct a tri- 
angle. 

SOLOTIOK, 

Let A, B, end C be the three given eidet. 

We are to constmct a triangle which 
shall have its three udea respectively 
eqnal to A, B, and C- 

Draw DE = A. 

With D as a centre and a radins 
eqnal to B, strike an arc intersecting an 
arc atmck lh>m E as a centre, with a 
radins C. 

The triangle DEF is the triiogle f,^ uj, 

BODght Q). 

317. . BoHOUDii. — If any one of the throe proposed sides is greater 
than the snm or less than the difference of the other two, a triangle is 
imposHble (tX 



S18. Problem. — To construct a triangle, having given 
two aides and the angle opposite one of them. 
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There are tbree cases. 



Wh€!n the given, angle ta right or obtuse. 

Let be the engte, enil A end B 
the *fdea, the engle to be oppoelte 
the side A. 

Construct angle NDM =: (SOS), 
aoa take FD = B. 

' From F as a centre, with A as a 
radius, strike an arc cntHng DM id 
E, and draw FE. 

Then is FDE the triangle soaght. 

For it has FD = 6. FE = A 
(^Dce FE is a radius of a circle 
struck wiih A as n i-adins), and angle p) ,j4, 

FDE, opposite FE, equal to 0. 

If the given angle were right, the construction would be tbe same. 

CASE (.by 

When the given angle ia acute, and, Ist, the Hde opposite 
equal to the perpendicular upon tlie unknown aide, and, 2d, 
when the aide opposite is equal to or greater than the other 
given side. 

1st. Let A and B be the given sides 
and the given angle opposite B. 

Fnxieed ezactlj as in tbe preceding 
case, but when tbe arc is struck Trom F 
as a centre with a radius equal to B, 
instead of intersecting DM it will l>e 
taogent to it, since B = FE is the per- 
pendicular, and a line which is perpen- 
dicular to a radioB at its extremity is 
tangent to tbe arc (166). p.^ ^ 

2d, If the side opposite the given angle is equal to the other 
given aide, the are struck from F wiih it as a radius will cut 



DATESMIJfATTOir OF QVADRtLATSRALS. 143 

OM at an equal distance with FD from the foot oftheperpen- 
dtcuiar (f), nntl ttie trianyle formed will be ieoaeelen {?). 

If the aide oppoeite ig greater than the other given aide, it 
wUl cut MD but once (?) and there will be but one triangle. 



When the given angle i» aente, and the given aide opposite 
it ia intermediate in length between the oUter given aide and 
the perpendienUir to the unknown side, 

Lat A and B be tiie given sides 
and O Hie angle opposite B, B 
being Intermediate )n length be- 
tween A and the perpendloular 
FH on the unknown side. 

Proceed as in the two preced- 
ing caees, bnt instead of tangency 
ve get two intersections of OM 
bj the arc struck fkim F with 
radios B, as E and E', since two 
eqoal oblique lines can be drawn 

ftom F to DM (114), and B being p,,, ,3,^ 

leaa than FD = A, FE will lie 
between FD and FH, and FE' beyond FH (113). 

TboB we have two triangles, DEF and DE'F, each of which fulfills the 
required conditions. 

319. Scholium.— Id order th&t the triangle should be poawble, the 
side opposite tlie given angle must be equal to or greater than the per- 
pendicular upon the unknown ride. 



OF QUADRILATERALS. 

The subject of the conditions which determine a quadrilateral or 
other polygon is quite an important and practical subject, eBpecially in 
surveying, and we treat the problem of the equality of polygons of more 
than three ddea in this way. (See 312-) 
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PROPOSITION XII. 

320. Theorem.—^ quadrilateral is determined when 
there are given in their ord-er : 

I. l%e four sides and either diagonal. 

II. The four sides and one angle. ' 

III. let. Three sides and two included angles. 

2d. W%en the two angles are not both included hetween 
the known sides, the case may be ambiguous. 

IV. Utree angles and two sides, the unknown sides 
being non-paraUel. 

DeHONST RATION. 
CASE I. 

Let a, b, e, d (EJ4. 197), be the tides in order, and e the diagonal 
folnlng the vertex of the angle between a and d with the vertex between 
ft and e. 

With LO = a. OM = 6, MN = «. NL = d, and LM = e, conHtruct, by 
' (316), the triangles LOM and MNL, on LM as a coumoD nde. 

Then is LOMN the qaadrilaterul eoaght 



Fifl. 1S7. FiB- IM- 

CASE II. 

Let a, b, e, and d (Fig. 158), be the given >ide* in order, and ttie 
angle inoluded between a and 6. 

With tlie same notation ae before, construct the triangle LOM by 
(314), a»ci then LMN by (318), and the quadrilateral ia constrocted, i.e., 
all the parts are found. 



BSTBRXINATION OF QUADRILATEEALS. 



Lflt a, b, ind e (Fig. 159) 
ba tha given •ld«> in ordar. 

lat. Let both the given 
anglen and M be in- 
truded between the giveti 
aideit, being Ituiuded 
by a and b, aiut H byb 

Construct an angle LOM 
= 0, and take OL = a and j 
OM = & 

Novr la? off the angle OMN 
= M, and taking MN = e, 
dran LN. Fig. 119. 

Tlien iH LOMN th« quadri- 
lateral Bought. 

Sd. AxBiavoua Cxesa. — If three aides and two angle* of 
« quadriiateval are given, and both the given angle* are not 
indiided b^ween given Hdea, the ease may be Auaiauous. 



There maj. be three cases : let. When the tm 
secntive, and one on); ie included between gire 
given angles are consecutive, and the includ- 
ed ude is unknown ; 8d. When the given 
angles are opposite. 

Fig. 160 shows how an ambignons soln- 
-tion may arise nnder Case 1. The given 
parts are a, (, e, and angles L and 0. 

Fig. 161 shows how snch Bolations 
ma; arise under caeca a and & 



. given angles are con- 
mdes; M. Vfbea the 
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Int. Let tlie three given nnyles be 0, M, and H, and, first, 
let a aittt b be two eonseetttive given xideit, 

Bioce the sum of the uigles of a quadrilateral is 4 right angles, and 
•, M, and N are giveii, the foorth, L, can be fuund (241). 

[Let the student make the constnictiiio.] 

3d. Let 0, M, atul N be the given anglen, and a and. e the 
given Hon-connecutive aides, d and b being non-paraUti, 
U e., the angles L and nut being supplemetUul . 

Find the fourth angle by subtracts 
ing the sum of the three given angles 
ftom 4 right angles. Whence all the 
angles are hnonn. 

La; off ude a and at its extremities 
make LOX = 0,' and OLY = L. 

Then draw anj line, Am, making 
the angle m = M. 

Take mk = e, and througb A draw 
AS parallel to OX. Let thia iotenect 
LY in N. Through N draw NM parallel ^. ^^ 

to Am. 

Then is NM = the given side e (I), and OMN = the given angle M (?), 
and LNM = the given angle N (!)■ 

Hence LOMN is the required quadrilateral. 

881, ScHOLrnii.— With a given set of part*, as above, the poaedbility 
of constructing a quadrilateral can be determined on the aame principle 
as the possibility of a triangle. 

1. In Case I, if the diagonal is less than the sum and greater than the 
difference of the sides of either of the two triangles into which it divides 
the quadrilateral, the quadrilateral b posdWe, bvit not otherwise. 

S. In Case 11, the two given sides and their included angle always 
make a triangle po8«ble ; whence the possibility of the quadrilateral will 
he determined by the relation of the other two wdes to the third side o( 
this triangle, as (Fig. 158) when e + d > UH, and c — d < LM, the 
quadrilateral is possible, but not otherwise. 

3. In Case m, the 1st problem is always possible. The student will 
be able to determine when the several cases in the 8d are possible by in- 
specting Figs. 160 aod 161. 

4. In Case IV, the first problem is always posuble when the sum of 
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the given angles is less than 4 right angles. In the second problem, if 
the unknown sides are parallel, the problem is indeterminate^ i. «., there 
may be any number of solutions, if any. 

KoTB. — In problems of this class, it is usually understood that the 
given parts are such as to allow the constraction ; i. «., that they are parts 
of a possible polygon. 

322. Corollary 1. — A parallelogram is determined 
when two sides and their included angle are given. 

Since the opposite si<les of a parallelogram are equal (250)f &I1 the 
sides are known when two are given, and the case falls under Case II of 
the proposition. 

323. Corollary 2. — Two rectangles having equal ba^s 
and equal altitudes are equal. 

Exercise 1. CoDStruct a quadrilateral three of whose eon- 
secntive sides are 20, 12, and 15, and the angle included between 
20 and the unknown side f of a right angle, and that between 
15 and the unknown side i a right angle. 

Ex. 2. Construct a quadrilateral three of whose sides shall be 
5, 4.2, and 4, and in which the angle between the unknown side 
and the side 5 shall be ^ of a right angle, and that between the 
unknown side and side 4, Ij^ right angles. How many solutions 
are there? How many solutions if the second side is made 1.2, 
and the third 2 ? How many if the second side is made 1, and 
the third 1.5 ? 



OF PO LYGONS. 



PROPOSITION XIII. 

884. Theorem. — *d polygon is determined when two 
consecutive sides, the diagonals from the vertex of their 
included angle, and the consecutive angles included he^ 
tween these lines are given, 

[Let the student show how the construction is made, and thus demon- 
strate the proposition.] 



148 ELEMENTARY QEOMETBY. 



PROPOSITION XIV. 

326. Theorem*—.^ polygon is determined by means 
of its sides and angles, when there are given in order: 

I. AU the parts except two angles and their included side. 

II. All the parts except three angles, 

III. All the parts except two non-parallel sides. 

Constructions. 

CASE I. 

Beginning at one extremity of the unknown side, and constnictlng 
the given sides and angles in order till all are constructed, and joining 
the extremities of the broken line thus drawn, the polygon will be con- 
structed. 

CASE II. 

,, ^ Xst^ When the three angles are conseciMve. 

Suppose the polygon to be ABCDEFG, and the unknown angles A, G, 
and F. Oommencing with side AB, lay off the given sides and angles in 
order till the unknown angle F is reached. Then from F as a centre, 
with a radius equal to the known side FQ, strike an arc intersecting an 
arc struck from A as a centre with the side AG as a radius. This inter- 
section determines the remaining vertex of the polygon. 



QuEBT. — ^When does this caae become impossible ? 

2d, When two of the utiknowti angles are consecutive and 
the third is separated from, both the others. 

Let A, B, and F be the unknown angles. 
The two partial polygons AIHGF and 
BCDEF can be constructed, and thus the 
sides AF and BF will become known, as 
also the angles AFG, lAF, BFE, and 
FBC. 

Then constructing the triangle ABF, 
whose three sides are now known, the 
angles AFB, ABF, and FAB become known. 
Hence all the parts of the polygon arj 
found, for ^'fl- '•*• 

the angle GFE = AFG + AFB -I- BFE, etc. 
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3d. When no two of tlie three unknown anglet are c 

aeeutive> 

Let A, C, and F be the anknowa 

Constmcting tiie broken lines ABC, 
CDEF, and FOHIA eeparately, and 
apart from the portion nbere the 
polygon is to be cooBtructed, the diago- 
oala which form the aides of the triangle 
ACF can be determined b; joining the 
exIremitieB A and C, C and F, and F 
and A. 

This triangle can then be con- 
structed in the poHitinn deBired, an# Flf. W^. 
the broken lines constracted on its Bides, as in the flgore. 



Under this case we have two problems : 

IbI. When the two unknown aides are eotmecuHve. 

2d. When the two unknown »tdee are separated, 

[The student will be able tu effect the conatmctitHi. The first ie 
similar to that of Case 11, Ist problem. The second ia effected by 
obtaining a qtiadrilateral aimilarly to the 
construction ia Case II, 8d problem. 

3S6- fo case the unknown parts are 
two parallel aides, an a and b, it is evident 
that these may be varied in length at plea- 
sare without changing the value of the other 
parts. 

827. It will be a profitable exercise for ^'•' '"" 

the student to reduce the detenmnation of polygons to that of qaadri- 
laterals, and both to that of trianglei. 
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PROPOSITIONS FOR ORIGINAL SOLU- 
TION AND DEMONSTRATION. 

328. 1- ThBoreta.—ITie sum of the exterior an-gles of 
a polygon is four right angles. 

Prove by drawing lisea GTom a poiot and parallel to tbe sidee nf the 
polygon. 

8. Theorem. — The sunt of the angles of a polygon is 
twice as many right angles as the polygon has sides, 
less four right angles. 

Having proved the preceding, base the pnx>rof this upon tAat. 

3. Theorem. — // the sum of two opposite sides of a 
quadrilateral is equal to the sum of the other two op- 
posite sides, show that a circle can be inscribed in the 
quadrilateral. 

4. Theorem.—// from a 
point tHthout a circle two 
tangents aredrawn, and also 
a chord joining the points of 
tangency, the angle included 
between a radius drawn to 
either point of tangency and 
the chord is half the angle 

included between the tan- 

^ . Fig. IM. 

gents. ^ 

5. Theorem. — In an isosceles triangle the line drawn ■ 
from the vertex to the middle of (he base bisects the 
triangle and also the angle at the vertex. 

6. Problem, — With a given radiusdraw a circle tan- 
gent to the sides of a given angle. 

1. Problem. — Through a given point ivithin a given 
angle draw a line which shall make equal angles with 
the sides. 



EqmVALENCT AND AREA. Ifil 

8. Problem. — To draw a circumference through two 
given, points and having its centre in a given line; or, 
to find in a given line a point equally distant from two 
points out of that line. 

9. Theorem.— J/ from the 
extremities of a diameter per- 
pendiculars are let fall on any 
secant, the parts intercepted, 
between the feet of these per- 
pendiculars and the circum- 
ference are equal. P,^_ m^ 

10. Problem. — To trisect a right angle. 
BDaoBsnoB.— What is the value of an angle of tin equilateral tri- 

BQgle} 



OF EQUIVALENCY AND AREA. 

329. Equivalent Figures are such as are equal in mag- 
nitude. 

330. The Area of a surface is the number of times it con- 
tains some other surface taken as a unit of measure ; or it is the 
ratio of onti snr&ce to another assumed ae a standard of measure. 



PROPOSITION I. 

331. Theorem. — ParaUdograms having equal hoses 
and equal altitudes are equivalent. 
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Dbkonsteation. 



Let ABCD and EFGH ba two parallelogram* having equal baaei, BC 
and F6, and equal attltudet. 

We are to prove ■ 
that the parallelo- I 
grans are e^aivaleot. I 

AppI; EFGH to I 
ABCD, pladDg FG in I 
its equal BC; and, I 

aince the altitudei are F'«- •••■ 

equal, the upper base EH will fell in AO or AO produced, as E'H'. 

Non, the two triangtea AE'B and DH'C are equal, unce the; have two 
.rndes and the included angle of the one equal to two sides aud the in- 
cloded angle of the other; tii., AB =: DC, being opposite sides of a 
parallelf^^ram ; and for a like reason BE' = CK'. Also, angle ABE' = 
an^e DCH', bj reason of the paralleliam of their tudes (294)- 

These triangles bein;; equsl, 

the qaadrilateral ABCH' - the triangle AE'B = ABCH' - DH'C. 
But ABCH' - AE'B = E'BCH' = EFGH; 

and ABCH' - DH'C = ABCD. 

Hence, ABCD = EFGH. 4. e. d. 

332. GoROLLART. — Any parallelogram is equivalent to a 
rectangle having the same base and altitude. 



PROPOSITION II. 

333. Theorem. — A triangle is equivalent to one-half 
of any parallelogram having an equal base and an 
equal altitude with the triangle. 

^ . DBHONSTBA.TIOH. 

Let ABC (Figxes) be a triangle. 

We ate to prove that ABC is equivalent to one-tialf a pamllelognun 
having as equal base and an equal altitude with the triangle. 
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Consider AB as the base of tlie triangle, 
snd complete the parallelogram ABCO b; 
drawing AD parallel to BC, and DC to AB. 

Now ABCO has the same base, AB, as 
the triangle, and the same altitude, nnce 
die altitude of each is the perpendictilai' 
distance between the parallels DC and AB. 

But ABO is half of ABOD (249), and as ^»' '"• 

aoj other pirallelogmni having an equal base and altitude with ABCD is 
equivalent to ABCD (331). ABC is equivalent to one-half of on^ parallel- 
ogram iiaviog an equal base and altitude with ABC. q. b. d. . 

334. CoBOLLART 1. — A triangle is equivalent to one-half 
of a rectangle having an equal base and an equal al- 
titude with the triangle. 

336. OoROLLARV a.— Triangles of equal bases and equal 
altitudes are equivalent, for they are halves of equivalent 
parallelograms. 



PROPOSITION III . 

336, Theorem. — The square described on n times a 
line ia »*' times the square described on the line, n being 
any integer. 

Demonstbation. 

Let u be any line and AB ■ line n time* as long, n being any Integer. 

We are to prove that the square de- 
scribed on AB ia n' times the square 
on Ad. 

Construct on AB the square ABCD. 

Since u is a measure (76) of AB, bj 
hypothesis, divide AB into n equal parts 
by applying u, and at the points of di- 
vision a, h, e, etc., draw parallels to AD. 

In lilce manner divide AD, and drav 
through the points of division a', V, «", 
etc., parallels to AB. 

Then are the surihces 1, 3, 8, 4, 5, 6, pi 170 
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etc., eqoares, uuce tbdr oppomt« udcs 
are parallel (138) aorl equal (138), ud 
their angles are right angles (ISO). 

Now of these squares there are n in 
eacb of the rectangles a'8, A-E, etc. (?), 
and as there are n divisions in AD, there 
are n rectangles. 

Hence there are » times n, or n' 
squares in ABCD. 4. E. D. 

Fls. 17a. 

337. OoBOLLABT. — The square described on twice a line 
is four Umes the square described on the line ; that on 3 
tijtiea a line is 9 times the square on the line, etc. 



PBOFOSITION IV. 

338. Theorem. — .d trapezoid is equivalent to two tri- 
angles having for their bases the upper and lower bases of 
the trapezoid, and for their common altitude the altitude 
of the trapezoid. 

By conHtmcting any trapezoid, and dntwing either diagonal, the stn- 
doit can show the trutli of this theorem. 



PKOPOSITION V. 

389. Problem. — To reduce any polygon to an equiva- 
lent triangle. 

Solution. 

Let ABCDEF (Fig. 171) be a poly«an. 

We are to reduce it to an equivalent triangle. 

Draw any diAtfonnl, as EC. between twn alternate vertices, and through 
the intermediate vertex, D, draw DH parallel to EC and meeting BC pro- 
duced in H. Then draw EH. 
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In like manner, draw 
FH, and tlirongb E draw El 
parallel th«retu, meeting 
BH prodnced in I. Then 
draw Fl. 

Again, draw the diag- 
onal FB, and tbrougb A 
draw A6 parallel thereto, 
meeting BC produced in G. 
Then draw FG. Fif. m. 

Now FQI is equivalent to ABCOEF. 

Demonstbation op Solution. 

Consider the polygon ABCDEF as diminished b; EOD and then in- 
creased by ECH. Since these triangles have the same base EC, and the 
same altitude (as their vertices lie in DH parallet to EC, and parallels are 
everywhere equidistant), the triangles are eqnivaleot (336)' Hence, 
ABHEF is equivalent t« ABCOEF (?). 

In like manner ABIF is eqniralent to ABHEF, and FGI to ABIF. 

Hence FGI ia equivalent to ABCDEF. q. b. d. 



340. An Inflnitesimal is a quantity conceived under sncb 
a law as to be less than any assignable quantity. 

iLtOHTRATios.— Consider a line of any finite length, as one foot. 
Conceive this line bisected, and one-half taken. Again conceive this half 
bisected, and one-halfof it taken. By this process it is evident that the 
line may be reduced to a line less than any assignable line. Moreover, if 
the process l>e considered as repeated infinitely, the result is an infini- 
tedmal. 

This is the familiar conception of the li«at term of a decreasing infinite 
progression, the last t«mi of which is called zero. 

341. Principle I. — In comparison wi^ finite qiianti- 
ties, an infinitesimal is zero. 
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Thiu, BQppoaB — = a, 

M, n, and a being finite qn&ntities. Let i re))reaeDt an inflnitesimal ; then 

, or ., or -., 

li to be conndered as still eqnal to a, for to coitaider it to differ fVnm a 
1^ any amonnt we might name, would be to assign tome valne to i. 

342. Pbinciple IL — ^ny two geometrical magnitudes 
of the same kind are to be conceived as com,m,ensu-rabie by 
an infinitesimal unit. 

By the procew for obtuning the common measure of two lines (84). 
the remunder may be mode (in conception) lees than any assignable quan- 
tity, and hence in comparison with the lines sbonld be conndered zero. 

The same conception may be a^iplied to an; geometrical magnitades. 



PEOPOSITION VI. 

343. Theorem.- Rectangles are to each other* as the 
products of their respective bases and altitudes. 

FiBST Demonstration. 

LnoiA.— Two rectangles of equal altitudes are to each 
Other at their bases. 

Let ABCD and iibcd be two rectangle* having their altHudea AD and 
ad equal, 

Bappose rectangle ABCD gen- 
erated by the movement of AD from 
AD to BC, it remaining all the time 
parallel to its first position, «id 
■appose oM generated in like man- 
ner by the movement otad. 

Let these equal geoeratricea AD Fip. 172. 

and ad move with aoiform and equal velocities; then it is evident that 
the earfuces generated will be as the distances AB and ab. 

aUd ab 
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Now l«t M and N be My two rectan- 
gles, the bsH of M being AB and the 
altitude BC, end the bate of N BE and 
lb aititude BO. 

We are to prove that 
M _ A BxBC 
N ~BExBQ' 

Place the rectangles so that tlie 
angles ABC and GBE ^all be oppootc, 
*. «., BO that AG and CE shall t>e etraigbt Hf. 173. 

lineB (108). 

Complete the rectangle CBOH, and call it 0. 

BiDce M and have equal altitadee, 

In like matmer, suice N and hare equal altitadee, 

5 = BC '** 

Diriding the members of (1) by the corresponding members of (3) 



Second Demonstratiok. 
Let ABCO and EFGH be any two rectangle*. 



Fig. 174. 

ABCD _ AB X AD 
EFGH EF X EH' 

The bases and altitudes of the two rectangles are at l( 
ridered as com measurable b; an inflniteramal anit (342)- 



We are to prove that : 



BLSMXirTART OBOKETRT. 



Let « be the common meuure of AB, AD, EF, and EH, ukI euppoae it 
coDtained in AB m times, In AD n times, in EF p times, and in EH f timea. 

Wbenc, » = ^, , = f. p = ^. „d , = f«. 

Now conceive tbe rectanglea divided into equaree b; drawing throngh 
the points of divi^on of the bases and altitudes parallels to tbe altitudes 
and bases, as in (336), whence the rectanglea will be divided intoeqoal 
squares. 

Of these equal squares. ABCD contains m x n, and EFQH pxq. 
AB AD 



ABCD mx« ( 


" ■» 


ABxAD 


EFQH pyg EF 


EH 


EFxEH 



PROPOSITION VII. 

344. Theorem. — Ute area of a rectangle is equal to 
the product of its base and altitude. 



DEMONSTEAnON, 
Let ABCD be a rectangle. 

We are to prove that its area 
ia AB X AD. 

Let the sqoore w be tbe pro- 
posed unit of measure, whoae side 
isl. 
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By(348), *?5? = *?JLAD^^, ,^0 

u 1x1 

Hence, by (SSO)) area ABCD = AB x AD. <^ s. d. 

345. GoBOLLABT 1. — The area of a sqtMure is equal to the 
second power of one of its sides, as in this case the baae and 
altitude are equal. 

846. Corollary 2. — 7%e area of any parallelogram is 
equal to the product of its base and altitude ; for any paral- 
lelogram is equivalent to a rectangle of the same base and 
latitude (33S). 

847. Corollary 3. — The area of a tri^angle is equal to 
one-half the product of its base and altitude ; for a triangle 
is one-half of a parallelogram of the same base and altitude (333). 

348. Corollary 4. — Parallelogranis or triangles of 
equal bases are to each other as their altitudes; of 
equal altitudes, a^s their bases; and in general they are 
to ea»oh other as the product of their bases by their al^ 
titUfdes. 

849. ScHOLnm. — ^The arithmetical aignification of the theorem, Tke 
area tf a reetangU is equal to the product of iU laae andaUUudey is this: 

Let the base be h and the altitude a ; then we haye, by the prop- 
osition, 

area = db, 

Now, in order that cib may represent a surface, one of the factors 
must be conceived as a surface and the other as a number. Thus, we 
may conceive b to represent h superficial units, «. e., the rectangle having 
the baae of the rectangle for its base and being 1 linear unit in altitude. 

The entire rectangle is, then, a times the rectangle which contains b 
superficial units, or ab superficial units. 

In the expression 

area ABCD = AB x AD, 

AB and AD may be given a similar interpretation^ 



SLBM&'JfTABF OBOMETRT. 



PBOPOSITION VIII. 

350. Theorem. — The area of a trapezoid is equal to 
the product of its altitu.de into one-half the sam, of Us 
parallel sides, or, what is the same thin^, the product 
of its altitv.de into a line Joining the middle points of 
its inclined sides. 

DEKOlfSTRATIOH. 

Let ABCD b« a trapezoid, whoie parillel aldei are AB and DC, and 
whoae altitude la IK. 

We are to prove, lat, that 

area ABOD = IK x *^±^' 
and, Sd, that area ABCD ^ IK x a(, p, ^g 

oS being a line JoiDing the middle p<dnta of AO aod B<h 

Draw either diagonal, as AC. The tnperadd is thoa divided into two 
triangles, whose areas are together equal to one-half the product <^ their 
common altitude (the altitude of the trapezoid) into their bases DC and 
AB, or this altitude into ^ (AB-i- DC). 4. b. ih 

~~ Thraogli a and b draw om taApn perpendloolar to AB, meeting DC, 
produced, if necessary. 

Now the triangles ooD and Aam are equal, rince 
Aa = oD, 
angle = angle m, 
both being right, and angle mD = ham, being opposite. Whmoe 
Am = oD. 3 ' "' 
In like manner, we may show that 

pp = »B. 
Hence, ofi = ^ (op + mn) (7) = ^ (AB + DC) ; and area ABCO, which 
equals )(AB + OC}xlK, = o^xlK. 4. e. O. 
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PEOPOSITION IX. 

861. Theorem. — The area of a regular polygon is 
equal to one-half the product of its apothem into its 
perimeter. 

Dbhosbtration. 

Let ABCOEFQ ba a regular polygon, w)Kis« perimeter U AB + BC+ 
CD + DE+EF+FQ + GA. and whoee ipothMii is Oa. 

We we U> prove that ^y 

areaABCDEFQ = iOa{AB+BC + CD + DE + EF+FQ+GA). 

Dnw the inscribed cirde, the radii Oa, OA, 
etc, to the pointa of tuigenu;, and the radii of 
the circnmacribed circle OA, OB, etc. (273, 
874). 

The pol<^D is thne divided into as many 
eqnat triangles w it haa ndee. 

Now, the a^thfm (or radioa of the in- 
scribed circle) is the common altitude of these 
triaagtes, and their bases make up the perimeter 
of the polygon. "•■ ■"• 

Hence, the area = ^Oa(AB-t-BC+CO + DE+EF+FG+GA). <t.B.i>, 

352. OOROILABY. — The area of any polygon in which 
a circle can be inscribed is equal to one-half the 
product of the radius of the inscribed circle into the 
perimeter. 

The stadent ahoald draw a figure and observe the fact It is espe- 
cially wotthj-of note in the case of a triangle. See Fig. 187. 



-^^ PROPOSITION X. 

363. Lemma. — If any polygon is circumscribed 
about a circle and a second polygon is formed by draw- 
ing tangents to the arcs intercepted between the con- 
secutive points of fangeney, thus forming a polygon of 
double the number of sides, the perim,eter of the second 
polygon is less than that of the first. 
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Demonstbation. 

Let ABCDE be my circumeoribed polygon, whou oonaeoulfve tldsi 
are tangent at K, F, Q, etc., and let a second polygon be formed by 
drawing tangenti at /, g, eto. 

We are to prove tliat the 
perimeter ab+ie-^-cd, etc., b less 
tbtiD tlie perimeter EA + AB +etc. 

Observing the portions nf the 
perimeters from K to F, fur the 
first polygon we have 

KA-I-AF = Ka+(aA + A5)+5F, 
and for tlie second 

Bnt 06 < aA + WP). 

K«+o6+JF < KA + AF. ^a- "«■ 

Now, as a similar rednction 
nil) take place at each vertex, the entire perimeter of the second polygon 
will be less than that of the first, q. b. d. 

364. The Limit of a varying quantity is a fixed quantity 
which it approaches by such a law as to be capable of being 
made to differ from it by less than any assignable quantity. 

Such a varying quantity ia often gpokcti of as reaching its 
limit after an infinite number of stepe of approach. 

365. COROLLAET. — ^s the number of the aides of a cir- 
cumscribed regular polygon is increased the perijneter 
is diminished, and approaches the eireum^ference of the 
circle as its limit, since the circle is the limit of auch a 
polygon. 

PROPOSITION XI. 
356. Theorem. — The area of a circle is equal to one- 
half the product of its radius into its circumference. 
DHMON8IKAIION. 
Lot Oa (Fig. 179) be the radius of the cirole. 
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We ue to proTQ that tUe area of the circle 
a )0a X the eheun^ermee. 

CiTCumicribe aoj i^alar polygon. 

Now th^ srcK of this polygon is one-half 
the product of its apotliem and perimeter. 

Conceive the nnmber of sidei of the poly- 
gon indeflnitely increased, the polygon atill 
continuing to be circomscribed and regular. 

The Bpotbem continues to be the radins of 
the circle, and the perimeter approaches the Fig. at. 

circnmference. 

When, tlierefore, the number of sides of the polygon becomes infinite, 
it is to be considered as coinciding with the circle, and its perimeter nitli 
the circnmference <366). 

Hence the area of the circle is equal to one-half the product of its 
nidlns into its ciicumfsrence. <). b. d. 

357. A Sector is a part of a circle included between two 
radii and their iotercept^ arc. 

858. GoBOLLABT 1. — 3%e area of a sector is equal to 
one-half the product of the radius into the arc of the 
sector. 

359. CoROLLABT 8. — The area of a sector i» to the area 
of the circle as the arc of the sector is to the circumfer- 
ence, or as the angle of the sector is to four right angles. 



EXERCISES. 

360i 1. Wbat is the area in acres of a triangle whose base is 
75 rods and altitude 110 rode? 

3. Wbat is the area of a right-angled triangle whose sides 
aboat the right angle are 136 feet and T2 feet ? 

3. If two lines are drawn from the vertex of a triangle to the 
base, dividing the base into parts which are to each other as 2, 3, 
and 5, how is the triangle divided F How does a line drawn 
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from «B aagla- to tiie middle of the opposite side divide a tri- 
angle ? >C 

4. What is the area of the largest triangle which can be in- 
scribed in a circle whose radius is \%, the diameter. being one 
side? 

5. What is the area of a cross section of a ditch which is 
6 feet wide at the bottom, 9 feet at the top, and 3 fi^et deep ? 

6. If one of the angles at the base of an isosceles triangle is 
doable the angle at the vertex, how many degrees in each ? 

♦♦♦ 

OF SIMILARITY. 

361. The primary notion of similarity is likeness of form. 
Two figures are said to be similar which have the same shape, 
although they may differ in magnitude. A more scientific defi- 
nition is as follows : 

36S. Stm^ar Figrures are such as have their angles re- 
spectively equal, and their homologous sides proportional. 

363. Homologrous Sides of similar figures are those 
which are included between equal angles in the respective figures. 

364. In similar triangles, the homologous sides are 
those opposite the equal angles. 

The student should be carefal, at the outset, to mark the fiict thai 
similarity invoh>es tseo thifigSj BQUALrrv of anolbs and FBOPOSTiqNALiTT 
OF SIDES. It will appear that, ia the case of triangles, if one of these 
facts exists, the other exists also ; but this is not so in other polygons. 

365. Two figures are said to be Mutually equiangular 
when each angle in one has an equal angle in the other, and 
Mutually equilateral when each side in the one has an equal 
side in the other. 



amtLABITT. 



FSOPOSITION I. 



368. Theorem, — Triangles which are mutually equi- 
angular are similar. 

Deuokstbation. 

Let ABC and OEF be two mutually equiangular triangle*, fn which 
A = D, B = E, C = F. 

We are to prove that the udes 
oppooite these eqaal angles are pro- 
portional, and thus that the triangleH 
possess both the requisites of siniilai^ 
ity, viz., equality of atgXea and pro- 
portionality of udes. 

Lay off on CA CD' = FD, and on 
CB CE' = FE. and draw D'E'. 

Triangle CD'E' eqoals triangle 
FDE (?). 

Draw AE' and BD'. 

Bince angle CEO)' = CBA. D'E' ia ^''* **■ 

parallel to AB (T), and as tlie triangles D'E'B and O'E'A hare & common 
base D'E' and the stune altitodea, their vertices being in a line parallel 
to their base, they are equivalent (335). 

Now the triangles CD'E' and O'E'A, having a common altitude, are to 
each other as their bases (348). 



Hence, 



CD'E' CD' 



O'E'A" 

For like reason, 
Wlience, as 



CD'E' 
D'E'B " 



CD' + b'A CE' + E'B" 
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In a similar manner, by laying off ED and EF in BA and BC respec- 

tively, we can show that 

FE___Ep 

cb^ba' 

„ ^t> flL U} ^ ^ ^ 

^"^ OA = CB = BA-^"-^- 

367. GoBOLLABY 1. — If twa triangles have two angles of 
one respectively equal to two angles of the other, the tri- 
angles are similar (P). 

368. GoBOLLABY 2. — A transversal parallel to any sidef 
of a triangle divides the other sides proportionally, and 
the sides are in the ratio of either two correspofiding 
segments. 

For in the demonstration we haye D'E' parallel to AB, and 



or 



And also 



or, by alternation, 



CD;__Cr 

0'A""E'B' ;/^.'^'''' '"' 

CE' ■* E'B * 

CA ■" CB • 

CA _ CD' _ Vk 

CB ~ CE' ~ E'B * 



t 



PB0P08ITI0N II. 

369. Theorem. — // any two transversals cat a series 
of parallels, their intercepted segmsnts are proportional. 

Dbmonstbation. 

1st. Let OA and O'B' (Fig. 181) be any two paralld trantvertala 
outting the series of parallels ab, ed, eff gh, eto. 

We are to proye that o = ^ = ^ > ^^- 
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Now ^ = 1, ^=1. ^ = 

Uvnce, 
«^«_^ etc 

9(1. Let OA ind OB 
b« any non-panllel tnn»- 
veruU cutting ab, cd, 
*^ft ff^f eto. 

We are to prove 



Fig. 181. 
, etc. 



bd ^ fh' 

Since OA and OB are noo-parallel, the; meet in some point, ob 0. 
Th»,by(389),w.h.,. »| = - 

■ Oe M 

"^ 03 'r 

Whence, by eqoalitj of ratios, we have 
oe _ M 
M~<i/' 

Similarly, we nuy abow that » = j^ , bIc 

Bence, also, by aiternation, and by equality of ratios, 

ae Id ae eg . ac M . 

ee 4f ha fh ^ /A 



PROPOSITION III. 

S70. Thoorem.— Conversely to Prop. I, If two triangles 
have their corresponding sides proportional, they are sim- 
ilar. 

Demonstbation. 



.LetABOndDEFhave 



AC_C8_8A 
DF FE ED' 



EI.SMB!fTARr SSOUETRT. 



We are lo prove that ABC is 
aiinilar to OEF. 

Ab one of the cbnracteristicfl of 
mmilaritj, viz., proportionality of 
rides, eziefs b; hypothesis, ne have 
only to prove the other, i. «., that 

A = D, C = F, and B = E. 

Make CD' = FD, and draw O'E' 
parallel to AB. 



CA _CB' 
CD' ~ CP ' 



and since b; coDHtraction 
and by hypotlieslB 



CA_CB 
FD~Fl' 



Again the triangles D'E'C and ABC are mutually eqaiangnlar, wnce C 
is common, wigle CD'E'= CAB (?), and angle CE'O' = CBA ff). 



Bnt by hypothesis and constrnction 

CA _CA_AB 
CD'~DF~DE* 

Hence D'E' = DE, and the triangles CD'E' and DEF are eqtial (^. 
Therefore ABC and D'E'C are similar: and as D'E'C = OEF, ABC and 
DEF are similar. <i. e. d. 

371. Scholium,— As we now know that if two triangles are mntnally 
eqniangolar, they are similar ; or, if they have their corresponding aides 
proporlional, they are Bimilar, it will be sufficient hereafter, in any giyen 
case, to prove etther one of these facta, in order to establish the similarity 
of two triangles. For, either &ct being proved, the other follows as a 
consequence. 



PEOPOSITION IV. 

372, Theorem. — Two triangles which have the sides 
of the one respectively parallel or perpendicular to the 
sides of the other, are sinviZar. 

DEMONBTBAnON. 

L«t ABC and A'B'C b« two triangfei whaM ildM are rMpaotivnly 
parallel or perpendicular to each other. 

We are to prove that the tri- 
angles are Bbnilar. 

Ad; angle in one triangle is 
dtber.eqtui or Bupplemental to the 
angle in the otiier which is included 
bettreen the sides which are parallel 
or peipendicnlar to its own radee. 
Thus, A eitler equals A', or A + A' 
= 3 right angles (894, 296, 896). 

Now, ir the corresponding angles 
are all supplemental, that is, ir 
A + A' = S right angles, 
B + B' = 3 right angles, 
and C + C = 2 right angles, 
the snm of the angles of the two 
triangles is 6 right angles, which is 
impossible. 

Again, if one angle in one triangle equals the corresponding angle in 
the other, as A = A', and the other angles are supplemental, the snm is 
4 right angles plus twice the equal angle, which is impossible. Hence, 
two of the angles of one triangle must be equal respectively to two 
angles of the other. Therefore the trianglee are similar (367). 4.&D. 



Fig. IS3. 



PEOPOSITION V. 

378. Theorem.— 2W triangles having an angle in 
one equal to an angle in the other, and the sides about the 
equal angles proportional, are similar. 
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Demonstbatiok. 
Lai ABO and DEF hava tha angle* C and F equal, and ^ 

We are to proTe that ABC aacl DEF are ritnitar. 
Make CD' equal to FD, and draw 
D'E' parallel to AB. Then is 

aDgie CD'E' = angle CAB, 
whence the trianglte are aimilar (367), 
and by (388), 

AC _CB 

DC {= DF) ~ CE' ' 
Bnt, by bypotliesia, 



Whence CE' = FE. ^ 

Hence the triangle CD'E' is eqnal to the trianj^ pDE. Now, CD'E' 

and ABC are mutually equiangnlar. Hence DFE and ABC are motnally 

equiangular and consequNitly aimilar. ^ x. d. 



PROPOSITION VI. 

374. Theorem. — In any right-angled triangle, if a 
line is drawn from the vertex of the right angle perpenr- 
dicular to the hypotenuse: 

let. The perpendicular divides the triangle into two 
triangles, which are similar to the given triangle, artd 
consequenUy simiXar to each other. 

2d. Either side about the right angle is a mean propor- 
tioTtal between the whole hypotenuse and the adjacent 
segment. 

3d. The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

Dehonsthation. 

Let ACB be a triangle right-angled at C, and CD a perpendloulKT 
upon the hypotenuie AB ; then 



snnLARiTr. 

iBt Tbe triaoglea ACD and ACB haTe tbe 
angle A coininun, Bml a ri^fbt angle in each; 
hence tliey are Himilar (367). For a like rea- i 
son, COB and ACB are rimilar. Finalty, as ACD 
and COB are both nmilar to ACB, tbe; aiv 
ianiilar to each other, (i. e. D. ^* '" 

ad. 6; reasoa of tbe nmilarity of ACD and ACB, we bare 
A0_ AC 

ac~ab' 

and from COB and ACB, we hare Qg = Tb - 4- e. d. 

Sd, B; reason of the nmilarit; of ACO and COB, we bare 



QcKBiEB. — To which triangle does the first CO belong? To which 
tbe second! Why is CD made the consei^nent of AD? Why, in the 
second ratio, are CD and DB to be compared ) 

376, CoBOLLAET.— // a perpendicular is let faU from 
any paint in a oiroumferenee upon a diameter, this per- 
pendicular is a mean proportional between the segments 
of the diajYieter. 

Let CD be each perpendicular, and draw 
AC and CB. Then, mnce ACB is a right angle 
(192), we have, bjr Case 8d, the proportion 

*P = ^. or CD' = ADxOB. 



FBOFOSITION Vll. 

376. Theorem. — The square described on the hypote- 
nuse of a right-angled triangle is equivalent to the sum 
of the squares described on the o^ier two sides. 

FiBSI DEllOKSTRATIOIf. 
Let ACB (Fig. It?) be my right-angled triangle. 
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We are to prove that AB* = AC* + CB*. 

For, let fall the perpendicular CD, and by 
(374> 2d) we have 

Ap_AC , DB CB 

AC"" 



AB 



and 



and 



CB AB^ 

ADxAB = AC*; 
DB X AB = CB'. 




or 



Fig. 187. 



Adding, we have AB (AD + DB) = AC* -f- CB', 

ABxAB = AB* = AC* + CB*. q.B.D. 




Second Demgnstbation. 

Let ABC be any right-angled triangle, right-angled at B 

Describe the squares AE, AG, and CL on 
the hypotenuse and the other sides respect- 
iyely. From the right angle let fall upon 
DE the perpendicular BK intersecting AC in 
I, and draw the diagonals BE, DB, HC, and 
AF. 

Now the triangles BAD and HAC are 
equal, having two sides and the included 
angle of one equal to two sides and the in- 
cluded angle of the other; viz., BA = HA, 
being sides of the same square, and for a 
like reason AD = AC; and the angle HAC 
= BAD, since each is made up of a right 
angle and the angle BAC. 

Since ABQ and ABC are right angles, BG is the prolongation of BC, 
and the triangle HAC has the same base, HA, and the same altitude, AB 
as the square AG. Hence the triangle HAC is half the square AG. 

Moreover, the triangle BAD has the same base, AD, as the rectangle 
AK, and the same altitude as At. Hence, 

triangle BAD = ^ADKI. 

Therefore, as the rectangle ADKI and the square AG are twice the 
equal triangles BAD and HAC respectively, they are equivalent. 

In like manner, the square CL may be shown to be equivalent to the 
rectangle CK. 

Whence we have ADKI = ABGH, 
and IKEC = BCFL ; 

and adding, ADEC = ABGH 4- BCFL. Q. s. D. 



Fig. 188. 



/ 



^ 

^ 
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377. Corollary 1. — The hypotenuse of a rightr-angled 
triangle equals the square root of the sum of the squares 
of the other two sides. 

Also, either side about the right angle equals the square 
root of the square of the hypotenuse minus ttie square of 
the other side. 

378. Corollary 2. — Uie diagonal of a square is V'^ 
times the side. 

For, let 8 be the side. Drawing the diagonal, we have a right-angled 
triangle of which the diagonal is the hypotenuse, and the sides about the 
right angle are each S. Hence, by the proposition, 

(diag.)» = -fif* 4- iS« = 28\ 

or diag. = 8^'i. 

379. Scholium. — Proposition VI with its corollary, and Prop. YII, 
which is a direct result of Prop. VI, are perhaps the most fruitful in^ 
direct practical results of any in Geometry. Prop. YII is called the 
Pythagorean Proposition, its original demonstration being attributed to 
Pythagoras. 



/, 
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380. Theorem. — Megular polygons of the same num- 
ber of sides a^e similar figures. 

Demonstratiok. 

Let P ahd P be two regular polygons of the same number of sides, 
a, b, e, U, etc., being the tides of the former, and a', b', &, d', etc., 
the sides of the latter. 

Now, by the definition of regular polygons, the sides a, 5, 0, <2, etc., 
are equal each to each, and also a', b\ ef, d!y etc. Hence, we have 

a' ~ b' ~ d- r ^^• 

Again, the angles are equal, since n bdng the number of angles of 
each polygon, each angle is equal to 
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n X 3 right angles - 4 right angleg ,ggy. 

Hence the polygons arc ntntuall; eqniangnlar, and hare thdr conea- 
ponding udes proportional ; that ia, they are similar. <}. b. d. 



PB0P08ITIOK IX. 

381. Theorem. — The cotresponding diagoruds of reg- 
ular polygons of the same number of sides are in the aanve 
ratio as the sides of the polygons. 

[Let the Btndent give the deiuonatntion.] 



PROPOSITION X. 

382. Theorem. — 27i« radii of the eircumacribed, and 
also of the inscribed circles, of regular polygons of the sam^ 
number of sides, are in the same ratio as the sides of the 
polygons. 

Demonsteatiok. 



Let ABCDEF and ixbed^ be two regular polygons of the aaine mim- 
tter of sidea, and R and r be the radii of their oiroumicribed olroiea, 
and if and r' of their Intcribed. 

We are to proye that ^ \ = ~^ ^ ^^■] = ~^ = j' 
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Let and 0' be the centres of the polygons, and draw OA, OF, O'a, 
and 0/, and also the apotbems 01 and O'i, 

OA = J2, and ^a = r (?); 
also 01 = R, and O't = r' (?). 

Now the triangles AFO and (rfO' are equiangular (?), and benoe 
similar. 

rpu r AF/ FE ^ \ OA -B 

Therefore, -^( = rF-»®te.| = -j- =-. q. b. d. 

Again, the triangles AlO and aW are mutually equiangular (?), and 
hence similar. 



Therefore, ^, __ 



AI_OI 
ai "" O'i' 



whence, doubling the terms of the first ratio, we have 

AF/ FE . \ 01 i? 
^(=-^,etc.) = ^.= ^. <l.E.D. 



^. Homologous Altitades in similar triangles are 
perpendiculars let fall from the yertices of equal angles upon the 
sides opposite. 

384. Homologous Diajsj^onals in similar polygons are 
diagonals joining the vertices of corresponding equal angles. 



PBOPOSITION XI. 

S85. Theorem. — Homologous altitudes in, similar tri- 
mngles have the sawje ratio as the hom^goUs sides. 
[Let the student give the demonstration.] 



PROPOSITION XII. 

SSiB. Theorem. — I%e bisectors of equal angles of siw,i- 
lar triangles are to ea4>h other as the homologous sides of 
the triangles, hence as the homologous perpendiculars, 

[Let the student give the demonstration.] 
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PROPOSITION XIII. 

387, Theorem. — Homdogous diagonals in ■ similar 
polygons have the saTne ratio as the hoTnologoua aides. 

Demonstration. 

Lat ABCDEFQ and abctlefg be two aimilar polygons, having angia 
A = angle a, B =b, C = e, etc 



We are to prove tEiat 

*? or — etc = — 

ae ' ad' aft ' 

the ratio — ^ being the ratio of auy two boniol<^as ddee of the po1;goiiB. 
The trianglee ABC and abe are eimilar (?), and hence 

AC_AB 

ae oft ' 
Also, since triaogle ABC is dmilsr to oAe, 

angle BCA = angle Am, 
and subtracting these reepectively from the equal angles (?) BpO and bed, 
tingle ADD = angle aed. 
Hence tlie two triangles ACD and ited have an angle in each equal 
and the inclndii^ udea proportional (?), and arc conseqnentl; similar. 

-PK.^™ AD_AC_AB 
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la like manner, toy homologous diagonalfl may be shown to have the 
ntiu -^ , which is the rodo of any two homologous sidei. q. e. d. 

388. CoBOLLABT 1. — Any two similar polygons are di- 
vided by their homologous diagonals into an eqital number 
of similar triangles similarly placed. 

389. OoBOLLABT 2. — GoiiTersely, Two polygons which can 
be divided by diagonals into the same number of mutually 
similar triangles, similarly placed, are similar. 



PBOPOSITION XIV. 
880. Theorem. — Circles are sim Hot ^gures. 

Demonstbation. 

Let Oa and OA be the radii of any two oirole*. 

Place the circles so that the; ritall be con- 
ccDtric, as in the figure. Inscribe the regular 
hexagons, aa abedef, ABCDEF. 

Conceive the area AB, BC, etc., of the outer 
circn inference l>iBect«d, and the regnlaj do- 
decagon inscribed, and also the corresponding 
regular dodecagon in the inner circnmfeience. 

These are similar figures bj (380)' 

Now, as the process of bisecting the arcs 
of the exterior circumference CUD be conceived 
SB indefinitely repeated, and the corresponding reguUir polygons as in- 
scribed in each circle, the circles may be considered as regular polygons 
of the same nnniber of sides, and hence similar, q. c D, 

391. Cobollart. — Sectors which correspond to equal 
angles at the centre are similar figures. 

Since a radius is perpendicular to the circnmfermce of its mrcle, such 
sectors are mutually equiangular ; and by the propoattion it is evident 
that the arcs are to each other as the radii. 
. arcA _ 0/ 

* ' ' a^n - Of 

ScHOLiinf.— The circle is sud to be the limit of the inscribed polygon, 
and the circumference the Until of the perimeter. By this is meant that 



Tig. III. 
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as the number of tlie sides of the inscribed polygon is increased it ap- 
proaches nearer and nearer to equality with the circle. The apothem 
approaches equality with the radius, and hence has the radius for its 
limit. 



PROPOSITION XV. 

392. Problem. — To divide a given line into parts 
which shall he proportional to several given lines. 

SOLCJTION.* 

Let it be required to divide OP into parts pro- 
portional to the lijties A, B, C, and D. 

Draw ON making any convenient angle with 
OP, and on it lay off A, B, 0, and D, in succession, 
terminating at IM. 

Join IM with the extremity P, and draw par- 
allels to IMP through the other points of division. 

Then by reason of the parallels we shall have 



A : B : C : D iv a : h : e : d (369). 




Fig. 192. 



393. 'The notation A : B : : D : : a : 5 : c : (2 is of such frequent 
occurrence in mathematical writing that we feel constrained to retain it. 
It means that the successive ratios 

A V B C 
B' 0* D' 

are equal to the successive ratios 

a 6 c 
V e' d 

We may read the expression thus: "The successive ratios A to B, 
B to 0, to O = the successive ratios o to 5. ft to c, c to d^ It does not 
mean ihat ihe ratio A to B = B to 0, etc. 



* Hereafter we shall change somewhat the style of our demonstrations, 
from the elementary form hitherto used to the more common and free form 
used hy writers generally. In the " Solution " of a prohlem we shall here- 
after usually include the ** Demonstration of the Solution." 
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PROPOSITION XVI. 

S94> Problem. — To find a fourth proportional to ihree 
given lines. 

SOLXJTIOS. 
Let it tw requliwl to flnd D, i fourth proportional to the line* A, B, 
and C, 10 that we etialt have ^ = g ■ 

From Bome point 0, drew two 
indefinite lineB OX, OY. Lay ott on 
OX, Oa =: A, and 0« = B. Also, on 
OV lay off 0( = 0, and drew ab. 
TbroDgh e drew ed parallel to a5. 
Then ia Od the fourth proportional, 
D, which was sought. 

For, unce ab and ed are parallel, 
we have, bf <^6), 

On (or A ) _ 06 (orC ) 

Oe(orB)-"0<i(orD)' Fi^ ,„. 

Hence D is tbe fourth proportional sought, 

396. SCHOLinu.— In speaking of the foarth proportional to tbree 
{^ven lines, it is necessary that the order in which the three are to occnr 
be specified. This order is nenally understood to be that in which the 
lines are named. Thus, a fourth proportional to A, B, and C, is D, as 
tbund above. But a fourth proportional to B, A, and C is quite a differ^ 
ent line &om D. 



PROPOSITION XVII. 

896. Problem. — To find a third proportional to two 
given lines. 

Solution. 
Let A and B be the two given linei. 
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We ue to find a tbitd propoitioiMl, 
z, auch that 



The nsnal Bolation is the same aa the 
last, C being equal to B. [Let the Btn- 
dent execnte it.] Fig. IS4. 

AhOtheb Soldtiow. 

Let A and B be the two line*. 

Draw an indefinite line AM, and take 
AD = A. 

At D eiect a perpendicular BO and 
make it equal to B. 

Join A and B, and bisect it by the per- 
pendicular ON. 

NO will interaect AM ; since, aa A ie'leas Fia- IM. 

than a rig-ht angle (?), the anm of the two anglea ONA and OAN is leaa 
than two right anglea (189). 

From as a centre, with OA as a radina, describe a semi-circunifei- 
ence. It will paaa through B (t). 



""" BD {or B) - DC (or *) ''J" 

Hence, CD = x, the required Uiird proportionaL 



PROPOSITION XVIII. 
897. Problem. — To find a mean proportional betwe&i 
two ^iven lines. 

SOLCTIOK. 

Let it be required to And a mean 
proportional, x, between M and N, ao 
that 
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Draw an iDdefinlte line, and on H lay o£F AD = M, aod DB = N. On 
AB as a dituneter draw a Bntri-circomfercnce, and erect DO peipendiculnr 
to AB. Then CD = 3^ the mean proportional Tequired. 

{Let &ie stodoit give ihe proof.] 



PBOPOSITION XIX. 

388. Problem. — To constritot a square equivalent to a 
giifen triangle. 

Pindsmean proportional b^een the altitude and halfthe bBse. On 
this constmct a sqnare. 

[Let the student execute the problem and dentonstrate it.] 



EXE RC I SES. 

399. 1. Draw any line, and divide it into 3, 6, 8, or 10 eqnal 
porta. 

i. Drav any line and divide it into parte which shall be to 
each other as 2, 3, and 5. 

3. GoDBtrnct the square root of 7, 11, 2, 
Fig. 1B7 will safest the constraction 

of v^- 

4. The diameter of a circle is 20. 
What is the perpendicular distance to 
the circumference from a point in 

the diameter 15 from one exti-emity ? ^' '"■ 

What are the distances from the point where this perpendicular 

meets the circumference to the extremities of the diameter? 

5. The sides of one triangle are 7, 9, and 11. The side of a 
second similar triangle, homologous with aide 9, is 4^. What 
are the other sides of the latter? 
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6. DE being parallel to BC, prove that the tri- 
angles DOE and BOC are similar^ and hence that 

ODOE 
00 - OB 

Are the following proportions true ? 

OD _0E OD_OC 
00 ""08' DE^BC 

OD _0C OB_OE 

OE""BC' BC""DE* Fig 

7. Draw any triangle or polygon^ and then constmct a 
one whose homologous sides shall be f as long. 

8. Show that if ABCDEF is a regolai* 
polygon, kbcdef is also regular^ be, cd, eta, 
being parallel to BC, CD, etc. Show that 
any two similar polygons may be placed 
in similar relative positions, and hence 
show that the corresponding diagonals are 
in the same ratio as the homologous sides. 

Fig. 199. 




. 198. 

similar 




PROPOSITIONS FOR ORIGINAL INVES- 
TIGATION. 



400. 1. // two straight lines Join 
the alternate ends of two paraUels, 
the line joining their centres is half 
the difference of the paraUels. 

We are to prove that 

EF = i(CD-AB). 
JCH = EF = i(CD-AB). 




Fig. 200. 



2. To construct a square equivalent to a given polygon. 

First reduce the polygon to a triangle (339)* Then construct an 
equivalent square (398)- 
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3, The area of a regular inscribed dodecagon is three 
times the square on the radius. 

i. If the sides of a quadrilateral be divided into m 
equal parts, and the »*'* points of division, reckoning from 
two opposite vertices, be joined so as to form a quadri- 
lateral, the quadrikUeral wiU be a parc^lelogram>. 



5. The line dravm. from the vertex of the right angle 
of a right-angled triangle to the m,iddle of the hypotenuse 
is half the hypotenuse. 

Trove fmm either Ggare. 

6. In any triangle the re^angle of two sides is equiva- 
lent to the rectangle of the perpendicular 

let fall from their included angle upon the 
third side, into the diameter of the circum- 
_ scribed circle. 

Thiti proposition is an immediate conBeqaeDce ol 
tbe Gimilaritj of two triangles in the figure. Fi,. 303. 



184 ELEMENTARY OBOMETRY. 




jSirCttOK XI. 



APPLICATIONS OF THE DOCTRINE OF SIMILARITY TO 
THE DEVELOPMENT OF GEOMETRICAL PROPERTIES 
OF FIGURES 

401. The doctrine of simiiarity, as presented in the preceding 
section^ is the chief reliance for the development of the geomet- 
rical properties of figures. This section will be deyoted to the 
investigation of a few of the more elementary properties of plane 
figures^ which we are able to discover by means of this doctrine. 



OF THE RELATIONS 

OF THE SEGMENTS OF TWO LINES INTERSECT- 
ING EACH OTHER, AND INTERSECTED BY A 
CIRCUMFERENCE. 



PROPOSITION I. 

402. Theorem. — // two chorda intersect each other iiv 
a circle, their segments are reciprocally proportional^ 
luhence the product of the segments of one chord eguaZs 
the product of the segments of the other. 

Demonstbation, 
Let the chords AC and BD (Fig. 203) intersect at 0. 

OB OC 

We are to prove that OA ~ 00 ' 

whence OB x 00 = OA x 00. 



APPLICATIOKB OF DOCTSIKX OF BIMILARITT. 

Dnw AD »d BC. 

The two trianglea AOD and BOC are aim]- 
lir(l). 

^"^ 0A = i5D' 

whence OB x OD = OA x OC. 4. b. d. 

QuiBiEB. — Why is OB Gomparad with OAt 
Why 00 with OD t Would AO : CO : : BO : DO Fi|. 303. 

be true 3 Woald AO : 00 : : BO : CO ) What is the force of the word 
" reciprocal 1 J," as Qied in the propodtion t 



FBOPOSZTZON II. 

403. Theorem. — If from, a, point without a circle, two 
secants are drawn terminating in the concave are, the whole 
secants are reciprocally proportional to their external seg- 
ments ; whence the product of one secant into its external 
segjnent eqitaZs the product of the other into Ha external 
segment. 

DE3C01TSTBATI0N. 
Let OA and OB be two Moantt mterMoting the oiroumferanoa in D 
and reapeotlveiy. 



OB _ OD 
OA ~ OC ' 
whence, OB x 00 = OA x OD. 
Dnw AC and BD. 

The two triangles AOC and BOO an rami- 
]»r (?). 

„ OB OD 

Hence, ^ = ^ ; 

OA OC ' 

whence, OB x 00 = OA x 00. q. e. d. 

QcTERnca.— Same as under preceding demonstration. 
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PBOPOSITION III. 

404. Theorem. — If from a point without a circle a 
tangent is drawn, and a secant terminating in the con- 
cave are, the tangent is a mean proportional between the 
whole secant and its external segm^ent ; whence the square 
of the tangent equals the product of the secant into its 
external segment, 

D£MONtiTBATIOy. 

Let OA be a tangent and OB a eeoant intersecting the oircumferenoe 
in 0. 

We are to prove that 

OB_OA 
OA^OC' 



whence, OB x 00 = OA . 

Draw AC and AB. 

The two triangles AOB and AOC are simi- 
lar, since angle is common, and angle OAC = 
angle B (?). 

OB_OA 
OA~OC* 




Hence, 



Fig. 205. 



whence, 



OB X 00 = OA . Q. B. D. 



OF THE BISECTOR OF AN ANGLE OF 

A TRIANGLE. 



PBOPOSITION IV. 

406. Theorem, — A line which bisects any angle of a, 
triangle divides the opposite side into segments propor- 
tional to the adjacent sides. 

Demokstration. , 

In the triangle ABC (Fig. 206) let CD bisect the angle ACB. 
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Then is 



Ap_ AC» 
DB CB' 



Draw BE pantllel to CD, and produce it 
tJU it meets AC produced in E. 

B; reason of the pamllelfi CD and EB, 
angle ACD = AEB, 
and DCB = CBE. 

But, by hypothesis, ACD = DCB. '^'■' 

TherefoKs AEB (or CEB) = CBE, 

and CE = CB (»). % ^ -2) 

Ap _ AC _ 
DB "" CE (= CB) *^'''' 



Hence, fin^y , 



PBOPOSITION V. 

406. Theorem. — If a line is dravm from any vertex 
of a triangle bisecting the exterior angle and intersecting 
the opposite side produced, the distances from the other 
vertices to this intersection are proportional to the adjacent 
sides. 

'Deu.ossi&a.tios. 

Let CD bisect the exterior angle BOF of the triangle ACB. 

_. . AD AC 

Then la =^ = m,' 

BO OB 

For, draw BE parallel to AC. 

By reason of these parallels, 

angle FCE = CEB, 

and BCE = FCE, by hjpotheoa. Fig. 207. 

Hence, CEB = BCE, 

and CB = BE. 

Also, by reason of the similar triaugles ACD and BED, 

AD A^_ 

BD ~ BE (or CB) ^' 

* See note at the bottom of p. 178. 
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PROPOSITION VI. 

407. Theorem. — If a line is drawn bisecting any 
angle of a triangle and intersecting the opposite side, the 
product of the sides about the bisected angle equals the 
product of the segments of the third side, jAvs the square 
of the bisector. 

Demonstration. 

In the triangle ACB, let CD bisect the anfle 
ACB. 

Then AC x CB = AD x DB + CD*. 

For, circumscribe the circle about the trian- 
gle, produce the bisector till it meets the circum- 
ference at E, and draw EB. The triangles ADC 
and CBE are similar, since angle ACD = ECB, by 
hypothesis, and A = E, because each is measured 
by j^ arc CB. 

AC CD 

.^Therefore, CE "" CB ' 




Fi«. 208. 



whence, 



AC X CB = CE X CD = (DE ^ CD; CD 
= DE X CD + CD*. 



For DExCD, substituting its equiralent ADxDB (402)> we have 

AC X CB = AD X DB + CD*, q. jl d. 



AREAS OF SIMILAR FIGURES. 



PROPOSITION VII. 

408. Theorem. — The areas of similar triangles are to 

each other a^ the squares described on their homologous 

sides, 

Dehokstration. 

Let ABC and EFG be two similar triangles, the homologous sides 
being AB and EF, BC and FG, and AC and EG. 



APPLWATIom OF DOCTBIirX OF BIMILARITT. 

Then is 

are^ABC ^AC'^AT^BC' 

umEFQ Eff EF* FQ* 

From the gretitesl * angle in each tri- 
angle let fall a ^i^endicular npon the 
oppoaite aide. Let these perpeadicoUra 
be BD and Frf. _ 

- ??=*?„ <o. 3 'S^" 

\kC AC ,» 

"•* iEQ = EG*^ '''"■"'■ 

MnlUpljing the corresponding ratios 

bother, we have 

4AC^aD_ AC| 
iEQxFH eg'' 



iAC X BD = area ABO, 
lEG X FH = area EFG ())■ 



a A8C _ AC' 
aEFG-EG'' 



EG" ET FG 



PKOPOSITION VIII. 

408. Theorem. — The areas of similar polygons are to 
each other as the squares of any two hamdlogoiLB sides of 
the polygons. 

* The onl7 object in taking the largest angles ia to make tlie perpendic- 
ular fall within the triangle. The demonstration 1b essentially the same 
when the perpendtcolan fall upon the oppaaite odea prviuMd. 
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Demonstration. 
Let ABCDEF and abcttef b« two timilar polygon*, the homelogou* 
•ld«« tteing AS and ab, 8C and be, CD and cd, DE and de, EF and ^, 

FAandAr. 

Let area ABCDEF = P, 
and area ntoZ^ = p. 



or as the sqnares of any two 
bninol<^ua sides. 

Draw tlie homntogoQs di- 
^>na)s AC, AD, AE, and ae, ad, and ae, dividing the poljguna into the 
Bimilar triangles M and m, N and n, and o. and S and » (388)- 






Taking this by composition, we have 
M+N+O+S P I 



And aa the ratio ~ ia the same as that of the squares of any two 

liomolc^us sides, P and j> are to eacb other aa the squares of any two 
homologous rades. 
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Finally, as this argument can be extended to the case of any two 
similar polygons, the areas of any two similar polygons are to each other 
as the squares of any two homologous sides of the polygons. Q. e. d. 

410. CoROLLABY 1. — Similar polygon^ are to each other 
as the squares of their coiTesponding diagonals* 

P M QR* 

In the demonstration we have - = — z=. 



« xjkMM «AA\ 1. M AE AD AC/ 

By (388, 408) we have - = == = :=^ = == 

^ atr adr ar 

P ae' 

Hence - = -^z^ , etc 

V a? 

411. Corollary %— Regular polygon^ of the same 
muvfiber of sides are to ea^h other as the squares of their 
homologous sides, [They are similar figures (?)]. 

412. Corollary 3. — Regular polygons of the same num- 
ber of sides are to ea^h other as the squares of their 
apothem^s. 

For their apothems are to each other as their sides. Hence the 
squares of their apothems are to each other as the squares of their sides. 

413. Corollary 4. — Circles are to ea/sh other as the 
squares of their radii (390), and as the squares of their 
diameters. 



OF PERIMETERS AND THE RECTIFI- 
CATION OF THE CIRCUMFERENCE. 

414. The Rectiflcation of a curre is the process of find- 
ing its length. 

The term rectification dgnifies making straight, and is applied as 
above, under the conception that the process consists in finding a straight 
line equal in length to the curve. 

* This is a common elliptical form for '* The areas of, etc." 
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PBOPOSITIOK IX. 

416. Theorem. — The perimeters of similar polygons 
are to ea^h other as their howfclogous sides, and a^ their 
corresponding diagonals, 

Demokstbation. 

Let a, b, c, d, etc., and A, B, C, D, etc., be the homologous sides of 
two similar polygons whose perimeters are p and P. 

'^'^ p = x = s = a'***'' 

and r and R being corresponding diagonals, 

P~ R 



Since the polygons are similar, 

a b e 

By composition. 






g+& -f c-l-d-t-e tc. (or J}) _ a 
A + BTC + D+etc. (orP) ~ A 

or as any other homologous sides. Also, as the homologons sides are to 
each other as the corresponding diagonals (387)9 

p r 

S = = • q. B. D. 

P R ^ 

416. CoROLLAEY 1. — Ihe perimeters of regular polygons 
of the same nurnber of sides are to each other as the apo- 
themes of the polygons (382)- 

417. OoBOLriARY 2. — 2%^ circwmferences of circles are 
to each other as their radii, and as their diameters (390)* 



PROPOSITION Z. 

418. Problem. — To find the relation between the 
chord of an arc and the chord of half the arc in a circle 
whose radius is r. 
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Solution. 

Lat be tha centre of the circle, AB eny ohont, end CB the chord 
of half the arc AB. 

Let AB = C, and CB = c. 

We are to find the relstioD between and e. 

Draw the radii CO and BO, t^A call each r, 

CO is perpendicular to AB (f)- 

In the right-angled triangle BDO, 

D0= Vb6'-I^ {?), 
or DO = V' — ^(^- ^'»- *"■ 

Hence, CD = r — v^r' — ^0*. 

Agun, in the right-angled triangle ODB, 

CB = v^af 



T*' 



Wk- 



V'''-iO^' + tC' 



= / 



Sr" - rV'4f' - C\ 



Therefore, e = y ir* —ry/^i' — C is l^e relation desired. 
419, SCHOfcnril.— The formula 



c= /sr'-rv 



ie the vaiue of the chord of half the arc in terms of the chord of the 
whole arc and the radioB. From this we readily obtain 

which is the value of the chord in terms of the chord of half the an; and 
the radius. 
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PROPOSITION XI. 

480. Theorem. — 27ie circumference of a circle whose 
raditis is 1, is 3rr, the ?mmerical value of n being approxi- 
mately 3.1416. 

Demoksthation. 

We will appmiimate the circumference of a 
drcle vbose radins U I, b; obtaining, 1st, the 
peninet«F of ibe regular inscribed hexagon ; 3d, 
the perimeter of the r^uiar inscribed dodeca- 
gon ; &d, the perimeter uf the rq^lar inscribed 
piiljgoD of 34 udeB; tbeo of 48, etc. 

B; Tailing the polygon in this manner, it is 
evident that the perimeter approaches the cir- 
cumference as its limit (282, 364), Hince at each ^''»- ^'^- 
bisection the sum nf two sides of a triangle is substituted for the third 
side. Moreover, the perimeter can never pass the circumference, since ft 
chord is always less than its arc. 

Now let A8 = r (?) = 1 be the side of the inscribed hexagon. Thai 
b; the formula (418)t we have 



= /." 



i/4^^ = .8]7«8eO», 



which is therefore the ade of a regular dodecagon. Hence the perimeter 
of the dodecagon is 

.61763809 X 18 = 6.91168708. 

Agtun, let the side of the inscribed r^nlar polygon of 34 sides be </, 
and we have 



e' = y3~V'*-'^=V8- ^/t - (MliSmW)* = .36tOB838; 
and the perimeter, .9610S388 x 24 = 6.36536728. 

Carrying the computation forward in this manner, we bave the fol- 
lowing: 
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m 

It now appears that the first four decimal figures do not change as 
the number of sides is increased, but will remain the same how far hoener 
we proceed. When the foregoing process is continued till 5 decimals be- 
come constant, we have 6.28318 +. We may therefore consider 6.28318 
as approximatdy the circumference of a circle whose radius is 1, 

Hence, letting 2n stand for the circumfereneef we hare 

2v = 6.28818 +, 

and n = 8.1416, nearly, q. e. d. 

421. Scholium. — The symbol n is much used in mathematics, and 
signifies, primarily, the temi-eireuf^ference of a eirde whaee radius u 1. 
Jtt is therefore a symbol for a quadrant, 90**, or a right angle. Jtt is 
equivalent to 46**, and 27r to a circumference, the radius being always 
supposed 1, unless statement is made to the contrary. The numerical 
value of n has been sought in a great variety of ways, all of which agree 
in the conclusion that it cannot be exactly expressed in decimal numbers, 
but is approximately as given in the proposition. From the time of 
Archimedes (287 b. c.) to the present, much ingenious labor lias been 
bestowed upon this problem. The most expeditious and elegant methods 
of approximation are furnished by the Calculus. The following is the 
value of n extended to fifteen places of decimals : 3.141592658589793. 



PBOPOSITION XII. 

422. Theorem, — The eircumferenoe of any circle is 
2nr, r being the radius. 

Demonstration. 

The circumferences of circles being to each other as their radii (417)* 
and 2n- being the circumference of a circle whose radius is 1, we have 

2n 1 



circf. r' 
whence, circf. = 2wr. q. e. d. 

423. Corollary. — The circumference of any circle is 
rrD, D being the diameter. 
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AREA OF THE CIRCLE. 



PBOPOSITION XIII. 

424. Theorem, — The area of a circle whose roMus 
is l,isn. 

Dehokstratiok. 
The area of a circle is ^r x circf. (S5Q)< When r = 1, 

circf. = 27r(420); 
hence, area of circle whose radios is 1 = j^ x 2ir = ir. q. e. d. 



PBOPOSITION XIV. 

425. Theorem. — The area of any circle is frt^, r being 
the radius. 

Demonstration. 

The areas of circles being to each other as the squares of their radii 
(413)f ttod n being the area of a circle whose radius is 1, we bate 



area of any circle r* * 
whence, area of any circle = nr\ q. e. d. 

426- SGHOiiiUK 1. — Since the area of a sector is to the area of the 
circle of the same radins as its angle is to 4 right angles (359), if we 

Ct IT T^ 

represent the angle of the sector by a°, we have for its area • 

427. Scholium 2. — ^As the yalae of n cannot be exactly expressed in 
numbers, it follows that the area cannot. Finding the area of a circle has 
long been known as the problem of ^^ Squaring the Circle;" i.e., find- 
ing a square equal in area to a circle of giyen radius. Doubtless many 
hare-brained yisi<Hiaries or ignoramuses will still continue the chase after 
the phantom, although it has long ago been demonstrated that the diam- 
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eter of a circle and its circumference are incom mensurable by any finita 
unit. It is, however, an easy matter to conceive a aquare of tiie same 
area as any given circle. Thus, let there be a rectangle whose base is 
equal to the circumference of the circle, and whose altitude is half the 
radius; its area is exactly equal to the area of the circle. Now, let there 
be a square whose side is a mean proportional between the altitude and 
base of thia rectangle ; the area of the square is exactly eqnd to the area 
of the circle. 



PROPOSITION XV. 

428. Theorem.—// a perpendicular is let fall from 
any angle of a triangle upon the opposite side for on Hie 
side produced J, thedifferenceof the squares of the segments 
is equivalent to the difference of the squares of the other 

two sides. 

Dbmonsteatioit. 

Let ABC be my triangle, and CD b« the perpendioular let hll from 
C upon AB (or AB produced). Call the afdea opposite the anglea 
A, B, and C, a, b, and c, reipectively ; and let the aegment BD = m, 
AD = It, and CD = i>. 

Then is m*—n' = ••—*'. 

For, fVpm the right-angled tri- 
angle BCD, 

a'-m' =p\ 

Also, from CDA, 



429. CoHOLLABT. — Since 
aad a'-6' = (n + 6)(a — 6), 
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430. ScHouuH. — In case the perpeudicnlar falls withont, Ibe dis- 
iicefl BD and AD are still, for simplicit; of expreBsioii, spoken of as 



431. A line is eaid to be divided in Extreme and 
Mean Ratio when it is so divided ttiat the whole line is to the 
greater segment as the greater aegment is to the leas, t. e., when 
the greater segment is a mean proportional between the whole 
line and the lees segment. 



PEOPOSITION XVI. 

482. Problem. — To divide a line in extreme and 
nvean ratio. 



Lat It be proposed to divide the line AB in extreme and mun ratio, 
i.€,, C being the point of divition, so that 

AB_ AC 
AC ~ CB" 

At one extremity of A8, aa B, erect a 
perpendicular BO, and make it equal to 
^AB. 

From as a centre, with OB as a ra- 
dius, describe a circle. 

Draw AO, cutting'tlie circumference - _ -., 

in D. 

Then is AO the greater segment, and taking AC = AD, AB is divided 
in extreme and mean ratio at 0. 





Dbmonstbation of SomnoH. 


Produce AO to E. 




Now 




AE AS ,,, 
AB = AD <'>• 


or, by inversion. 




AB AD 
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Bj diTinoD, we hftve 

AB _ AD 
AE-AB " AB-AD' 

Bat, aa DE = AS (t), 

AE-AB = AE-DE = AD = AC; 
id AB - AD = AB - AC = CB. 

Hence, sabBtitatJDg, li = ^' <)-e-D. 



PROPOSITION XVII. 

433, Problem. — To inscribe a regular decagon in a 
circle, and hence a regular pentagon, and regular polygons 
of£0, 40, 80, etc., sides. 



Let it be required to inscribe a regular decagon in tlit circle wlioH 
centre l> and radlut OA. 

IMride the radios OA in 
extreme nod mean Tatio, as 
at («>. 

Tben ia ac the greater 
segment, the side of the in- 
scribed decagon, ABODE, 
etc. 

To prove this, drav OA 
and OB, and taking OM = 
ac = AB, draw BM. ''''■ '"■ 

^"* niM ~ Mi ' ''^ conatraction ; and, as OM = AB, we have 



AB MA 

Hence, considering the antecedents as belonging to the triangle OAB, 
and the conBeqiientR to the triangle BAM. we observe that the two sides 
about the angle A, which is common td both triangles, are proportional ; 
hence the triangles are umilar (373). 
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Tbevefore, ABM is isosceles^ since OAB is, and 

anlgrle BMA = A = OBA, 
and MB = BA = OM. 

This makes 0MB also isosceles, and 

the angle = OBM. 
Again, the exterior angle BMA = Q + OBM = 20 ; 
hence, A (which equals BMA) = 20.' 

Hence, also, OB A (which equals A) = 20. 

Wherefore, is | the sum of the angles of the triangle OAB, or \ of 
2 right angles, = -ji^ of 4 ri^t angles. 

The arc AB is therefore the measure of -^ of 4 right angles, and is 
consequently ^ of the circumference. Hence AB is the chord of -f^ of 
the circumference, and if applied, as AB, BC, CD, DE, etc., will giye an 
equilateral inscribed decagon. 

Moreover this inscribed polygon is equiangular, and hence regular 

by (272). 

To construct the pentagon, join the alternate angles of the decagon. 
To construct the regular polygon of 20 sides, bisect the arcs subtended 
by the ndes of the decagon, etc. 



MISCELLANEOUS EXERCISES, 

434. 1. Show that if a chord of a circle is eonceiyed to re- 
Tolve, yarying in length as it revolves^ so as to keep its extremities 
in the circumference while it constantly passes throngh a fixed 
point, the rectangle of its segments remains constant 

2. The two segments of a chord intersected by another chord 
are 6 and 4, and one segment of the other chord is 3. What is 
the other segment of the latter chord ? 

3. Show how Propositions I, 11, and III may be considered as 
different cases of one and the same proposition. 

SuoGSSTiONS.— By stating Propositions I and n thus, The didancet 
from the wUersecHon of the lines to their intersectioM with the cireumference, 
what follows? In Fig. 204, if the secant AO becomes a tangent, what 
does OD become ? 



^. i 



1 ^ 



II 

i 
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4. In a triangle whose sides are 48^ 36, and 50^ where do the 
bisectors of the angles intersect thB sides ? 

5. In the last example^ find the lengths of the bisectors. 

6. A and B have farms of similar shape, with ilieir homolo- 
gous sides on the same road. A's is 150 rods on the road, and 

^ B*s 200 rods. How does A^s farm compare with B's in size ? 

7. Draw two similar triangles with their homologous sides in 
-^ the ratio of 3 to 5, and divide them into equal partial triangles, 
: showing that their areas are as 3^ to 5^, that is, as 9 to 25. 



8. What are the relative capacities of a 5-inch and a 7-inch 
^>r stove-pipe? 

9. If a circle whose radius is 24 is divided into 5 equal parts 
^^y concentric circumferences, what are the diameters of the sev- 

\^al circles ? 

Solve geometrically as well as numerically. 

10. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars let fall 
from the extremities of the former upon the latter. Show that 
this projection is equal to the square root of the difference be- 
tween the square of the line and the square of the difference of 
the perpendiculars. 

11. The three sides of a triangle being 4, 5, and 6, find the 
segments of the last side made by a perpendicular from the op- 

• posite angle. Ans. 3.75 and 2.25. 

12. Same as above, when the sides are 10, 4, and 7, and the 
perpendicular is let fall from the angle included by the sides 10 j|^ 
and 4. Draw the figure. Why is one of the segments negative ? ^ 



^. 13. What is the area of a regular octagon inscribed in a circle 
whose radius is 1 ?' What is its perimeter? What if the radios 
is 10? 

\ 14. What is the side of an equilateral triangle inscribed in a 
circle whose radius is 1 ? 
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15. What is the side of a regalar inscribed decagon in a circle 
whose radius is 4? What the side of the inscribed pentagon? 
What is the area of each ? f. i "" ' 

16. Draw two squares^ and construct two others^ one equal ito 
their sum^ and the other to their difference. 

/1 7. Draw any two polygons, and construct two squares, one 
equiralent to their sum, and the other equivalent to their differ- 
ence. 

TXT 

18. Show that the length of a degree in any circle is :r^ , 

and hence that the lengths of degrees in different circles are to 
each other as the radii of the circles. 

19. What is the length of a minute on a circle whose radius 
is 10 miles ? 

20. Galling the equatorial radius of the earth 3962.8 miles, 
what is the length of a degree on the equator? 

'\^21. How many degrees in the arc of a circle which is equal in 
length to the radius ? 

> 22. Compute the area of the triangle whose sides are 20, 30, 
and 40. ' 

Find the segments of the base (40) by (428)* Hence the perpendic- 
ular. 

^^^>-^23. Given the side of a regular inscribed pentagon, as 16, to 
^nd the side of the similar circumscribed polygon. 

24. Prove that if a triangle is circumscribed about a given 
triangle by drawing lines through the vertices of the given tri- 
angle and parallel to the opposite sides, the area of the circum- 
scribed triangle is four times that of the given triangle. 

25. Prove that the bisectors of the angles of a triangle pass 
through a common point. 

26. Prove that the perpendiculars to the three sides of a tri- 
angle at their middle points pass through a common point 
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27. The three perpendiculars drawn from the anglea of a tri- 
angle npon the opposite sides intersect in a common point. 

Draw through the reiticea of tl» 
triangle lines parallel to the oppomK 
mdes. The proposition may then b« 
hronght tinder the preceding. 

38. The following triaoglee are 
similar — viz., BOE, BDC, AOD, and 
AEC, each to each ; also EOF, BDA, 
DOC, and CFA. Prove it 



435. The Medial Lines in a triangle are the lines drawn 
from the Tertices to the middle points of the opposite sides. 

29. The three medial lines of a triangle mutually trisect each 
other, and beoce intersect in a common point. 

To prove that OE = IBE (Fig. 317), draw FC parallel to AD until it 
meete BE prodnced. Then the triangles AEO aod FEC are equal (T)j 
whence 

EF = OE. 

Also, 80 = OF (f). 

Haring shown th&t 

OE = JBE, 
by a nmilar conBtmctiim we can show that 
OD = IAD. 
Finally, we may show that the medial line 
fhiiu C to AB catfi off ) of BE, aod hence cats BE 
at the same point as does AD. '"' 

Ahother Behomstbatiom. — lanes through parallel to the iddes 
trisect the sides, etc. 

6Tn.L Arothbb.— Without EF and FC, draw ED, and prove l^ edmi- 
lar triangles. 



4- CHAPTfeft iX. 



SOLID GEOMETRY.* 




■«|W4 



$l?CtlOK I. 



OF STRAIGHT LINES AND PLANES. 

436. Solid Geometry is that department of Oeometry 
in which the magnitudes treated are not limited to a single 
plane. 

437. A Plane (or a Plane Surface) is a snrface snch 
that a straight line joining any two points in it lies wholly in the 
snrface. 



PLANE, HOW DETERMINED. 

438. A plane is said to be Determined by given conditions 
which fix its position. 

All planes are considered as indefinite in extent, unless the 
contrary is stated. 



* In Bome regpects, perhaps, " Oeometry of Space " is preferable to this 
term ; bat, as neither is free from objections, and as this has the advantage 
of simplicity and long use, the author prefers to retain it. 
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PBOPOSITION I. 

439. Theorem. — Three points not in the same straight 
line determine a plane. 

Dbmonstbation. 

Let A, B, and C be three points not in the tame straight line. 

Then one plane can be passed through 
them, and only one;' i. e., they determine the 
position of a plane. 

For, pass a straight line through any two of 
these points, as A and B. Now, conoeiye any 
plane containing these two points ; then will the 
line passing through them lie wholly in the 
plane (437). Conceive this plane to revolve on ^^'a* 2'•• 

the line as an axis until the point C falls in the plane. Thus we have one 
plane passed through the three points. 

That there can be only one is evident, since when C falls in the plane, 
if the plane be revolved either way, C will not be in it. The same may 
be shown by first passing a plane through B and C, or A and C. There 
is, therefore, only one position of the plane in which it will contain the 
third point, q. b. d. 

440. CoBOLLABT 1. — A line and a point without it de* 
termine a plane. 

441. CoEOLLABY 2. — Through one line, or two points, arC 
infinite nurnber of planes can he passed, 

442. CoEOLLAEY 3. — Tlie intersection of two planes is a 
straight line. 

For two planes cannot have even three points, not in the same draight 
Mne, common, much less an indefinite number, which would be required 
if we conceived the intersection (that is, the common points) to be in any 
other than a straight line. 



443. The Trace of one plane in another is their intersection. 
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PBOPOSITION II. 

444. Theorem. — Two intersecting lines determine the 
position of a plane, 

Demokstbatiok. 

For, the point of intersection may be taken as one of tbe three points 
requisite to determine the position of a plane, an^ any two other points, 
one in each of the lines, as the other two requisite points. Now, the 
plane passing through these points contains both the lines, for it contains 
two points in each. q. b. d. 



PROPOSITION III. 

446. Theorem, — 7}wo parallel lines determine the po- 
sition of a -plane. 

Demonstration. 

For, pass a plane through one of the parallels, and conceive it reTolved 
until it contains some point of the second parallel. Now, if the plane be 
reYolyed either way from this position, the point will be left without it. 
Hence, it is the only plane containing the first parallel and this point in 
the second. 

But parallels lie in the same plane (120) 121)9 whence the plane of the 
parallels must contain the first line and the specified point in the second. 

Therefore, the plane containing the first line and a point in the second 
is the plane of the parallels, and is fixed in position, q. s. d. 

446. Scholium. — When a plane is determined by two lines, accord- 
ing to either of the last two propositions; it is spoken of as the PUme of 
the Lines, In like manner, we may speak of the Plane of Three Points, 



RELATIVE POSITION OF A LINE AND 

A PLANE. 

447. A line may have one of three positions in relation to a 
plane: (a) It may \>q perpendicular^ (J) oblique, or (c) parallel. 
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OF LINES PERPENDICULAR TO A PLANE. 

448. A line ia said to Pierce a plane at the point where it 
paasea through it. 

449. The point where a perpendicular meets, or pierces, a 
pluie is called its Foot. 

450. A Perpendicular to a Plane is a line which is 
perpendicular to all lines of the plane passing through its foot, 
and hence to eveiy line of the phme. ConTeisely, the plane is 
perpendicular to the line. 

451. The Distance o{ a point from a plane is the length 
of the perpendicular let fall firom the point upon the plane. 



PK0PO8ITION IV. 

4SS. Theorem. — A line which is perpendicular to tim 
lines of a plane, at their intersection, ia perpendicular to 
the plane. 

Dbkokstkatiom. 

Let PD be perpendioular to AB and CF at D. 

Then ii it porpendicnlu' to MN, llie 
plane of tlie lines AB and CF. 

Let OQ be aay •Uier Itae of the 
plane MN. fmHag throngh D. Draw 
FB iiit«raectiiig tie thne lines AB, CF, 
and OQ in B, E, and F. Produce PD 
to P', making PD = PD, and draw PF, 
PE, PB.P'F, P'E, P'B. , 

Then is PF = P'F, 
and PB = P'B, 

rince FP and BD are perpendicular t« 

PP', and Fit- "•■ 

PD = rD(86> 
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Hence, the triangleB PFB sDd FFB are equal (306) ; and if PFB be 
revolved upon FB tiU P Alia at P', PE will fall in Pt. 

Therefore, OQ baa E equally distaDt ftum P and P', and aa D is also 
equidistant from the same points, OQ is perpendicnlar to PD at D (98). 

Now, as OQ )8 any line, PD is pefpendicalar to any line of the plane 
passing through its foot, and coasequenti; perpendicular to the plane 
(460). <^ E. D. 

463. COBOLLABT. — If one of two perpendiculars revolves 
about the other as an axis, its path is a plane perpendicu- 
lar to the axis, and this fAane contains aU the perpendicu- 
lars to the axis at the common point. 

Thus, if AB revolves about PP' as on axis, it dewribea the plane MN, 
and MN contunsall the perpendicnlars to PP' at D. For, if there could 
be a perpendicular to PP'at D which did not lie in the plane M N, there 
would be two perpendicnlaia to PP* at 0, both tjring in ttie lame plane, 
which is impossible (88)> 



PROPOSITION V. 

464. Theorem.— .^t any point in a pitaie one perpen- 
dicular can he erected to the plane, and only one. 

Dbuonbtbation. 

Let it be required to show that one perpendicular, and only one, can 
be erected to the plane MN at D, 

Through D draw two lines of the plane, as 
AB and CE, at right angles to each other. CE 
bdng perpendicular to AB, let a line be con- 
ceived as starting fh>m the position ED to re- 
volve about AB as an axis. It will remain per- 
pendicular to AB (463)- Conceive it to have 
passed to P'D. Now, as it continues to revolve, 
P'DC diminiBiieB continuously, and at the same 
rate as P'DE increases; hence, in one poqitioD 

of the revolving line, and in only one, as PD, PDE = PDC, and PD is 
perpendicular to CE (86). 

Again, any line which is perpendicular to MN at D is perpendicular 
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U> AB and CE (460). But the pltme of the lines PD and DE contains all 
lines perpendicular to AB at D. Hence, PO is perpondicalar to the plane 
(452)) and is the only peqHmdicular. <t- &. d. \ 



PBOPOSITION VI. 

468. Theorem — From a point without a plane one 
perpendicular can be drawn to the plane, and only one. 

Dbmonsteation. 

L«t it be required to thow that one pen>endicular can be drawn from 
P to the plane MN. and only one. 

Take RS as an aux- 
iliary plane, uid at anj' 
point as iC ei'cct DC per- 
pendjcnlar to RS. 

Now place tbe plane ■ 
RS in coincidence with 
MN, and move it in MN 
till the perpendicalar DC 
pMseB through P. 

Then DC, which passes^ Fig. 221. 

thn>i^h P and is perpen- 
dicular to RS, is perp^dicnlar to MN, with which RS is coincident. 
4. E. D. 

To prove that there can be but one perpendicular Avm P to MN, sup- 
pose that there could be two, as PA and PF. 

Draw FA. 

Then since FA is a line of the plane, and PF and PA are perpendic- 
alara to the plane, PFA and PAF are both right angles (t), an<j tbe tri- 
angle PFA bae two right angles, which is absurd. Hence there can be 
but one perpendicular from P to MN. q. b. d. 

466. OoBOLLABT.— J7^6 perpendicular i^ the shortest line 
that can be drawn to a plane from a point without. 

Thus, let PA be a perpendicular and PF any oblique line. 
PA < PF (?>. 
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PKOFOSITION VII. 

467. Theorem.— Goaversely to the last, Ihroujlh agiven 
point in a line, one plane can be passed perpendicidttr to 
the line, and only one. 

Demonbtbation. 

Let D b« the point In the line PG. 

Pass two lines tbrongh D, u 
EF and AB, each peipendicnlar to 
PD ; tlie plane of these Mats m pei^ 
penrticnlar to PD. Q. g. d. 

To show that but one plane can 
be paaaed thruagb D perpendicular 
to PG, aaeame that M'N' ie another 
plane paaaiug tlirough D, and per- 
pendicular to PG, but nut centr- 
ing BD. ThroughPD and BO pass 
a plane, and let B'D be its intenec- 

tiun with M'N'. Then, on the ,:j j2j 

hypothesia that M'N' ia perpendic- 
ular to PQ, B'DP is a right angle, and we bare two lines in the same 
plane with PQ, and perpendicular tu it at the same puint, which is 
absnrd. Hence there can be but one plane perpendicnUr to PG and pass- 
ing tbrongh D. 4. b. d. 



PBOP08ITION VIII. 

468. Theorem. — // frojn the foot of a perpendicular 
to a plane a line is drawn at right angles to any line of 
the plane, and their intersection is Joined with any point 
in the perpendicular, the last line is perpejidieular to the 
line of the plane. 

Demohstbation. 

From the fttot of the perpendicular PD (Fig. 223) let DE be drawn 
perpendioular to AB, my line of the plane MN, and E joined with O, any 
point of the perpendioular. 
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Then is OE perpendicalar to AB. 

Take EF = EC, and draw CD, Fll, CO^ and 

FO. Now, 

CD = Dr (?), 

whence CO = FO (?), 

and OE has equally distant from F and C| and 
also E. Therefore, OE is perpendicalar to AB (?)• 
q.B.i>. 



\ 




Fifl. 223. 



459. OoBOLLARY. — The line DE mec^sures the shortest 
distance between PD and AB. 

For a line drawn f^m E to any other point in PD than D, as E«s is 
longer than DE (?). 

Again, if fh)m any other point in AB, as C, a line be drawn tc D, it is 
longer than DE (?) ; and if drawn firoBi O to a, any other point in PD 
than D, Ca is longer than CD (?), and consequently longer than DE (?). 



PBOPOSITION IX. 

480. Theorem. — // one of two parallels is perpendic- 
tdar to a plane, the other is perpendicular also. 

Demonstration. 

Let AB be parallel to CD and perpendicular to the plane MN. 

Then is CD perpendicular to MN. . 
For, drawing BD in the plane MN, it is per- 
pendicular to AB (?), and consequently to CD (?). 
Through D draw EF in the plane and .perpendic- 
ular to BD, and join D with any point in AB, as 
A ; then is EF perpendicular to AD (?). 

Now, EF being perpendicular to two lines, AD 
and BD, of the plane ABDC, is perpendicular to Fig. 224. 

the plane, and hence to any line of the plane passing through D, as CD. 

Therefore, CD is perpendicular to BD and EF, and consequently to the 
plane MN (?). q. e. d. 
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461. COBOLLAEY,— 2V'o Uties which are perpendicular 
to t}ie same plane are parallel. 

TbBB, Aa and ca bmmg pwpaHUculai to the pltne NN «re pftrallel. 
For, if AB is not parollel to CD, draw a line through B which shall be. 
By the 'Fropodtion, this line is perpendicnl&r to MN, and hence mast 
coincide with AS (464)- 



PBOFOSITION. Z. 

462. Tbeorem.— 7'uw lines parallel to a third not in 
their own plane are parallel to each other. 

Demonstration. 
Let AB and CD be parallel to EF. 

Tlien are the; panllel to each other. 

For, through F', any point in EF, paae a plane 
MN perpendicnlor to EF. 

Nqw AB and CD are respectively perpmdicn- 
lor to MN (?), and hence are parallel to each other 



OF LINES OBLIQUE TO A PLANE. 

463. An Oblique Line is a line vbich pierces the plane 
(if sufficieutly produced), but is not perpendicular to the plane. 

464. The Prqjection of a Point on a plane is the foot ' 
of the perpendicular from the point to the plane. 

466. The Projection of a Line upon s phme is the 
locna of the projection of the point which generates the line. 
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FBOPOSITION XI. 

466. Theorem. — The projection, of a straight line upon 
a plane is a straight line. 

DEUONSTaA.TI0N. 

Let AB be iny line and MN the plane upon whioh It It projected. 

Then is the projection of AB in MN 
tt straight line. 

Let P be a point in AB, and D its 
projection in MN. 

Pass a plane, S, through AB and PO 
(444), and let CE be its trace in MN. 

Now let P' be any point m AB 
other than P, and let D' be ita pnijec- 
lion in MN. 

As PD and P'D' are perpendicular Fig. 23«. 

to Mflf^ey are parallel to each other 
(461), and a plane may be passed through them (445). 

But the plane of PD and P'D' is S, unce it contains PD and P' (440)- 

Therefore D' Uee in S, and as it lies in MN, it is in the trace of S in 
MN, which trace is a straight line (44S). 

Hence, as P* is ai^ point in AB, the projection of eveiy p<unt of AB is 
in a straight line. i}. e. d. 

487. Corollary. — The projection of a line upon a plane 
is the trace of a plane containing the line and the projec- 
tion of any point of the line. 



468. The Projecttngr Plane ia the plane of a line and its 
projection npon another plane. 

469. The Plane of Projection is the plane upon which 
a point or a line is projected. 

470. The Inelination of a Line to a plane is the angle 
included between the line and its projection. _ 



A 
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PKOFOSITION XII. 

471, Theorem. — If front any point in a perpendicular 
to a plane, oblique lines are. drawn, tofhe plane, those which 
pierce the plane at equal distances from the foot of the 
perpendicular are equal ; and of those which pierce the 
plane at unequal distances from the foot of the perpendic- 
ular, those which pierce at the greater distances are the 
greater. 

Dkmonsteation. 

Let PD be a perpendioular to the plane MN, and PE, PE', PE", and 
PE'" be oblique lines piercing the plane at equal distances ED, E'D, E"D, 
and E"'D from the toot of the perfMndicular. 

Then PE = PE' = PE" = PE'". 

For each of the truagles PDE, PDE', etc., 
has two aides and the included angle eqnal 
la the corresponding parts in tlie other. 

Again, let FO be longer than E'D. 

Then is PF > PE'. 

For, take ED = E'D ; then PE = PE', by 
the piecndiflg part of the demonstration. Fig. 227. 

Bat PF > PE, by(113). Hence, PF > PE'. q. b. D. 

472. GoBOLLARY 1. — Ihe angles which tMique lines 
drawn from a common point in a perpendicular to a 
plane, and piercing the plane at equal distances from the 
foot of the perpendicular, make with the perpendicular, 
are equal ; and the inclinations of such lines to the pla?te 
are equal. 

TbOB, tbe equality of the triangles, as shown in the detnonatration, 
shows that 

EPD = CTD = E'TD = E'"PD. 
and PED = PE'D = PE"D = PE"'D. 

478. OOBOLLAET 2.— Conversely, If the angles which 
oblique lines drawn from, a point in a perpendicular to a 
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plane, make with the perpendicular, are equal, the lines 
are equal, and pierce the plane at equal distances from 
the foot of the perpendicular. 

Thus, let E'PD = E^'PD ; 

tben the right-angled triangles PDE' and PDE'' are equal (?). Hence, 

PE' = PE", and DE' = DE". 

474. GoBOLLABT 3. — Lines drawn from the same point 
in a perpendicular, and equally inclined to the plane, are 
equal, and pierce the plane at equal distances from the 
foot of the perpendicular. 

476. OOBOLULBY 4. — Equal oblique lines from the same 
point in the perpendi'Cidar, pierce the plane at equal dis- 
tances from the foot of the perpendicular, are equally 
inclined to the plane, and also to the perpendicular. 

Since the right-angled triangles PDE' and PDE" haye their altitudes 
and hypotenuses equal, the triangles are equal (309)i and 

DE' ^ DE", PE'D = PE''D, and ETD = E'TD. 



OF LINES PARALLEL TO A PLANE. 

476. A Line is Parallel to a Plane when it is paral- 
lel to its projection in that plane. 



V 



PBOPOSITION XIII. 

477. Theorem. — A line parallel to a plane is every- 
where equidistant from the plane, and hence can never 
meet the plane ; and, conversely, a straight line which can- 
not mset a plane is parallel to it, 

Dehonstbation. 

The distance between a point in the line and the plane being the per- 
pendicular (461), is alflo the distance between the point and the projec- 
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tion of the tine (464). But this is everywhere tbe same (476. ISO- 
Hence a line pamllel to a plane is ereryvhere eqaidiatant from it, and 
therefore esn never meet it. q. e. d. 

ConTersel J ; A line whicti meets a plane meets it in the projection of 
tiie line in the plane, rince the projecting plane contains all the per- 
pendiculars, or Bbort«Ht lines, from the line to tbe plane. Hence a line 
which never meets a plane is parallel to its projection in that plane, that 
ia, to the plane itself (476)- 0- a d. 



PBOPOSITION XIV. 

478. Theorem. — Either of two parallel lines is paral- 
lel to every plane containing the other. 

DEUON6TRA.TI0N. 

Let AB and CD be two parellel line*, and MN ■ plane oontaining CD. 

Then is AB parallel to the plane MN- 

Since AB and CD are in the same plane 
(?), and as the intersection of theii plane 
with MN ia CD (?), if AB meets the plane 
MN, it mnst meet it in CD, or CD produced. 
Bat this is impossible (?). 

Whence AB is parallel to MN (477)- 
<i. E. D. f't- IM. 

479. CoROLLART 1. A line which is parrdlel to a line of 
a plane is parallel to the plane. 

480. CoBOLLABT 3. — Through any given line a plane 
may he passed parallel to any other given line not in the 
plane of the first. 

For, through an; point of the line through which the plane ia to pa»B, 
conceive a line parallel to Uie second given line. The plane of the two 
intersecting lines is parallel to the second given line (?). 

481. Corollary 3. — Through any point in space a plane 
may be passed parallel to any two lines in space. 

For, through the given point conceive two lines respectively parallel 
to the given lines; then is the plane of thean intersecting lines parallel to 
the two given lines ()). < 

10 
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FBOPOSITION ZV. 

483. Theorem. — Of two lines pevpendieidar to each 
other, if one is perpendicular to a plane the other is par- 
allel to the plane. 

Demonbteation. 

Let AB and PD be perpendicular to each other, and PD perpendiou- 
lar to the plane MN. 

Then is AB paratlvl to MN. 

It' AB does not intenect PD, 
through any point in PD, as G, 
draw A'B' parallel to AB ; then is 
it perpendicnlsr to PD. 

Let CE be the projection of 
A'B' in.the plane MN. Then is H 
the point where PD pierces the 
plane in CE (?).X 

Hence A'B', is pamlle) to it« 
projection CE (?), and cimseqnentlj 
parallel to the plane MN. 

Therefore AB Is parallel to CE (!), and conaeqnenUj to the plane MN 
(47W. *B.D. 

483. OOBOLLABY. — A line and a plane which are both 
perpendicular to the aame line are parallel. 



RELATIVE POSITION OF TWO PLANES. 



OF PARALLEL PLANES. 

484. Parallel Planes are anch that either is parallel to 
any line of the other. 

485. The Distance between Two Parallel Planes 

at any point is measured by the perpendicular. 
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PB0F08ITI0N XVI. 

486. Theorem. — Pca'aUel planes are everywhere equi- 
distant and hence can never meet. 

DEMOySTRATTOlT. 

Lat P and Q be two parallel 
planet. 

Then are they everywhere eqai- 
diiUDt, and hence can never meet. 

Let A and B be any two points 
in P, and paae a line through them. 

Since Q is parallel to P, it is 
parallel to the line AB (484). And 
mnce it ia parallel to AB it is every- 
where: equidistant fh)in AB. I 

Hence A and B, any two points 
in P, are equidistant from Q, and 
conaequently P and Q can never 
meet. «». b. d. '^ ""■ 'v 

^ 



PBOFOSITION ZVII. 

487. Theorem. — Two planes perpendicular to the 
same line are parallel to each other. 

Demonbtbation. 
L«t P and Q be tw« plann perpen- 
dicular t« tha lim AB. 

Then are P and Q parallel. 

For any line in one plane ia parallel 
to its prqjection in the other, ■ince any 
line in dther plane ia perpendicniar to 
ABO). 

Hence dther plane is parallel to any 
line of the other (476), and therefore the 
planea are parallel to each other. 4.E.D. Fig. 331. 
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PROPOSITION ZV. 



482. Theorem. — Of two lines perpendieular to each 
other, if one is perpendicular to a plane the other is par- 
allel to the plane. 

Demonstration. 

Let AB and PO be perpendicular to eeoh other, and PD perpendicu- 
lar to the plane MN. 

Tben is AB panllel to MN. 

If AB does not iotereect PD, 
through aoy point in PD, as G, 
draw A'B' parallel to AB; then is 
it perpendicQlar to PD. 

Let CE be the projection of 
A'B' in.the plane MN. Then ia H 
the point vhere PD pierces the 
plane in CE (?).K 

Hence A'B'. ia parallel to its 
projecliuii CE (?), and ciinaeqiiently 
parallel to the plane MN. '' 

Therefore AB la parallel to CE (!), and coDsequentl; to the plane MN 
(479)- 4. B. D. 

483. CoEOLLAET. — A line and a plane which are both 
perpendicular to the same line are paraUet, 



RELATIVE POSITION OF TWO PLANES. 



OF PARALLEL PLANES. 

484. Parallel Planes are sooh that either is par&llel to 
any line of the other. 

485. The Distance between Two Parallel Planes 

ly point is measured by the perpendicular. 



STRAiear lines Aim planes. 



PHOPOSITION XVI. 

486. Theorem.— Poro^^ef planes are everywhere equi- 
distant and hence can never meet. 

Dkmohstratiok. 

Let P and Q be two parallel 
planet. 

Then are they everjivliere eqni- 
disttmt, and hence can never meet 

Let A and B be an; two points 
in P, and pass a line through them. 

Since Q is parallel to P, it is 
panlle] to the lino AB (484). And 
Euice it ia parallel to AB it is every- 
where equIJietant ftom AB. 

Hence A and B, any two points 
in P, are equidistant from Q, and 
conseqnently P and Q can never 
meet. n. s. d. ^'■* ^'O- ! 

J 



PBOPOSITION XVII. 

487. Theorem.— 7W planes perpendicular to the 
same line are parallel to each other. 

Dbuonbtbatioit. 

Lat P and Q be two planes perpen- 
lUoiilar to the line AB. 

Then are P and 1) parallel. 

For any line in one plane is parallel 
to its projection in the other, raice any 
line in either plane ia perpendicular to 
AB(I). 

Hence either plane b parallel to any 
line i>f the other (476), and therefore the 
planea are parallel to each other. 4. n. d. Fig. 231. 
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PROPOSITION XVIII. 

488. Theorem. — if a plane intersects two parallel 
planes, the lines of intersection are parallel, 

Dbmoststration. 

Let RS interteot the parallel planes MN and PQ Ui AB and CD. 

Then is AB parallel to CD. - 

For, if AB and CD cpuld meet, the planes 
MN and PQ would meet, as every point in AB is 
in MN, and every poiot in CD in PQ. Hence, 
AB and CD lie in the same plane, and do not 
meet how far soevi^r they be produced (132); 
they are therefore parallel, q. b. d. 

489. Coj^OLLARY. — Parallel lines in- 

teroepted between parallel planes are equal, pig. 232. 

z'" Thus, AC = BD, if they are parallel. For, the intersections AB and 
CD, of the plane of these parallels, are parallel (?), and the figure ABDC 
is a parallelogram ; whence, AC = BD (?). J 




PBOPOSITION XIX. 

490. Theorem. — t^ line which is perpendicular to 

one of two parallel planes, is perpendicular to the other 

also. 

Demonstration. 

Let MN and PQ be two parallel planet; and 
let AB be perpendicular to PQ. 

Then is AB perpendicular to MN. 

For, pass any plane through AB, and let AC 
and BD be its intersections with MN and PQ re- 
spectively. Then are AC and BD parallel (f). 
Now, AB is perpeadiealar to BO (?), and hence 
to AC (?). Thus, AB ia shown to be perpendic- 
ular to any line of MN passing through its foot, 
and hence perpendicular to MN (0- ^* b. d. 




Fifl. 233. 
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PBOPOSITION XX. 

491. Theorem.— ITirouj/h any point wiihoiU a plarie. 
one plane can be passed parallel to the given plane, and 
only one. 

DEMONBTftATION. 

Let MN be ■ plane, and B any point wHhout MN. 

Let BA be a perpendicular from B 
Qpon MN. 

Through B draw DE aod FG per- 
pendicular to AB. Then te the planeof 
DE and and FG parallel to MN (468,, 
487). Q. K. D. 



Again, as any plane parallel to MN 
IB perpendicalar to AB, and ae onlj one 
plane can be passed through B perpen- 
dicular to AB (457J, only one plane can 
be paeaed through B parallel to MN. 4. R. d. 



PE0p6siTI0N XXI. 

492. Theorem.~Two angles lying in different planes, 
bat having their sides parallel and extending in the 
same direction, or in opposite directions, are equal, and 
their planes are parallel. 

Deuonstbatiok. 

Let A and A'llein thedHltorentplanei 
MN and f Q, and have AB parallel to A'B', 
and AC to AC. 

Then A = A', and MN and PQ are 
parallel. 

For, take AD = A'D', and AE = AX', 
and draw AA', DD', EE', ED, and E'D'. 
Now, AD being equal and parallel to 
AD', 

AA' = DO' O F,. M,_ 



VXi ELEMBNTART QBOMBTST. 

For like reason, 

AA' = EE' ; 
therefore EC = DO'. Again, mnce EE' 
and OD' are respectiTely parallel to AA', 
they are parallel to each other (t) ; whence 
EDO'S' is a parallelogram (t), and ED = 
E'D'. Hence the triangles AOE and A'O'E' 
are mntnally equilatonl, and A. opposite 
ED, is eqnal to A', opposite E'D', equal to 
EO. Q. K. D. 

Again, the plane of the angle BAC, MN, 
is parallel to PQ, the plane of B'A'C. 

For, let a plane be passed thmngli A and revolved nntU it is parallel 
to PQ. It must cut DO' which is parallel to AA', and EE' which also is 
parallel to AA', so that OD' and EE' shall equal AA' <t) ; hence it muat 
pass through D- H^nce the planes of the angles are parallel. 4. r. d. 



493. CoEOLLART 1. — // two intersecting planes are cut 
by pnraUel planes, the angles formed by the intersections 
are equal. 

l^ius, AB' and AC being cut bj the parallel planes MN and PQ, AD is 
parallel to A'D' {I), and extends in the same direction fh>m rert«z.A that 
A'O' dues fcota A'; and the same ma; he said of AC and A'C. Hence, 
BAC = B'A'C (!). 

494. Corollary 2. — // the corresponding extremities 
of three equal parallel lines not in the same plane are 
Joined, the triangles formed are equal, and their planea 
parallel. 

Thus, if AA' = DO' = EE', the sides of the triangle AEO are eqnal 
to the sides of A'E'O', since the figures AD', DE', and EA' are parallelo- 
grams (!)t and the corollai; oumes under the piopoaition if). 
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FB0P09ZTI0N XXII. 

496. Theorem. — // two lines are cut by three parallel 
planes, the corresponding intercepted segments are propor- 
tional. 

Dehonstbaiion. 

Let AB and CO be cut by the three perillel planet M, N, and P, AB 
piercing the planei in A, E, tnil B, and CD In 0, F, and D. 

AE_CF 
* EB " FD' 



Then is ^ 



Join ttie points A and D bj the 
straight line AD, ami conceive planea 
pBsMug throogh AD and DO, and 
throngh AB uirl AD. 

Let EH and BD be the interaec- 
tiona of the planes N and f with the 
plane BAD, and AC and HF the in- 
tersections of M and N with ADC 

Now, smce EH is parallel t^ B0-(?), 

Hg. I3a. 
AE AH ,,, 
EB = Hb*" 

In like manner, bj reason of the parallelism of HF and AC, 

CF_ AH 
FD Hd' 

Hence, b; equalitj of ratios, 

AE CF „ , „ 
IB = FD *"■"• 

[NoTB. — Planes perpendicular or obliqne to each other ^ve rise to one 
species of solid anglesj hence their consideratioD is reserved for the nest 
m.] 
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EXERC ISES. 

496. 1. Designate any three points in the room, as one cor- 
ner of the desk, a point on the stove, and some point in the 
ceiling, and show how you can conceiye the plane of these points. 

2. Show the position of two lines which will not meet, and 
yet are not parallel. 

3. Conceive two lines, one line in the ceiling and one in the 
floor, which shall not be parallel to each other. 

4. The ceiling of my roopi is 10 feet above the floor. I have 
a 12-foot pole, by the aid of which I wish to determine a point 
in the .floor directly under a certain point in the ceiling. How 
can I do it ? 

Suggestion. — Consult Proposition XII. 

5. TJpon what principle in this section is it that a stool with 
three legs always stands firm on a level floor, when one with four 
may not ? 

6. By the use of two carpenter's squares you can determine a 
perpendicular to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level 
floor, on how many sides of it is it necessary to measure the 
angle which it makes with the floor ? By applying the right 
angle of the carpenter's square on any two sides of the stud, to 
test the angle which it makes with the floor, can you determine 
whether it is perpendicular or not ? 

8. If a line is drawn at an inclination of 23° to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point where the inclined line pierces the plane, makes with 
the line ? Can you conceive a line of the plane which makes an 
angle of 50° with the inclined line ? Of 80°? Of 16°? Of 170°? 
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OF SOLID ANGLES. 

497« A Solid Anjgrle is the opeping between two or more 
planes, each of which intersects all the others. The lines of in- 
tersection are called Edges, and the planes, or the poi*tion of 
the planes between the edges where there are more than two, 
are called Faces. 

498. Solid Angles are of Three Species^ viz., Diedral, 
Triedral, and Polyedral, according as they have two, three, 
or more than three faces. 



OF DIEDRALS.. 

499. A Diedml Angle, or simply a Diedral, is the 

opening between two intersecting planes. 

600. A Diedral (Angle) is Measured by the plane 
angle included by lines drawn in its faces from any point in the 
edge, and perpendicular thereto. 

A diedral angle is called Bight, Acute, or Obtuse, 
according as its measure is right, acute, or obtuse, 

Two diedrals are said to be Supplementary, when their 
measures are supplementary. 

Of course the magnitude of a solid angle ie independent of the dis- 
tances to which the edges may chance to be produced. 

lu.usTBATiONS.— The opening between the two planes CABF and 
DABE (Fig. 287) is a Diedral (angle), AB is the ^«, and CABF and 
DABE are the Faces. Let MO lie in the i^\m^ jl^F, perpendicular to the 
edge ; and HO in AE, and also perpendicu\ir to the edge ; then the plane 
angle MON is the measure of the diedral. 
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plane, make with the perpendicular, are equal, the lines 
are equal, and pierce the plane at equal distances from 
the foot of the perpendicular. 

Thus, let E'PD = E'TD ; 

tben the right-angled triangles PDE' and PDE" are equal (?). Hence, 

PE' = PE", and DE' = DE". 

474. CoBOLLABY 3. — Lincs drawn from the same point 
in a perpendicular, and equcdly inclined to the plane, are 
equal, and pierce the plane at equal distances from the 
foot of the perpendicular. 

476. COBOLLJLBT 4. — Equal oblique lines from the same 
point in the perpendi^cular, pierce the plane at equal dis- 
tances from the foot of the perpendicular, are equaUy 
inclined to the plane, and also to the perpendicular. 

Since the right-angled triangles PDE' and PDE" have their altitudes 
and hypotenuses equal, the triangles are equal (309)i ftnd 

DE' - DE", PE D = PE"D, and E'PD = E'PD. 



•f 
OF LINES PARALLEL TO A PLANE. 

476. A Line is Pai^llel to a Plane when it is paral- 
lel to its projection in that plane. 



v» 



PROPOSITION XIII. 

477. Theorem. — A line parallel to a -plane is every- 
where equidistant from the plane, and hence can never 
meet the plane ; and, conversely, a straight line which can- 
not meet a plane is parallel to it. 

DEMONSTRATIOir. 

The distance between a poiut in the line and the plane being the per- 
pendicular (451)) is also the distance between the point and the projeo- 
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tion of the line (464). But this is eTeijnhere the same (476. 136)- 
Hence a line parallel to a plane is ererTvhere eqoidistant from it, and 
thererore can never meet it. 4. e. d. 

Convereel; ; A line which meets a plane meets it in the projection of 
the line in the plane, since the projecting plane contaJng all the per- 
pendiculars, or shortest lines, lh>m the line to the plane. Hence a line 
which never meets a plane is parallel to its projectioa in that plane, that 
is, to the plane itself (476)- <!- b. d. 



PROPOSITION XIV. 

478. Theorem. — Either of two paraUel linea is paral- 
lel to every plane containing the other. 

Deuonstrahon. 

Let AB and CD be two parnllel lines, and MN a plane oontaining CO, 

Then is AB parallel to the plane MN. 

Since AB and CD are in the sauie plane 
(?), and as the intersection of their plane 
with MN is CD (?), if AB meets the plane 
MN, it must meet it in CD, or CD produced. 
But this is imposrable (!). 

Whence AB is parallel to MN (477)- 

Q.K.I>. Fig. 228. 

479. CoaoLLAET 1, A line which is paraUel to a line of 
a plane is parallel to the plane. 

480. CoHOLLABT 2. — Through any given line a plaiie 
may be passed jMraUel to any other given line not in the 
j^ne of the first. 

For, through any point of the line through which the plane is to pass, 
conceive a line parallel to the second given line. The plane of the two 
intersecting lines is pnrallel to the second given line (?). 

481, Corollary 3. — Through any point in space a plane 
■may b& passed paraUel to any two lines in space. 

For, through the given point conceive two lines respectively parallel 
to the given linea ; then is the plane of the'v intersecting lines parallel to 
the two given lines (!). \ 
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PROPOSITION XV. 

482. Theorem. — Of two lines perpendicular to each 
other, if one is perpendicular to a plane the other is par- 
allel to the plane. 

Demonsteation. 

Let AB and PD b« perpendicular to each other, and PD perpendicu- 
lar to the plane MN. 

Tben is AB parallel to MN. 

If AB does not interaect PD, 
through any point in PD, as 6, 
drew A'B' parallel to AB; tben » 
it perpendicular to PO. 

Let CE be the projection of 
A'B' iD.the plane MN. Tben is H 
the point nherc PD pierces the 
plane in CE(?).X 

Hence A'B'. is parallel to its 
pmjectiuu CE (?), and conBequently 
parallel to the plane MN. 

Therefore AB Is parallel to CE (I), aad conseqaently to the plane MN 
(47». *B.a 

483. GoBOLLABT. — A line and a plane which are both 
perpendicular to the same line are parallel. 



RELATIVE POSITION OF TWO PLANES. 




OF PARALLEL PLANES. 

484. Parallel Planes are eoob tbst either ie parallel to 
any line of the other. 

486. The Distance between Two Parallel Planes 

at any point is measured by the perpendicular. 
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PBOPOSITION XVI. 

486. Theorem. — Parallel planes are everywhere equi- 
distant and hence can never meet. 

Dkmonothation. 

Lat P and Q be twg pirallel 

planei. 

Then are thej everynhere equi- 
tliBtaDt, and hence con never meet. 

Let A and B be any two pointa 
in P, and pasa a line tbrough them. 

Since Q is paialld to P, it ia 
parallel to the line AB {4S4). And 
since it ia parallel to AB it is erery- 
vbere equidistant fhim AB. 

Hence A and B, any two pointe 
in P, are equidiatant from Q, and 
conseqnently P and Q can never 
meet. q. b. d. ^'^ ""■ { ^ 



PBOPOSITION XVII. 

487. Theorem. — Tuh> jAanes perpendicular to the 
same line are parallel to each other. 

Deuonbtration. 

Let P and Q be two plane* pKrpen- 
dtoular to the Una AB. 

Then are P and Q parallel. 

For any line in one plane is parallel 
to ita projection in the other, since any 
line in either plane i« perpendicular to 
ABW- 

Hence either plane is parallel to any 
line of the other (476), and therefore the 
planes are parallel to each other. q.B.D. Fig. 23i. 
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PBOPOSITION V. 



fil4. Theorem. — Between any two lines Jiot in the 
same plane one line, and only one, can be drawn which 
ahaU be perpendicidar to both, and this line ia the shortest 
distance between them. 

Demonstbation. 
Let AB and CD be two line* not in Hie eime piaM. 

Then one line, as HG, and only 
one, cmn be drawn which U peipen- 
dicalBT to Iwth AB and CD, and HQ 
meunres the ahorteBt distance be- 
tween AB and CO. 

Through either line, tu CD, pass 
a plane MN parallel to AB (480)- 
From an; point in AB, aa E, let taW 
EF perpendicnlar to MN. 

Let EK be the plane of the lines 
EF and EB, and let FK l>e its trace 
1. MN. 

Now, OB AB and CD are not in the aame plane, EK, and hence ita 
trace FK, cut« CD in some point, aa G. 

From G draw GH perpendicnlar to AB. 

let. QH lies in the plane EK (?) which ia perpendicnlar to MN (!), and 
bring perpendicnlar to AB is perpendicnlar to FK {% and hence to the 
plane MN (606). 

* Therefore, 6H, which is perpendicnlar to AB, is perpendicular to 
CD (?). 

2d. QH ia the onlj line which ia perpendicnlar to both AB and CD. 

For anj line which is perpendicnlar to AB an<l CD is perpendicular 
to FK (t). and hence to MN (!). 

Now every perpendicular from AB to the plane MN meets this plane 
in FK (?). . 

But FK and CD have only one point common, viz., Q. Bence, QH )b 
the only perpendicular item AB to CD. 

3d. OH is the aborted distance between AB and CD. Form line fhnn 
any point in AB to any other point in CO, aa LS. would be oblique to 
MN {T), and hence longer than the perpendicular LR, = HG. q. k. d- 
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PBOPOSITION VI. 

616. Theorem. — // one of two parallel planea is per- 
pendicular to a third plane, the other is also. 

Deuokstration. 

Lat PD and QE ba two paral- 
lel plana*; and let PD baparpen- 
dhtular to the third plana MN. 

Tbea is QE perpendicular to 
MN. 

"nirough PD and QE paaa the 
plane AS peri>endicular to MN, 
and let FK be its tnuf in QE, and 
HI in PD. 

Tlien is HI perpendicaliir to 
MN {?). . 

Ani), aa FK is parallel bo HI 
(!), it is perpendicular to MN 
(460). 

Hence, QE is perpendiculnr 
to MN (507)- 4- E. o. 



OF TRIEDRALS; 

616. As diedrals resalt from the tnterseotion of itoo planes, 
BO triedrals resalt &nm the intersectioii of three planes. 
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517. Three planes may intersect in three principal ways: 
1st. Their intersections may all coincide^ as in (a). 

2d. They may haye three paitdlel intersections^ as in (ft); 

3d. They may have three non-parallel intersections, as in {c). 
In this case the three intersections meet in a common point, 
as at 8. 

In the first case the three planes have an infinite number of 
common points. In the second case they have no common point 
In the third case they have but one common point. 

The third case gives rise to Triedrals. 

518. A Triedral is the opening between three planes which 
meet in a common point. 

519. When three planes meet so ais to form one triedral, they 
form ^Iso eight, as planes are to be considered indefinitely ex- 
tended, unless otherwise stated. 

520. The planes enclosing a particular triedral are called its 
Faces, and their intersections its Edg^es. The common point 
is called the Vertex. 

521. A triedral may be designated by 
naming the letter at the vertex and then 
three other letters, one in each edge. 

Thus, in the figure, the opening between the 
three planes ASC, CSB, and B8A is the triedral 
8-ABC. The/Kxw are A8C, CSB, and B8A. 

Fig. 247. 

522. The plane angles enclosing a solid angle are called 
Facial Angles. 

623. In every particular triedral Uiere are six parts, Tbree 
Facial Angles and Three Diedrals. 
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684. Oar etady of triedxals will be confined to the relations 
of the facial ao^ee and the diedrals, and the compariaon of dif- 
ferent triedrals. 

625. Triedrala are Bectangrnlar, Bi-rectaug:alar» or 
Trl-rectan^ular, according as they have one, two, or three 
right diedral angles. 

IixijBTBATios. — The comer of a cube is a 
lHreelaBg^Uar triedntl, as S-ADC. OnceiTe the 
npper portion of the cnbe removed by the plane 
ASEF ; then the angle at S, i. e., S-AEC, is a Bf- 
■itetangular triedral, A-SC-E and A-SE-C being 
right diedrals. pj. 24a, 

626. An Igosceles Triedral is one that has two of itc 
facial angles equal. An Equilateral Tliedral is one that 
has all three of its facial angles equal. 

627. Opposite Triedrals are such as lie on opposite sides 
of each of the intersecting planes, as S-ABC and %-abe. 

Opposite triedrala have mutually equal facial and equal 
diednil angles, but these b^g differently disposed, such 
triedrals nre nut in general capable of superposition. 

iLLuaTRATiOK. — Let the edges of tlie triedral S-ABC be 
produced beyond the vertex, fnrming the opposite triedral 
^-abe. Now. the &ces are equal plane angles, bat disposed 
in a different order. Thoa, ASB = oSA, ASC = aS«, and 
BSC = 6Sc, and tbe diedrals are also equal ; but the 
triedrals cannot be superimposed, or made to coincide. To 
show this lact, conceive the upper triedral detached, and 
the face aSk placed in its equal face ASC, Sa in SA, and S« '''■■ "•■ 
in SC. Now the edge Si, instead of falling in SB, in fh>nt of ASC, will 
fell behind the plane ASC. 

Or, otherwise, if S-oin; be revolved on S by bringing it forward and 
turning it down on S-ABC, since the diedrals A-SB-C and »€A-a are 
equal, they will coincide ; but, as ftcial angle aSb is not necessarily equal 
to CSB, Sa will not necessarily fall in SC. For a like reason, $« will not 
necessarily fall in SA. 
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688. Symmetrical Trtedrals ar^triedrah in which each 
part in one has an eqnal part in the other ^ but the equal parts 
not being simihirly dispoeed, the triedrala mfty not be capable of 
superposition. 

SjiDinetrical solids are of fl^qnent occurrence: tbe two hsDds fotm 
an UluBtration ; for, though the parts may be exactly alike, the hands 
cannot be placed so that their like parts will be similarly aitaated ; in 
short, the left ^loye will not fit the right band. 

629. Adjacent Triedrals are such as lie on diferetU 
sides of one of the intersecting planes, and on the name dde of 
two of them. 

Thus, S-ADE is adjacent to 
8-DRE. 

In adjacent triedrsls, two of 
the facial angles of one toe the 
supplements of two of the other, 
each to each, and one is equal in 
each 

ThttB, in tbe ai^acent triedralB 
S-DRE and S-ADE, A5E and ASD 
are supplements respectively of ESR 

sad DSR, while OSE is cumraon to Fig. 2S0. 

both. 

630. Of the eight triedrsis formed by th? intersection of 
three planes, each has its Opposite or Symmetrical 
triedral, and each has three Adjacent triedrals. 

631. Two triedrals are Supplementary when the facial 
angles of the one are the supplements of the measures of the 
corresponding diedraia of the other. 

632. Equality, as has been before defined, means, in Geom- 
etry, equality in all respects ; and two figures that are said to be 
equal are capable of being so applied the one to the other that 
they will coincide throughout This absolute equality is hence 
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often called Equality by Superpositiou^ in disttnctloa 
from Equality by Symmetry. 

533. Tno figures are said to be Equal by Symmetry, or 
SymmetrifsaUy SqiuU, or eimply Hymiaeti*ical, when 
each part in one has an eqnal part in the other ; but these equal 
parte being differently arrauged in the two tigures, the one may 
not be capable of being saperimposed upon the other. (See 627.) 



PBOFOSITION VII. 

834. Theorem. — Opposite triedrals are symmetrical 
and may be equal. 

Demohstbatiok. 

Let S-ABC and 9-itbr b« two opposite 1ri«(traU. 

Then are the triedrals Bjmmetrical Ktd ma; be equal. 

For the (icial angle ASC = the facial angle aSe (?) ; 
also, BSC = hSe, and ASB = aSi. 

Again, the diedra'. A-SB-C = a-Sb-c, since thej are op- 
podt« dtedrels. 

For like reaaon, 8 SA-C = ft-So^, and A-SC-B = o-Sii-fi. 

Hence all the parts in one triedial have equal parts in 
the other. 

But, in general, these triedrals cannot be superimiKised. 
(Bee illuBtration, 627.) 

If, however, ASB = CSB, then aSb = eS6, and the triedn^s can be 
superimposed. 

Thus, conceive the triedral Soft; revolved on S, being brought over 
towards the observer until S6 falls in SB. 

Then, rince CSB = ASB = aSb, aSb may be made to coincide with 
BSC, and as the diedrals A-SB-C and O'Sb-c are equal, dSb will fall in 
ASB, and the triedrals will coincide, and will be equal. 

Hence, opposite triedrals are symroetrieal and may be equal, q. e. d. 

535. CoBOLLABY 1. — Opposite isosceles triedrals are 
equal. 



Fig. »l. 
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PBOPOSITXON VIII. 

636. Theorem. — Two aymmetrieal triedrals may al- 
ways be conceived to be placed as opposite triedrals. 

Dehonstbation. 

L«t S-ABC ind S'-A'B'C be two symmelriBil triedraU, B and B' 
^ing In front of tho ptane* ASC fnd A'S'C, ASB = A'S'B', ASC = 
A'SC, BSC = B'S'C', A-SB-C = A'-S'B'-C, A-SC-B = A'-S'C'-B', and 
B-SA-C = B'-S'A'-C. 

Then ma; S-ABC and S'-A'B'C 
he placed as oppogite triedrals. 

PiodDce the edges of either 
triedml, as S'-A'B'C, beyond the 
vertex, forming the opposite tri- 
edral S'-aie. 

Then caa S-ABC be super- 
impoeed apou S'-abe, aad tlie latter 
fiilfllls the requirements of the 
proposition. 

The applicatioQ is made as 
follows : 

Since B' is in fh>ut of the plane Fig. 2S3. 

A'S'C, b is behind the plane oS'c 

Now coDc^re S-ABC inverted and reversed so that B shall fall 
behind the plane ASC. 

Then apply ASC to its equal oS'c, SA felling in S'a, and SC 
in S'e. 

By reason of the equality of A-SC-B and a-S'<v« (= A'-5'C'-B'), the 
plane BSC will fall in (S'«, and for a like reason ASB will fall in 
aS'b ] and since the planes coincide, their intersections SB and S'S must 
coincide. 

Hence, S-ABC = S'-abc, the opposite to S'-A'B'C Q- K. n. 
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PBOFOSITION IX. 



637. Theorem. — Two triedrals which have two facial 
angles and tiie indaded diedraX equal, each to each, are 
either equal or symnvetricai. 

I i ) Dbmonbtbation. 



Then are the triedruls dther eqtul or gyminetrica). 

Ist. When the eqaal ftKial angles are od the eame ndes of the respeo- 
tire equal diedrala, as ui Figs. 3 and 8, the triedrals may be applied the 
one t« the other. 

Thna, let the facial angle A'S'C be placed in its equal <i&'e, A'S' in 
(iS",aBdS'C'inS"e; whence, by reason of the equality of the diedrals 
A'-S'C'-B' and ii-S"e-&, and since the facial angles B'S'C and h%"e lie on 
the same sdes respectiTcly of their diedrale A'-S'C'-B' and a-%"e h, the 
plane of B'S'C falls in the plane of 6$"«, and since angle B'S'C ~ angle 
ftS"«, B'S' falls in &S", and A'S'B' coincides with aS"6. 

Hence the triedrals coincide and are equal, q. b. d. 

3d. Bat if the eqnal facial angles lie on diSerent sides of the eqnal 
diedrals, as in Figs. I and 8, let the opposite of S-ABC be drawn (627)< 
and call it %-i£Ve. Then may 8 be applied to 8-a'6V. 

[Let the student draw the figure and make the application.] 
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PROPOSITION X. 

538. Theorem. — Two triedrals which have two die- 
drals and the included facial angles equal ea^ih to ea^h, 
are either equal or symmetrical, 

DEMOISrSTSATIOK. 

[Same as preceding. Let the student draw figures like those for the 
preceding, and go through with the details of the application.] 

539. OoROLLAKT. — In equal or in gymm^ttrtcdl triedrals, 
the equal facial angles are opposite the equal ditdrals. 



PROPOSITION XI. 

640. Theorem. — The sum of any two fa^^ial angles of 
a triedral is greater than the third,. 

Demonstbation. 

This proposition needs demonstnltion only in case of the sam of the 
two smaller facial angles as oomfNired with the greatest (?). 
Let ASB and BSC each be less than ASC ; then is 

ASB + BSC > ASC. 

For, in the face ASC, make the angle* AS^ = ASB, 
and SV = S5, and pass a plane through l and V^ cut- 
ting SA and SO in a and e. 

The two triangles aSb and oS^ are equal (?), whence 

a^ = ah. 
Now, a5 + Jc > ac (?), ^- 254^ 

and subtracting ah from the first member, and its equal ab from the sec- 
ond, we have hc> Vc 

Whence the two triangles 5Sc and ^'S^ have two sides in the one 
equal to two sides in the other, each to each, but the third side Ic > than 
the third side Vc^ and consequently angle BSC > ^SC. Adding ASB to 
the former, and its equal AS^' to the latter, we have < 

ASB + BSC > ASC. q. E. D, ^ 

541. CoBOLLABY. — The difference between any two fadfA 
angles of a triedral is less than the third fa^daiL angle (?). 
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PaOPOSITION XII. 

542. Theorem. — Two triedrals which have two facial 
angles of the one equ-al to two facial angles of the other, 
each to ea^h, and the included diedrals itnegibal, have the 
third faddl angles unequal, and the greater facial angle 
belongs to the triedral having the greater included diedral. 

f . /- Tif.'- • ' ■■■' ' ' - ."-( ■ ". /.- -,■ 

^Lf '■ ■ '' 'DfiMONSTBATlON'. 

Let ASC = ate, and ASB = 016, whila th« 
diedrar C-SA-B > e-»a-i. 

Then CSB > eA. 

For, divide the diedral C-SA-B t^ a plane 
ASO. making tbe diedral C-SA-O = e-»a-i; 
and taking ASO = aab, bisect the diedral 
O-SA-B with the plane ISA, Conceive the 
planes OSI und OSC. ^^l- *^- 

Now, tbe triedrals S-AOC and t-abe are equal or symmetrical, having 
two ftcial angles and t^e included diedral eqtiid each to each (631). 

For a like reason, S-AIO and S-AIB are symmetrical, and the fecial 
angle OSI = ISB. 

Again, in the triedral S-IOC, 

OSI + ISC > OSC (540), 

and suhatituting ISB for OSI, we have . 

|S6 + ISC (or CSB) > OSC, or ita eqiud etb. q. e. d. 

643. Corollary.— Conversely, If the two facial angles 
<tre equal, each to each, in two triedrals, and the third 
facial angles unequal, the diedral opposite the greater 
facial angle is i^e greater. 

That is, if ASB = <ub, and ASC = «*, 

while BSC > Am, 

the diedral B-AS-C > h-as-c. 

For, if B-AS-C = fr^w-e, BSC = *«; (637, 689) ; 

aod if B-AS C < fr^M-e, BSC < bit, by the proposition. 

«. Therefbre, as B<AS-C cannot be equal to nor less than l>-a»-e, it mnst 
be greatOT. 4. b- d. 
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PBOPOSITION XIII. 

544. Tbeorem. — Two triedraZs which have the three 
faeUd angles of the one equal to the three facial angles of 
the other, each to each, are eUher equal or symmetrical. 

Demonstbatiom". 

Let A, B, and C represent the &cial angles of one, and a, i, and o the 
correepouding &cial angles of the other. If A = a, B = i, and ^ e, 
the triedrals are equal or symmetrical. 

For A being equal t« a, and B to A, if, of their included diedruls, SM 
were greater than tm, C would be greater than e (?) ; and if diedral SM 
were lew than diedral «m, C would be leas than e (?). Hence, as diedral 
SM can neither be gKBter nor less than diedral #m, it must be equal to It. 

Therefore the triedrals have two facial angles and the included diedral 
equal, each to each, and are conseqnentl; equal or iiymmetricaL q. e. d. 



PBOPOSITION XIV. 

646. Theorem.— i/ZWmi' any point tvUhin a triedral 
perpendiculars are drawn to the faces, they wiU he the edges 
of a supplementary triedral. 

DEMONBTHATIOBr. 

From S' wlMiln the triedral S-ABC, let S'A' be drawn perpendlouiar 
to ASB, S'B' to ASC, and S'C to BSC. 

Then is S'-A'B'C supple- 
mentorj to S-ABC. 

For tUefaciftI angle A'S'B' 
is the supplement of the di- 
edral B-AS-C (611) ; and for 
like reaeon B'S'C is the sup- 
plement of A-SC-B, andA'S'C 
ofA-SB-C. 

Agftln, since S'A' is per- 
pendicular to the face ASB, 
and S'B' is perpendtcalar to 
ASC, the plane of S'A' and ^ 
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S'B' is perpendicular to A8B and ASC, and therefore to SA. Hence SA 
is perpendicular to the face A'SV. 

Por a Birailar reason, SC iB^erpendicular to B'S'C Hence ASC ia 
the anpplement of A'-S'B'-C'. &/t^ ^ '\ ? 

In like manoer, it may be shown that BSC is the mpplement of 
A'-S'C'-B', and ASB of B'-8'A'-C'. Q. a. d. 

,1 M6, ScHouuK 1.— If perpendicnlara were drawn ftoin the points, 
or any other point, parallel to those iTom S', and in the same direclioDB 
respectively from S that S'A', etc., are from 8', they would also be per- 
pendicular to the fecea of the diedml, and would form a supplementary 
tiiedral. '- y ^ (j ■ C 1 : 

547. Scholium 2. — The triedral S'-A'B'C is also supplementary to 
the triedral opposite to S-ABC. 

y^ 548. ScHOLiDu 3. — The triedral S'-A'B'C' will not be supplementary 
to the triedral ai^aeait to S-ABC, but one facial angle will be supple- 
mentary to the corresponding diedral in the other, and the other facial 
angles will be equal to their corresponding diedrals. 

549. BcHOLiuM 4.— One triedral ac^acent to S'-A'B'C will be sup- 
plementary to one of ttinee ai^acent to S-ABC- 



PROPOSITION XV. 

660. Theorem. — In an isosceles triedral the diedrals 
opposite the equal facial angles are eqital ; and, 

Conversely, If two diedrals of a triedral are equal, the 
triedral is isosceles. 

Demonstration. 

In the triedral S-ABC, let ASC = CSB. 

Then is C-SA-B = C-SB-A. 

For, pass the plane CSD through the edge 
SC, bisecting the dirdral A-SC-B. Then the 
two triedrals S-ACD and S-CBD have two facial 
angles of one equal to two facial angles of the 
other, each to each ; that is, ASC = CSB, by I 
hypothesis, and CSD common; and the in- p„ «- 
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eluded diedrals equal by construction. Hence the triedrals are sym* 
metrical, and 

C-SA-B = C-SB-A (687, 689). q. ic d. 

Conversely, if C-SA-B = C-SB-A, 

A8C = CSB. 

For the supplementary triedral is isosceles | whence the diedrals op- 
posite those equal facial angles are equal. But ASC and C^B art the 
supplements of these equal diedrals, and hence equal, q. s. d. 

651. CoKOLLABY 1. — The plane which bisects the angle 
ind^uded by the equal facial angles of an isosceles triedral 
is perpendicular to the opposite face, and bisects the oppo- 
site facial angle. 

662. CoROLLABY 2. — If the three fa^sial angles of a tri- 
edral are egical, each to ea^h, the diedrals are also equal, 
ea^h to ea^h, and conversely, .' i \ _ *^- 3 : 



PROPOSITION XVI. 

668. Theorem. — Two triedrals which have the three 
diedrals of the one equal to the three diedrals of the other, 
each to ea^h, are equal or symmetrical. 

Demokstbatiok. 

In the two supplementary triedrals, the facial angles of the one are 
equal to the fiftcial angles of the other, each to each, since they are sup- 
plements of equal diedrals (546)* Hence, the supplementary triedrals 
are equal or symmetrical (544)* 

Now, the facial angles of the first triedrals are supplements of the 
diedrals of the supplementary ; whence the corresponding facial angles, 
being the supplements of equal diedrals, are equal. Therefore, the pro- 
posed triedrals have their facial angles equal, each to each, and are con- 
sequently equal, or symmetrical, q. e. d. 

664. OoBOLLABY. — jM tri-rectangular triedrals are 
equal. 
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PBOPOSITION XVII. 
565. Theorem. — 2%« sum of the facial angles of a 
triedral inay be anything between zero and four right 
angles, 

Dbmoiibtbatioit. 

Let ASB, BSC, and ASC be tha faolil angles 
enclosing a triedral. 

Then, ae each mtiHt have some value, tbe enm 
is greater than zero, and we have (inly to show 
that ASB-hASC + BSC ih leea than 4 ri^ht angles. 

Produce either eiige, aa AS, to D. How, in the 
triedral S-BCO, BSC ia leas than BSD-t-CSD {?). ^'8- **•■ 

To eacb member of this inequality add ASB + ASC, aod we have 
ASB + ASC + BSC less ttian A8B+ASC + BSD+CSD {»). 

Bat ASB+BSO = 8 right anglea (t). 

and ASC+CSD = 2 right angles; 

whence ASB+ASC + BSD + CSO = 4 right anglea, 

«iid conaequenUy ASB + ASC + BSC ia leas than 4 right anglea. <». ■. d. 



PROPOSITION XVIII. 
558. Theorem. — TTiesu-mofihediedraZs of a triedral 
■may be anything between two and six right angles. 

Demonoteation. ^ 

Eacb diedral being tbe supplement of a &ciat angle of the supple- 
mentary triedral (531), the anm of the three diedrala is 8 times S right 
angles, or 6 right angles, minos the sum of the facial anglea of the sup- 
plementary triedral. 

Bat this latter snm may be anything l>etween and 4 right angles (!). 
Henc« the earn of the diedrals may be anything between 3 and 6 right 
anglea. q. b. d. 



> 
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OF POLYEDRALS. 

667. A Convex Polyedral is a polyedral none of the 
faces of whiohy when produced^ enter the solid angle. A sec- 
tion of such a polyedral made by a plane catting all its edges is 
a convex polygon. (See Pig. 269. ) 



PROPOSITION XIX. 

668. Theorem. — The swnv of the facial angles of any 
convex polyedral is less than four right angles. 



Demokstbation. 
Let S be the vertex of any convex polyedral. 

Then is the sum of the angles A8B, BSC, CSD, 
DSE, and ESA less than 4 right angles. 

Let the edges of this polyedral be cut by any 
plane, as ABODE, which section will be a convex 
polygon, since the polyedral is convex. 

From any point within this polygon, as 0, 
draw lines to its vertices, as OA, OB, 00, etc. 
There will thus be formed two sets of triangles, 
one with their vertices at S^and the other with 
their vertices at 0; and there will be an equal 
number in each set, for the sides of the polygon 
form the bases of both sets. 

Now, the sum of the angles of each of these two sets of triangles is 
the same. But the sum of the angles at the bases of the triangles having 
their vertices at S is greater than the sum of the angles at the bases of 
the triangles having their vertices at 0, since 8BA + SBO is greater 
than ABC, SOB + SOD is greater than BOD, etc. (640). 

Therefore the sum of the angles at S is less than the sum of the angles 
at 0, i. «., less than 4 right angles, q. b. d. 




Fig. 259. 
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EXERC ISES. 

569. 1. I have so iron block whose corners are all squats 
(edges right diedr^B, and the vertices tri-rectaagular, or right, 
triednds). If I bend a wire square 
arouad one of its edges, as cS'd, at 
what angle do I bend the wire? If 
I beod a wire obliquely around the 
edge, as aSb, at what angle cau I 
bend it ? If I bend it obliquely, as 
e S"/, at what angle can I bend it ? 

3. Fig. 260 represents the ap- 
pearance of a rectangular parallelo- Fig. mo, 
piped, ae eeen from a certain position. 

Now, all the angles of such a solid are right angles : why is it 
that'they nearly all appear oblique? Can yon see a right paral- 
lelopiped from such a position that all the angles seen shall 
appear as right angles F 

3. The diedral angles of crystals are measured with great 
care, in order to determine the substances of which the crystals 
consist How must the measure be taken? If we measure 
obliqnely around the edge, shall we get the true value of the 
angle ? 

4. Prove that if three planes intersect so as to make two 
traces parallel, the third ia parallel to each of these. 

5. From a piece of pasteboard cut two figures of the same 
size, like ABCDS and abcds (Fig. %G1). Then drawing SB and 
SC 80 as to make l.the largest angle and 3 the smallest, cut the 
pasteboard almost through in these lines, so that it will readily 
bend in them. Now fold the edges AS and OS together, and a 
triedral will be formed. From the piece abcds form a triedral in 
like manner, only let the lines ae and nb be drawn so as to make 




246 ELEMENTARY OEOMETRY, 

the angles 1, 2, and 3 of the same size as be- 
fore, while they oocnr in the order giyeu in 
vl>cd8* Now, see if you can slip one triedral 
into the other, so that they will tit. What 
is the difficulty ? 

6. In the last ease, if 1 equals {^ of a right 
angle, 2 = ^ of a right angle, and 3 = } of 
a right angle, can yon form the triedral? 
Why ? If you keep increasing the size of 1, 
2, and 3, until the sum becomes equal to 4 
right angles, will it always be possible to Flg-aei. 
form a triedral ? How is it when the sum equals 4 right angles? 

7. What is the loens of a point in space equidistant from 
three given points ? 

To demonstrate that such a locus is a straight line, pass a plane 
through the three points, and also a circumference. Now, 1st, a perpen- 
dicular to this circle at its centre has every point equidistant from the 
three points ; and, 2d, any point out of the perpendicular is unequally 
distant from the points. Hence this perpendicular is the locus sought. 

Notice that in demonstrating such a proposition the two points should 
both be proved. _ 

8. The locus of a point equidistant from two planes is the 
plane which bisects the diedral included between them. [Give 
proof.] 

9. What is the locus of a point in space equidistant from the 
faces of a triedral ? [Give proof.] 

10. If each of the projections of a line upon three planes 
intersecting in a common point is a straight line, the line is a 
straight line. 

11. To find the point in a plane such that the sum of its dis- 
tances from two given points without the plane, and on the 
same side of it, shall be a minimum. 

Solution. — Let the two points be P and P'. Let fall a perpendicular 
from either point, as P, upon the plane, and call it PD. Produce PD on 
the oppocdte side of the plane to P'^, making P'^D = PD. Join P'' and P^ 
The point where P^P- pierces the plane is the point sought. [Give proof.] 



OF PRISMS AND CYLINDERS. 

560. A Prism is a solid, two of whose faces are eqnal, par- 
allel polygons, while the other feces are parallelograms. The 
eqaal pamllel polygons are the Bases, and the parallelograms 
make up the Lateral or Convex Surface. Prisms are triangalar, 
qnadrangalar, pentagonal, etc., according to the namber of sides 
of the polygon forming a base. 

661. A Right Prism is a prism whose lateral edges are 
perpendicular to its bases. An Oblique Prism is a prism 
whose lateral edges are oblique to its bases. 

662. A Begfiilar Prism is a right prism whose bases are 
regular polygons ; whence its faces are equal rectangles. 

663. The Altitude of a prism is the perpendicular distance 
between its bases : the altitude of a right prism is equal t« any 
one of its lateral edges. 

664. A Truncated Prism is a portion of a prism cat off 
by a plane cutting the 
lateral edges, but not 
parallel to its base. A 
section of a prism made 
by a plane perpendicu- 
lar to its lateral edges is 
called a Right Section. 

iLLUSTKATtom.— Id the 
agare, (a) and (A> are both 
priBiDB: (/i) i» oblique ami 
(A) right. PO represents 

tlie altitnde of (a) ; and '''■ ^'^ 

an^ edge of (b), as iB, is its altitude, AQCOEF and dbed^ a: 
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Upper bases, respectively. Either portion of {b) cut oflT by an oblique 
plane, as a'h'dd'e\ is a truncated prism. 

565. A Parallelopiped is a prism whose bases are paral- 
lelograms ; its faces, inclusive of the bases, are consequently all 
parallelograms. If its faces are all rectangular, it is a rectangu- 
lar parallelopiped. 

566. A Cube is a rectangular parallelopiped whose faces are 
all equal squares. 

667. The Volume or Contents of a solid is the number 
of times it contains some other solid taken as the unit of meas- 
ure ; or it is the ratio of one solid to another taken as the stand- 
ard of measure. 

In applied geometry the unit of volume is usually a cube de- 
scribed on some linear unit, as an inch, a foot, a yard, etc To 
this the perch and the cord are exceptions. 



PROPOSITION I. 

568. Theorem. — Parallel plans seetions of any prism 
are equal polygons, 

Demonstratioi^. 
Let ABODE and ahcde be parallel sections of the prism MN. 

Then are they equal polygons. 

For, the intersections with the lateral faces, as 
db and AB, etc., are parallel, since they are inter- 
sections of parallel planes by a third plane (488)- 

Moreover, these intersections are. equal, that 
is, ab = AB, Ic = BC, cd = Cl>, etc., since they 
are parallels included between parallels (138)* 

Again, the corresponding angles of these 
polygons are equal, that is, a = A, ( = B, <; = C, 
etc., since their sides are parallel and lie in the 
same direction (492)- 

Therefore the polygons ABODE and abcde are ^'■' ^®^' 

mutually equilateral and equiangular; that is, they are equal, q. B. D. 
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669. CoBOLLABY. — Afhy plane section of a prism, paral- 
lel to its base, is equal to the Inise ; and aU right sections 
are equal. 



PROPOSITION II. 

570. Theorem. — If two prisms have equivalent hoses, 
any plane sections parallel to the bases are equivalent. 

Demokstbation. 

Let M and N be any two prisms having equivaient bases B and B'; 
and let P and Q be sections parallel thereto. 

Then, by the preceding proposition, 

P = B, 
and Q = B' = B , 

whence, P = Q. q.b.d. 



PROPOSITION III. 

671. Theorem. — If ihree faeces including a triedral 
of one prism, — complete or truncated — are equal respective- 
ly to three faces including a triedral of the other, and 
sim^ilarly placed, the prisms are equal. 

Demonstbation. 

In the prisms Act and A'^' (Fig. 264), let ABODE equal A'B'O'D'P, 
Mbu = A'B'6'a', and B0c6 == WC'db'. 

Then are the prisms equal. 

For, since the facial angles of the triedrals B and B' are equal, the 
triedrals are equal (644)f and being applied they will coincide. 

Now, conceiving Md! as applied to kd^ with B' in B, since the bases 
are equal polygons, they will coincide throughout ; and for like reason 
aB will coincide with a'B', and cB with o'B'. 
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Fnrthennore, gince the baaea 
ciiincidii, CD' falls in CO, and aa 
CV fklls in Ce, and Xi'd' U parallel 
to CV, and IM to Ce (?), O'd' &!]■ 

In like manner, EV can be 
afaown to fall in E«. 

Finally, rince the upper bases 
hare tbe angles a'Vti and abe co> 
incident, the; coincide (444)- 

Hence the prisms can be super- f^. ^,,_ 

imposed, snB ore therefore equal. 4. e. n. 

872. OoBOLLA.Ey. — Two right prisms having equal hoses 
and equal altitudes are equal. 

If the fiicea are not amilarly arranged, aa the edges are perpendicnlar 
h) the bases, one prism can be inverted and then superimposed on the 



PROPOSITION IV. 

S73. Theorem. — -Any oblique prism is equivalent to a 
right prism, whose ha^es are right sections of the oblique 
prism,, and whose edge is equal to the edge of the oblique 
prism, ' 

DEMONSTI^TIOIf. 

Let LB be an oblique prtam, of which abate 
•nd fghil are right tectioni, ■nd gb = QB. 

Then is (6 equivalent to LB. 

For the truncated prisms IG and «B have the 
faces ineluding any two corresponding triodral8,aB 
Q and B, respectirely, equal and Amilarly placed 
._fi), whence these prisms are equal (671)- 

Now, from the whole figure take away prism 
!G, atid there remains the oblique prism LB ; also, 
from the whole take away the prism eB, and there 
remains the nglit prism St. 

Therefore, the right prism lb is equivalent to p^_ jgj 

the oblique prism LB. q. b. d. 



PROPOSITION V. 

674. Theorem. — The opposite faces of a parallelopiped 
are equal and parallel. 

Demonstration. 

Let Ac be a parallelopiped, AC and tic being it> equal b»e> (660)- 

Tben are Its opposite faces equal and pttralle). 

Since tbe bases are parallelograms, AB is equal 
uid parallel to DC ; and, since the bees are paral- 
lelograms, aK is equal and parallel to do. Hence, 

angleaAB = <2DC, ^$^ 
and their planes are parallel, unce their sides are 
parallel and extend Jn the same direcdoas. '/ 

Therefore, aB and dC are eqoal (322) and parallel parallel ograma. T 
In lika manner it may be shown that aU is eqnal and parallel to Mr. 

(J. B.D. 



PEOPOSITION VI. 

676. Theorem. — The diagonals of a paraUelopiped 
bisect each other. 

Dbmonsteatiok. 

Lot ABCD-6 be a parallelopiped whose diogonals are 60, dB, cA, 
and aO. t 

Then do AD, iB, «A, and aC bisect each other. 

Pass a plane tlirongh two opposite edges, as 
» and do. 

Since the baiiea are pnrallel (?), bd and BO will 
be parallel (488), and ItBDd will be a paralielo- 
gram. Hence, (D and dB are bisected at o (}). 

For a like reafion, pansing a plane through de 
and AB, we ma; sliow that dB and ek Msect each 
other, and hence that eA passes through the com- 
mon centre of cfB and 10- ■ p^. 207. 

80 also nC is bisected b; (0, as appeare from 
pasting a plane through db and DC. 

Hence, all tlie diagonals are bisected at c <t- E. D. 
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576. Corollary. — The diagonals of a rectangular par- 
aZlelopiped are equal. 



PROPOSITION VII. 

677. Theorem.— 2%^ diagonal of a right paralleLo- 
piped is equal to the square root of the sum of the squares 
of the three adjacent edges of the parallelopiped. 

Demonstration. 

Let ttf bf c be the three adjacent edges of a right parallelopiped, d 
the diagonal of the face whose edges are b and c, and D the diagonal of 
the parallelopiped. 

Then d:' = 5« + c«(?),YA*^ 

and i^ = a' + dP = a' + &' + c'' (?), 



or 



1) = >y/a» + &' + c'. q. B. D. 



578. Corollary. — ITie diagonal of a cube is \/3 times 
its edge. \\ 



PROPOSITION VIII. 

579. Theorem. — The area of the lateral surface of cu 
right prism is equal to the product of its altitude into the 
perimeter of its base. 

Demonstratiok. 

The lateral faces are all rectangles, having for their common altitude 
the altitude of the prism (563)- Whence the area of any face is the 
product of the altitude into the side of the base which forms its base ; 
and the sum of the areas of the faces is the common altitude into the sam 
of the bases of the faces, that is, into the perimeter of the base of the 
prism. <;^. K, p. 
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680. A Cylindrical Surfoce is a surface traced by a 
etraighb line moTing so as to remain constantly parallel to its 
first position, while any point in it traces 
some curTe. The moving line is called the 
Oeneiairix, and the curve traced by a point 
of the line the Directrix, 

Illcbtration. — Suppose a line to rtart from 
tbe position AB, ttad Diore towards N in such a 
Dianner Hs to remain all tbe time parallel to Itf 
flrst position AB, while A traces tbe curre 

AiaS4B6 M. 

The Burftce thus traced b a CytMidrieal Surfaee; 
AB b the Qeneratrw, and tbe curve ANM the 

^^™- Fi,.2B8. 

581. A Circular Cylinder, called also a Cylinder of 

Bevolution, is a solid generated by the revolution of a rectan- 
gle around one of its sides as an axis. 

iLLUsmATiOH. — Let COAB be a rectangle, 
and conceive it revoWed about CO as an axla, 
takii^ successivel; the positions COA'B', 
COA"B", etc. ; the solid generated is a Oireular 
Cylinder, or a cylinder of revolution. The re- 
volving side AB is tbe generatris of tbe snr&ce, 
and tbe circumference AA'A" (or BB'B") is the 
directrix. This is the only cylinder treated in 
Elementary Geometry, and is ububII; meant 
when the word Cylinder is used witbout specify- 
ing tbe kind of cylinder. ^''»- *••■ 

082. The Axis of the cylinder is the fixed side of the rectan- 
gle. The side of the rectangle opposite the axis generates the 
Convex 8nrfiice; while the other sides of the rectangle, as 
OA and CB, generate the Bases, which in the cylinder of revo- 
lutiou are circles. Any line of the surface corresponding to some 
position of the generatrix is called an ^Element of the surface. 

583. Any section of a cylinder of revolution made by a plane 
parallel to its base is equal to its base, eince such a section wonld 
be a circle with a radius equal to OA. 
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684. A Right Cylinder is one whose elements are perpen- 
dicular to its base. In such a cylinder any element is equal to 
the axis. A Cylinder of Revolution (581) is right. 

585. A prism is said to be inscribed in a cylinder^ when the 
bases of the prism are inscribed in the bases of the cylinder, and 
the edges of the prism coincide with elements of the cylinder. 



PROPOSITION IX. 

586. Tlieorem. — The area of the convex swrface of a 
cylinder of revolution is equal to the product of its a^is 
into the circumference of its base, i. e., ^ttRH, H being the 
axis and R the radius of the base. 

■ 

Demonstration. 

Let AD be a cylinder of revolution, whose axis HO = A, and the 
radius of whose base is 06 = £• 

Then is the area of its conyex surface ^kRH, 

Let a right prism, with any regular polygon for 
its base, be inscribed in the cylinder, as h-dbedrf. 

The area of the lateral surface of the prism is 
HO (= Kb) into the perimeter of its base, t. «., 

H0x(aft-|-Jc+a?+cfe+^4-/a). 

Now, bisect the arcs a5, ^, etc., and inscribe a 
regular polygon of twice the number of sides of the 
preceding, and on this polygon as a base construct 
the right inscribed prism with double the number of 
faces that the first had. The area of the lateral sur- 
face of this prism is 

HO X the perimeter of its base. 




Fig. 270. 



In like manner, conceive the operation of inscribing right prismB with 
regular polygonal bases continually repeated ; it will always be true that 
the area of the lateral surface is equal to 

HO X the perimeter of the base. 
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^ cont^naally increasing the number of the sides of the inscribed 
polygon in this manner, the perimeter of the polygon n^ay be made to 
differ from the circumference by less than any assignable quantity, t. e., 
by an infinitesimal, which is therefore in comparison with the perimeter 
(341)) and the prism of an infinite number of faces is to be considered as 
the cylinder. 

Therefore, the area of the convex surface of the cylinder is HO into 
the circumference of the base. 

Finally, i£ B is the radius of the base, 2nR is its circumference. This 
multiplied by £?, the altitude, f. «., Hx 27rB, or 2nRH, is the area of the 
convex surface of the cylinder, q. b. d. 




PROPOSITION X. 

587. Theorem. — Rectangular paralleLopipeds are to 
each other* as the products of any three adjacent edges. 

Demonstration. 

Let the adjacent edges of one rectangular parallelepiped, P, be three 
lines, which we will call A^ B, and Cf and of another, Q, the three lines 
a, b, c. 

Then P = 4-4^. 

For A, B, Gy a, h, and e are at least commensurable by an infinitesimal 
unit. Let the common measure of the edges be i ; and let it be contained 
in ^ m times, in Bn times, m C p times, in a ^ times, in i^ r times, and in 
c 9 times, so that 

A B G 

^= t ' ^ = 7' ^ = 7' 

q = J, r = -, and « = t • 

• » t 

Now let A and B be the sides of the rectangular base of P, and G its 
altitude, and a, b, and c corresponding edges of Q. The base of P may be 
conceiyed as divided into mn units of surface. If upon each of these we 
conceive a cube described, there will be mn such cubes. Now, of these 
layers of cubes there will be p in the entire parallelopiped P. Hence P 
will be composed of mnp equal cubes. In like manner, Q may be shown 

* This means that their volumes are to each other. 



266 ELEMENTARY GEOMJ^TRY, 

to be. composed of qr$ equal cubes, each. equal to one of the mnp cubes 
which compose P. 

„ P mnp 

Hence, ^ = — - , 

and substituting their values for m, n, p^ q, r, and s, we have 

ABO 
P i ^ i ^ i AxBxC ^ 

a e axoxe 

^ T X T X T * 

ft » ft 



PROPOSITION XI. 

688. Theorem. — Ihe volume of a rectangular parol- 
lelopiped is equal to the product of its threo adja,cent 
edges. 

Dehokstration. 

Let P be a»y rectangular parallelopiped whoie pdjacent edges are 
Af B, and C, and let Q be the proposed unit of measuris, whose edges 
are each I. 

Then, by the last proposition, 

P AxBx O 
Q ~ 1x1x1 • 

or, P = (AxBxC)xQ. 

Thus, P contains the unit O A>^Bx G times. H^nce, AxBxC is 
the volume of P. q. b. d. ■<j^ V \ 

589. Corollary 1. — The volume of a cube is the third 
power of its edge. 

590. Sgholtum. — This fact gives rise to the term eub^ as used in 
arithmetic and algebra, for ^' third power." 

691. Corollary 2. — The voluryve of a rectangvlar par- 
allelopiped is equal to the product of its altitude into the 
area of its base, the linear unit being the same for the 
measure of all its edges, 

* For other demonstrations see Appendix. 
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PBOPOSITTGN XII. 

692. Theorem. — The volume of any prism, or of anp 
solid whose plane sections parallel to the base are all elfual 
to the base, is equal to that of a rectangular parallelepiped 
having an equivalent base and tlie sam,e altitude, and 
hence is equal to the product of its base into its altitude. 

» 

Demonstration. 

Let Q be any prism or solid whose plane sections parallel to its base 
are equal to its base, and P a rectangular parallelepiped of the same 
altitude, and whose base B = B', the base of the first solid. 

Then is volume Q = yolume P. 

If Q be a prism, any plane section parallel to its base is equal to its 
base (?) ; hence the case is the same whether Q be a prism or any other 
solid having its plane sections parallel to its base equal to its base. 

Now conceive two planes to start from coincidence with B and ff at 
the same time, and move upward at the same rate, generating the solids 
P and Q. As these sections are always equivalent to each other, since 
each is constantly equal to ^ or ^, they generate equal volumes in equal 
times, and by reason of the equal altitudes of the two solids, both 
volumes are generated in the same time. Hence the two volumes are 
equivalent, q. b. d. 

893. Corollary 1. — The volum^e of a right prism is 
equal to the product of its edge into its base, 

894. Corollary 2. — Prisms of the sam^e altitude are to 
each other as their bases ; and prismas of the same or equiv- 
alent bases are to each other as their altitudes ; and, in 
general, prisms are to each other a^ the products of their 
bases and altitudes. 
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PROPOSITION XIII. 

696. Theorem. — The volume of a cylinder of revclvr- 
Hon is equal to the product of its base and altitude, i. e,, 
-rrlPff, R being the altitude and R the radius of the base. 

DeMONST RATION. 

By (592) the yolume of such a cylinder is equal to the product of its 
base iDto its altitude, since all plane sections parallel to its base are equal 
thereto (583). 

But the base is a circle whose radius is 22; the area of which is kB' (?). 
Hence the volume of the cylinder is Hx nB^^ or irR^R, <^ e. d. 

696. GosoLLABY.— 7^ volum'C of any cylinder is equal 
to the product of its base into its altitude. 

This can be demonstrated in a manner altogether analogous to the 
case given in the proposition. 



697. Similar Solids are sach as have their correspoDding 
solid angles equal and their homologons edges proportionaL 

698. Similar Cylinders of reyolation are such as have 
their altitudes in the same ratio as the radii of their bases. 

699. Homologous Edges of similar solids are such as 
are included between equal plane angles in corresponding faces. 

Illustration.— The idea of similarity in the case of solids is the 
same as in the case of plane figures, viz., that of likeness of form. Thus, 
one would not think such a cylinder as on£ joint of stovepipe similar t4> 
another composed of a hundred joints of the same pipe. One would be 
long and very dim in proportion to its length, while the other would not 
be thought of as dim. But, if we have two cylinders the radii of who% 
bases are 2 and 4, and whose lengths are respectively 6 and 12, we readily 
recognize thi^ra as of the same shape : they are si mil a r. 
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PBOPOSXTION XIV. 

800. Theorem.— ?%* alUtudes of two similar prisms 
are to each other as any two homologoua edges, and the 
areas of corresponding faces are to each other as the 
squares of any two homologoua edges, or as the squares of 
the altitU'des. 

Demonstration. 

Let P and p be any two timltar prlsini, H and h thair altitudes, An 
and A'u' two honwIogoHa edgaa, and Ab and A'W two oorretponding 

ft COS. 

Then is _ — — - , or as any other two hnmologons edgw ; 

Aft A? if! . 
ana j^Ty = jf^ ~ xs ' *'*■■■* ^"^ squares of aaj 

other two homologous edges, or as tbe squares of the altitudes. 

From the homologoua vertices a and a' let fall the perpendiculara ol 
and a't', and draw Al and A' I'. 

Now, since the prisms are 
similar, they may be ao plaeed 
that their homologous edges 
will bo parallel ; hence, let AB 
be parallel to A'B', AE to A'E', 
and (lA to a'A'. Then is al 
parallel to a'V, and Al to A'l', 
and tbe triangles aAl and a'kV 
are Bimilar. 

Whence we have 
II _ Aa 
A ~ A'n" ' 
or as an; other two faomolo- pi j^, 

gous edges, since by definition 
any two hiimologoos edges bear the same ratio, n- e. d. 



ELEMENTARY QEOMBTBT. 



Again, since tbe corre- 
Eiponding fac«a kh and k'V 
bave their homologous rides 
propurtioital (597). and their 
homoIogouH ADgleB, HH aAB and 
a'A'B', equal, being the lu>- 
mologoDs facial angles of equal 
triedralB, the facea are rimilar 
plane flgares, and 

M Affl' ^ 



or as the Bquaiva nf an; two 
hniDolognoB edges. 4. b. d. 

Rg. 271. 

601, CoBOLLAET. — The corresponding faces of any t 
simUar solids are to each other as the squares of any t 
homologous edges of the solids. 



PB0P08ITI0N XV. 

803. Theorem. — Thelateral surfaces of similar prisms 
are to each other as the squares of any two honuAogous 
edges, or as the squares of the altitudes of the prisms. 

Demokstratiox. 

Let A, B, C, D, ato., and a, b, e, d, etc., b« the oorrei)Mn<llng 
ftces of two ilmiUr prisma, and M and m any two homolosous edges, 
and H and A the altitudes. 

By the lart prupoaition, 

A M^ 3 M' C M> D If* , 
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and, by composition, 



^ + i? + (7+i), etc. Jf« H\^^ 

_ — _ = — — i(\ Q.B. D. 

a-fft-fc + rf, etc. «i* A^ ^ ^ ^ 



603. C0ROLI1A.EY. — The entire surfaces of ant two simi- 
lar solids are to each other as the squares of any two 
homologous edges. 



PROPOSITION XVI. 

604. Theorem. — The volumes of similar prisms are to 
ea4^h other as the cubes of their how/ologous edges, and as 
the cubes of their altitudes. 



Demonstration. 

Let V and v be the volumes of any two timilar pritmt, M and tn 
any two homologous edges, and Jl^and h their altitudes. 

Then is —=—- = ---. 

Let B and b be the bases of the prisms ; whence their volumes are 
BxH and bxh respectively (692). 

Multiplying, __=_=_ = _. ^ B. D. 
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PROPOSITION XVII. 

606. Theorem. — The convex surf aces of similar cylin- 
ders of revolution are to each other as the squares of their 
altitudes, and as the squares of the radii of their bases. 

Demonstration. 

Let Ht^nd h be the altitudes, and JB and r the radii of the bases of 
two similar cylinders. 

The convex surfaces are 2irBHajid 27rrh (686)* 



and 



Now, 




2nBH BH 
2vrh ~" rh 


B 
r 


H 


By hypothesis, 


h ■" 


B 
r 




Whence, 


by substitution, we have 










2iri2jy 
2TTrh ~ 










2nBH 
2nTh 


B* 


<^B. D. 



PROPOSITION XVIII. 

606. Theorem. — The volumes of sim^ilar cylinders of 
revolution are to each other as the cubes of their altitudes, 
or as the cubes of the radii of their bases, 

Dbmonstbation. 

Let H and h be the altitudes of two similar cylinders of revolution, 
R and r the radii of their bases, and V and v their volumes. 

Then ^ = f = f • 
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For, by (696), 


V = nHW, 


and 


V = nhr*. 


Hence, 




and, since 


h r ^^^' 


we have, by Bubetitntion, 





Q. B. D. 



607. ScHOLiuic— It is a general truth, that the sarfaces of similar 
solids, qfanyfarm, are to each other as the squares of homologous lines; 
and their volumes are as the cubes of such lines. These truths will be 
further illustrated in the following section, but the methods of demon- 
stration will be seen to be the same as used in this. 



EX E RCISES. 

4 

608. 1. A farmer has two grain bins which are parallele- 
pipeds. The front of one bin is a rectangle 6 feet long by 4 high^ 
and the front of the other a rectangle 8 feet long by 4 high. 
They are built between parallel walls 5 feet apart. The bottom 
and ends of the firsts he says^ are ^^ square " (he means, it is a 
rectangular parallelopiped), while the bottom and ends of the 
other slope, i. e., are oblique to the front. What are the rela- 
tive capacities of the bins? 

2. How many square feet of boards in the walls and bottom 
of the first bin mentioned in Ex. 1 ? 

3. An average sized honey bee's cell is a right hexagonal 
prism, .8 of an inch long, with faces ^ of an inch wide. The 
width of the face is always the same, but the length of the cell 
varies according to the space the bee has to fill. Are honey bees' 
cells similar ? Is a honey bee's cell, of the dimensions given 
above, similar to a wasp's cell, which is 1. 6 inches long, and 
whose face is .3 of an inch wide? What are the relative capaci- 
ties of the wasp's cell and the honey bee's? 
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m 

4. How many square inches of sheet iron does it take to make 
a joint of 7-iDch stovepipe 2 feet 4 inches long, allowing an inch 
and a half for making the seam ? 

6. A certain water-pipe is 3 inches in diameter. How much 
water is discharged through it in 24 hours, if the current flows 
3 feet per miniite ? How much through a pipe of twice as great 
diameter, at the same rate of flow ? 

6. What is the i*atio of the length of a hogshead holding 125 
gallons, to the length of a keg of the same shape, holding 
8 gallons ? 

7. What are the relative amounts of cloth required to clothe 
three men of the same form (similar solids), one being 5 feet 
high, another 5 feet 9 mches, and the other 6 feet, provided they 
dress in the same style? If the second of these men weighs 
166 lb., what do the others weigh? 

8. If a man 6\ feet high weighs 160 lb., and a man 3 inches 
taller weighs 180 lb., which is the stouter in proportion to his 
height ? 

^ 9. I have a prismatic piece of timber, from which I cut two 
blocks, both 5 feet long measured along one edge of the stick ; 
but one block is made by cutting the stick square across (a right 
section), and the other by cutting both ends of it obliquely, 
making an angle of 45° with the same face of the timber. Which 
block is the greater ? Which has the greater lateral surface ? 

10. How many cubic feet in a log 12 feet long and 2 feet and 
6 inches in diameter ? How many square feet of inch boards 
can be cut from such a log, allowing onenquarter for waste in 
slabs and sawing ? 

11. How many square feet of sheet copper will it take to line 
the sides and bottom of a cylindrical vat (cylinder of revolution) 
6 feet deep, if the diameter of the bottom is 4 feet? How many 
barrels does such a vat contain ? 

12. What are the relative capacities of cylinders of revolution 
of the same diameter, but of different lengths? What of those 
of the same length, but of different diameters ? 
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OF PYRAMIDS AND CONES. 

609. A Pyramid ie a solid having a polygon for its base, 
and triangles for its lateral faces. If the base is also a triangle, 
it is called a triangular pyramid, or a tetraedron (i. e., a solid with 
four faces). The vertex of the polyedral angle formed by the 
lateral faces is the vertex of the pyramid. 

610. The Altitude of a pyramid is the perpendicular dis- 
tance from its vertex to the plane of its base. 

611. A Biglit Pyramid is a pyramid whose base is a regn- 
lar polygon, and the perpendicular from whose vertex falls at 
the centre of the base. This perpendicular is called the axis. 

618. A Frustom of a pyramid is a portion of the pyramid 
intercepted between the base and a plane parallel to the base. 
If the cutting plane is not parallel to the base, the portion inter- 
cepted is called a Truncated pyramid. 

613. The Slant Heigfht of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height 
of a Frustum of a right pyramid is the portion of the slant height 
of the pyramid intercepted between the bases of the frustum. 



iLLnSTRATiOina.— The Btadeot will be able to find illustrationB of the 
defioitions in tlie above figures. 
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614. A Conical Surface is a surface traced by a line 
which passes through a fixed pointy while any other point traces 
a curve. The line is the OeneraMx, and the curve the Direc- 
trix. The fixed point is the Vertex. Any line of the surface 
corresponding to some position of the generatrix is called an 
Element of the surface. 

616. A Cone of Revolution is a solid generated by the 
revolution of a right-angled triangle around one of its sides, 
called the Axis. The hypotenuse describes the Convex Surface 
of the cone^ and corresponds to the generatrix in the preceding 
definition. The other side of the triangle describes the Base. 
This cone is right, since the perpendicular (the axis) falls at the 
centre of the base. The Slant Height is the distance from the 
vertex to the circumference of the base> and is the same ad the 
hypotenuse of the generating triangle. 

616. The terms Frustum and Truncated are applied to 
the cone in the same manner as to the pyramid. 

617. A pyramid is said to be Inscribed in a cone when the 
base of the pyramid is inscribed in the base of the cone, and the 
edges of the pyramid are elements of the surface of the cone. 
The two solids have a common vertex and a common altitude. 

618. If the generatrix be considered as an indefinite straight 
line passing through a fixed pointy the portions of the line on 
opposite sides of the point will each describe a conical surface. 
These two surfaces, which in general discussions are considered 
but one, are called Nappes* The two nappes of the same cone 
are evidently alike. 

Illustration.— In Pig. 273, (a) represents a conical surface which 
has the curve ABC for its directrix^ and SA for its generatrix. The nu- 
merals indicate the successive positions of the point A, as it passes around 
the curve, while the point S remains fixed, (h) represents a Com of Bev- 
cUxdion^ or a right cone with a circular base. It may be considered as 
generated in the general way, or by the right-angled triangle SOA revolv- 
ing about SO as an axis. SA describes the convex surface, and OA the 
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Fi|. tn. 

base. The flgnre (e) representa the F^uttum of a cone, the portion above 
the plane abc being mippoaed Femoved. Figare (d) representa tLe two 
Hdppei of an oblique cone. 



PBOPOSITION I. 

619. Theorem. — .dny section of a pyramid made by a 
plane parallel to its base is a polygon simdlar to the base. 

Demonsteation. 

Let abcde be a teotlon of the pyramid 

S-ABCOE made by a plane parallel to ABODE. 

Then ih ^ede similar to ABODE. 
Bince AB and ab are intersectioDS of two 
parallel planes by a third plane, the; are paral- 
lel (?). 80 also he u parallel to BO, ed to CD, 
etc Hence, angle 6 = B, « = 0, etc. (t), and the 
polygons are matuall; eqniangalar. Again, 
oft Sft J 6= » „, 

AB = S8' '^^ 8C = Sb('> '^'"■*'*- 



Id like manner, we can show that 

— = — tc 

ed CD'* ' 

Therefore, tOed* and ABODE are mutually eqniiuitrular, and have 
their Gorreaponding sidea proportjonal, and are consequently similar. 
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FBOPOSITION II. 



820. Theorem, — // two pyramids of equal altiUtdea 
are cut by planes equally distani from and parallel to 
theU" bases, the sections are to each other as the bases. 

Dbmonstration. 

Ltt 8-ABC utd S'-A'B'C'D'E' tw two pyrimMt of the sanifl altitude, 
cut by the plane* abe and a'b'&d'^, parBllel to and at equal dletancet 
from their bam. 



Then is 



o'ft'e'dV ~ A'B'C'D'E' 



For, conceive the bases in the 
same plane. Let SP and S'P' be the 
equal Bltitndea, and Sp = S'p' the 
distancea of the cutting planes from 
the Teitices. 

Conceive a plane puaiug through 
the verticea parallel to the plane of 
the bases. This plane, together with 
the plane in which the aectiooB lie, 
and tbat in wbicli the bases lie, make 
three parallel planes which cut the 
lines SA, SB, S'A', S'B', SP, and ST*, 
whence 

SB _ SP _ 8;b' _ 

S6' " sp s'b' ~ sy ■ 

Also, doce the planes ASB and A'S'B' are cut h; parallel planes in 
AB, ah, kV. and aV, ab is parallel to AB, and a'b' to A'B' ; whence. 



T. 31'* ■ 
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Hence, b; eqaalitj of ntiofl, 

ABC _ A'B'C'D'E' ale _ ABO 



" A'B'CD'E' 



^,m- *>t-D- 



621. CoBOLLABY. — If two pyramids having equivalent 
bases and equal altitudes are cut by planes paraUel to and 
equidistant from their bases, the sections are equivalent. 



PROPOSITION III. 

BSS. Theorem. — l%e area of ihe lateral surface of a 
right pyramid is eqiiai to the perimeter of the base multi- 
plied by one-half the slant height. 

Demonsteation. 

The focea of aoch tt pyramid are equal isoecelcB tri- 
■nglea (?)f'w&oge common nltitude is the riant beigbt of 
the pyramid (f). 

Hence, the area of these triangles is the product of 
one-half the slant height into the sum of their bases. But 
this snm is the perimeter of the base. 

Hence the area is equal to the perimeter of the Use 
multiplied by one-half the slant height. ([. k. d. 

623. CoBOLLABT.~me area of the lateral 
surface of the frwstum of a right pyramid is 
equal to the product of its slant height into 
half the sum of the perimeters of its bases. 

The proof is baaed upon (350) »nd definitions. 
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PBOPOSITION IV. 

684. Theorem* — The area of the convex surfoAie of a 
cone of revclution (a right cone with a oircidar base) is 
equal to the product of the circumference of its base and 
one-half its slant height, i. e,, nRff, R being the radius of 
the base, and H* the slant height. 

Demonstbation. 

In the circle which forms the base of the cone^ 
conceiye a regular polygon inscribed, as oM^. Join- 
ing the vertices of the angles of this polygon with the 
vertex of the cone, there will be constmcted a right 
pyramid inscribed in the cone. Now, if the arcs sab- 
tended by the sides of this polygon be bisected, and 
these are again bisected, etc., and at every step a right 
pyramid is conceived as inscribed, it will always remain 
true that the lateral surface of the pyramid is the pe- 
rimeter of its base into half its slant height. 

But, as the number of faces of the pyramid is in- •* ^^' 

creased, the perimeter of the base approaches the circumference of the 
base of the cone as its limit, and hence the slarit height of the pyramid 
approaches the slant height of the cone, and the lateral surface of the 
pyramid approaches the convex surfiice of the cone as their limits, and all 
reach their limits simultaneously. 

Therefore, at the limit we still have the same expression for the area 
of the convex surface, that is, the circumference of the base multiplied 
by half the slant height. 

Finally, if R is the radius of the base, its circumference is ^irR, and 
H" being the slant height, we have for the area of the convex surface 
%kB X ^£r, or nRm, q. B. D. 

626. Corollary 1. — The area of the convex surface of a 
cone is also equal to the product of the slant height into 
the circumference of the circle parallel to the base, and 
midway between the ba^se and vertex. 

This follows directly from the fact that the radius of the circle mid- 
way between the base and vertex is one-half the radius of the base, i. f., 
^E (?), whence its circumference is nR. Now, vRxJff' is the area of the 
convex surface, by the proposition. 
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686. CoBOLiABY %.—Th6 area of the convex surface of 
tlie frustum of a cone is espial to the product of its slant 
height into half the sum of the circumferences of its 
bases; i. e., n (R + r)!!', R and r being the radii of its 
bases, and H' its slant height. 

Prom the cormiponduig property of tbe fhiatnm of a pyramid, tbe 
Btadent will be able to deduce the fact that ) (3ir£+2>rj') if or ir(a+r)f 
is the area of this sarfoce b; the aame line of argument u»ed in the 
deraonHtmtion of the main theorem. 

627. Corollary 3. — The area of the convex surface of 
the frustum of a cone is equal to the prodttct of its slant 
height into the circumference of the circle midway between 
the bases. 

The radiusnf the circle midway between the bases ia |(r+ A), whence 
itscircomference is fr(r+£). Now, ^lf+R)xH' is the area of the con* 
ves surface of the fnutnm, by the preceding corollary. 



FKOPOSITION V. 

688. Theorem. — Two pyramids having equivalenk 
bases and the same altitudes are equivalent, i. e., equal in 
volume. 

First Demonstration, 

Let S-ABCD and S'-A'B'C'D'E' be two pyramids hiving the same 
a'tjtudes, and base ABCD equivalent to base A'B'C'D'E', i. e,, equal in 
area. 

Then is pyramid S-ABCD 
equivalent to S^A'SVO'E', i e., 
equal in volume. 

For, ctHiceive tbe bases to be 
in tbe same plane, and a plane to 
start from coincidence with the 
plane of the bases, and move to- 
ward the vertices, remaining all 
the time paralld to tbe bases. Fi|. zn. 
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Now Mcb of the sectioiu of the pjTBinidB made by this plane ma; be 
concdved u • Tarying polygon which generates its reBpective pynunid. 
And as these polygons are always equivalent, and move at the same rate, 
they generate eqnal volamea in equal times. Moreover, as the bases nf 
the pynunids are in the same plane, and their altitudes are equal, the 
polygons generate their respective pyreinidH in the ssme time. Hence 
theae volumes are eqoal. 4. k. d. 

Second Dehonbtbation. 

Conmder the pyramids divided into an infinite number of lamins of 
equal but infinit«Bimal thickness, as mc, mV, parallel to the bases. Now 
each lamina ia one will have a corresponding lamina in the other at the 
same distance ftom the base rince the laminffi are of equal thickness, and 
hence equivalent to it. 

Hence the pyramids ore composed of an eqnal nnmber of equivalent 
laminee, and are consequently equivalent 4. z. D. 



PBOPOSITION VI. y 

629, Theorem. — Tkevolumeof a triangular pyramid 
is eqiial to one-third the product of iti base aJid altitude, 

Demonstbatiok. 

Let S-ABC be ■ triangular pyramid, whoae altitude it S. 

Then is the volume equal t« 

iS X area ABC. ! 

For, through A and B draw Ka and B6 
parallel to SC; and through S draw Sit 
and Sb parallel to CA aud CB, and join a 
andb; then Sa6-ABC is a priam with its 
base equal to the base of the pyramid. 

Now, the solid added to the given pyr- 
amid is aquaclrangular pyramid withoABA 
as its base, and its vertex at S. 

Divide this into two triangnlnr pyra- ^B' ^s^. 

niids by drawing aB and passing a plane through SB and aB. These tri- 
angular pyramids are equivalent, since they have equal bases, aAB and 
aJB; and a common altitude, the vertices of both being at 8. 



PTRAMIDB AND CONES. S73 

Again, S-oiB may be conddered a« having a(S (eqaal to ABC) u its 
base, and tbe sltitQdfl <A tbe given i:i;ramid (equal to the ftltitude of th« 
prinn) for its altitude, and hence aa equivalent to tbe given pyramid. 

Tbns tbe priam ABCoiS is divided into tbe three equivalent pyramida, 
S-ABC, B-a6S, and S-aBA. 

Hence, tbe pyraniid S-ABC is one-thii^ tbe prism So^-ABC, which 
bss tbe same base and altitude. 

But the volume of the prism is 

iT X area ABC. 
Therefore the volume of tbe pyramid S-ABC ia 

^R X area ABC. Q. e. d. 

630. OoEOLLABT 1. — The volume of any 
pyrajnid is equal to one-third the product 
of its base and altitude. 

Since any pyramid can be divided into triangular 
pyramids by posung planes through any one edge, as 
SE, and each of iJie other edges not adjacent, as SB 
and SC, the volume of the pyramid is equal to the sum 
of the volumes of several triangnlar pyramids having 
the same altitude as tbe given pyrumid, and the sum f„^ ig|_ 

of whose bases is the base of the given pyramid. 

631. CoROLLAEY 3. — Pyramids having equivalent bases 
are to each other as their altitudes ; such as have equal 
altitudes are to each other as their bases ; and, in general, 
pyramids are to each other as the products of their bases 
and altitudes. 



ExBBciBE.— A Regular Tetraedron is a triangular pyr- 
sinid whose base is an equilateral triangle and each of whose 
lateral faces are equal to the base. What is tbe volume of such 
a tetraedron whose edge is 1 inch ? Ans. iVV^ '^''- '"■ 



"What 18 the entire area of the surface of this tetroedrou ? 



.? 
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PBOPOSITION VII. \ 

632. Theorem. — ITie volume of the frustum of a tri' 
angular pyramid is eepial to the volume of three pyram.ids 
of the same altitude as the frustum, and whose bases are 
the upper base, the lower base, and a meantproportional 
^between the two bases of the frustum-. 

Dkmosstbatiok. 

L«t uAe-ABO (Fig. 2t2) (m tha fruttum of ■ triingulir pyrimld. 

Through a6 and C puB a plane cutting off the pyramid C-oie. Thia 
hM for its base the upper base of the fnietnm, and for its nltitade the 
altitade of the fhutam. 

Again, draw Ab, and pass a plane through 
M and (C, catting off the pyramid 6-ABC, 
which baa the satne altitade as the fhistum, 
and for ita base the lower base of the frnetum. 

IImk DOW lemnioB « third pyramid, A-ACo, 
to be examined. 

ThroQgb b draw 6D parallel to aA, and 
draw DC and a9. 

The pyramid D-ACa ia eqnivalent to 
b-KCa, mnce it has the same base and the aame 
altitude (t). But ttie former may be considered 

asbaving ADCfbritebase, andtbealtjtadeofthe thistum for its altitude, 
1. «., as pyramid <i-ADC. 

We are now to show that ADC ia a mean proportional between o&b 
and ABC. 

ABC^ J _ 
<*e ,^' AD* 



iW- 



C_AB-^.1^„, ABC'_AB* , 
ABC'. 



= aAexABC; 



Le., AEK is a mean proportional between the upper and lower bases of 
the A'ostum. 

Hence the volume of the IhiHtum in equal to the volume of throe 
pyraniids, et«. tj. b. d. 



PYRAMIDS AND CONES. 275 

633. OoBOLLABY. — The volume of the frtistunv of any 
pyramid is equal to the volum^e of three pyramids hav- 
ing the sam^e altitude as the frustum,, and for bases, the 
upper base, the lower base, and a mean proportional 
between the two bases of the frustum^. 

For, the fhistum of any pyramid is equiTalent to the corresponding 
frastum of a triangular pyramid of the same altitude and an equivalent 
base (?) ; and the bases of the frustum of the triangular pyramid being 
both equivalent to the corresponding bases of the given frustum, a inean 
proportional between the triangular bases is a mean proportional between 
their equivalents. 



PROPOSITION VIII. 

634. Theorem. — The volume of a cone of revolution is 
equal to one-third the product of its base and altitude ; 
i. e., \nIPH, R being the radius of the base and H the alti- 
tude. 

Demonstration. 

The volume of a pyramid is equal to one-third the product of the 
base and altitude, and the cone being the limit of the pyramid, the vol- 
ume of the cone is one>third the product of its base and altitude. 

Now, R being the radius of the base of a cone of revolution, the 
base (area of) is tt^, whence Jtt^-ET is the volume, JJ being the altitude. 

Q,. E. D. 

635. Corollary 1,—The volume of any cone is equal 
to one-third the product of its base and altitude. 

636. Corollary 2.— The volume of the frustum of a 
cone is equal to the volume of three cones having the 
same altitude as the frustum, and for bases, the upper 
base, the lower base, and a mean proportional between 
the two bases of the frustum/. 

The truth of this appears from the fact that the frustum of a cone is 
th§ limit of the frustum of a regular inscribed pyramid. 
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PEOPOSITION IX. ^ 

687. Theof'eili. — The lateral surfaces of similar pyrcu- 
mids are to each other as the squares of their homologous 
edges, or of their altitudes. 

Demonstbatiok. 

Let A, A', M\ etc., and a, a', a", etc., be homologous sides of the 
bases of two similar pyramids, E, E', E'\ etc., and «, ef, e/', etc., 
homologous lateral edges, H and h the altitudes of the pyramids, and 
let S and s be the lateral surfaces. 

rrv. • S A« A" A"* , 

Then is - = -^ = -^ = -ryj, etc., 

B or a' a'' 

_ £• _ E^ _ E^« f 

Since the pyramids are similar, the corresponding fiicial angles are 
equal, and the homologous edges proportional (597, 532), hence the 
bases are similar polygons, and the corresponding lateral faces are simi- 
lar triangles. 

Now let F, F', F", etc., and/,/',/", etc., be the corresponding latera.. 
faces, of which triangles. A, A', A'', etc., and a, a', a", etc., are the bases 
respectively, and E, E', E'', etc., and «, 0^, t^, etc., other homologous sides. 

'^*° i = J" = a" • **<=•' = ! = ?-=?-'«*«•' = ?(•>• 

A' A'^ A''' E' E" E'" H' 

Whence "5 = ^ = ^. etc., = _ = _=:_, etc., = ^ (?) 



„ F A« r A'» F' A'» , 

Moreover, ^ = ^, -^ = — , _ = _,etc. 



Whence 



F + F' + F", etc. S A« A'« A"« ^ 



/+/ +/', etc. 8 a" "" a'« "" a' 



//s 



— g« — ^9 — l/ra ) etc., — , j • Q. E. D. 

638. Corollary. — The lateral surfaces of similar right 
pyratnids are to each other as the squares of any hmnolo- 
gous lines, as slant heights, altitudes, or of correspond- 
ing diagonals of the bases. 



y 
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PBOPOSITION X. ^ 

8S9. Theorem* — The convex awr faces of similar 
cones of revolution are to each other as the squares of 
their slant heights, the radii of their bases, or their 
altitudes; i, e», cm the squares of any two homologous 
dim^ensions. 

Demonstration. 

L«t B and h' b« th« slant heights of two similar cones of revolution, 
M and r the radii of their bases, and H and h their altitudes. 

Their convex surfaces are ifBEH and trrh\ 
Now, since the cones are similar, 

Multiplying the terms of this proportion by the corresponding 
terms of 



we have 



Hence the conyez surfaces are as the squares of their slant heights. 
q.B. D. 

But,as ^ =_(?=-,-, 

nrh' "" r* ~ A* 

That is, the convex surfaces are to each other as the squares of the 
radii of the bases, or as the squares of the altitudes, q. b. d. 
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PBOPOSITION XI. 

640. Theorem. — The volumes of similar pyram^ids 
(ire to each other as the eubes of their homologous dim/en- 
sions. 

Stkopsis of Demokstbation. 

Let A and a be homologous tides of the beset of two simiiar pyra- 
mids, B and b their bates, and JET and h their altitudes. 

Wehaye | = ^ = |-(,); 







PBOPOSITION XII. 

841. Theorem* — The volum^es of sim^ilar cones are to 
each other as the cubes of their altitudes, or as the cubes 
of the radii of their bases. 

Synopsis of Dbmonstration. 
Let B and r be the radii of their batet, and f and h their altitudes. 



Wehaye 



and 



or = i« Q* ^' ^' 







J? 




JttA 


>■ 


jffipxir 


>' 




iP „ 


"— 


r» "^ 
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OF THE REGULAR POLYEDRONS. 

642. A Polyedron is a eolid bonuded by plane surfaces, 
A Regular Convex Polyedron is a poljredron whose faces are all 
eqnitl regalfu* polygons, and each of whose solid angles is convex 
outward, and is eDoloeed by the same uumber of faces. 



PBOF08ITION ZIII. 

643. Theorem. — There are five and only five regular 
convex pciyedrons, vix. : 

The TsTRASDRON, whose faces are four equal equilat- 
eral triangles ; 

The HsxABDBON, or Cube, whose faces are six equtd, 
squares ; 

The OcTABDBON, whose faces are eight equal equilateral 
triangles ; 

The DoDBCAEDBON, whoss faces are twelve equal regular 
peTttagons; and 

The IcosABDBOif, whose faces are twenty equal equHat- 
eral triangles. 

Dehonstbation, 

We demnnstrate this propoBitioti b; showing— lat, that such solids 
can be constructed ; snd 3d, tliat no otbers are possible. 

Th» Regulir TetrMdron. — Taking three eqnUnt- 
eral triuigles, as ASB, ASC, and B8C, it is possible to 
enclow a solid angle, as S, with them, since the sum 
of the three facial angles is (what ?) (665). 

Then, since AC = AB = CB (f), considering ACB 
the fonrth face, we have a r^nlar polTedron whose 
foni faces are et^uiUteml triangles. ^'*' *'^' 



380 
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The Regular H«XMdron or Cub«.— This ie & bmiliar solid, but for 
ptupoees of anifonDit; and completeDew we may conceive it conBiracted 
as fonowB: Takii^ three equal squares, as ASCB, 
CSEO, and ASEF, we can enclose a solid angle, as S, F 
with them (?). 

Now, conceive the piann of CB and CD, AB and I 
AF, EF and ED prodoced. The plane of CB and CD | 
being parallel tu ASEF (?), will interaect the plane of 
EF and EO in HD parallel U) FC (t). In like manner, 
FH can be shown parallel to EO^ BH to CD, and HD to 1 
BC- Hence the solid has for its facea six eqnal sqaarea. ** ^^ 



The Regulir Ootiedron.— At the interaectlDn, p, 
of the diagonals of a square, ABCD, erect a perpendic- 
ular SP to the plane of the Bquare, and making SP = 
AP (half of one of the diagonals) draw SA, SO, SC, 
and SB. 

Making a umilor cnnstractitm on the other aide of 
the plane ABCD, we have a solid having for facea ught 
equal eqnilateral triangles (?). 



The Regular Dodeoaedron. — Taking twelveeqaal regularpentagraii, 
we ma; group them in two eete of six each, ae in the figure. Thus, 
around O we ma; place fire, fhmiiiig five triedrals at the vertices of 0. 
These triedrals are possible, 
rince the sum of the facial 
angles encloung each is 8| 
right angles (?) — >.«., between 
and 4 right angles (650). 

In like manner, the other 
six may be grouped by 
pladng five of them about 

Fig. ISB. 

Now, coDcdvingtbe eon- 
e<%t% of the gtonp in front and the MitMnty of group 0', we may place 
the two together so as to inclose a solid. Thus, placing A at fi, the three 
faces S, T, 1, will inclose a triedral, since the diedrol included by S and 1 
is the diedral of such a triedral. Then will veri»z B fall at e, and a like 
triedi«l will be formed at that point, and so of all the other vertices. 
Hence we have a polyedron having for laces twelve equal regular penta- 
gon*. 



Fig. 2St. 
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Tho Ragular looM«droii.— Taking twent; eqnal eqnilateral triangles, 
they can be grouped in two wts, as in the flgore, in a manner altogether 
similar to the preceding case. 
The solid angles in this case are 
included by five iacial angles 
whose sum is 3| right angles 
(?), which is a possible esse 
(505)- Ab before, conceiving 
the eoTii^ity of group in 
front, and the e/mecnitff or 0', 
we can place them together by 
placing A at a, thus encloong 
a solid angle with five faces, whence B will fall at 6, etc. Thus we obtain 
a solid with twenty equal equilateral triangles for its faces. 

That there can be no other regular polyedrons than these five in evi- 
dent, nnce we can form no other convex solid angles by means of regular 
polygons. Thus, with equilateral triangles (the simplest polygon) we 
have formed solid angles with three faces (the least number possible), as 
in the tetraedron ; with four, as in the octaedran ; and with five, as in the 
icosaedron. Six such facial angles cannot enclose a eoltd angle, rince 
their sum ie four right angles ()), and much less can any greater number. 
Again, with squares (the next most simple polygon) we have formed 
solid angles with three faces, as in the hexaedron, and can form no other, 
for the same reason aa above. With regular pentagons we can enclose 
only a triedral, aa in the dodecaedron, fur a like reason. With regular 
hexagons we cannot enclose a solid angle (?), and much less with any 
rqpilu polygon of more than ux aides. 



^' 7^ 
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644. SoHOLiuit. — Models of the regalar polyedroDB are easily formed 
bycatdng the preceding figures from cardboard, catting balf-way tbrongh 
tbe board in tbe dotted lines, and bringing tbe edges together as the 
forms will readily suggest. 



PEOPOSITION XIV. 

646. Theorem. — Any regular pdyedron is inscriptible 
and oircumscriptiMe by a sphere. 

OuTLims OF Demonstration. 

From tbe centres of any two adjacent faoes^ as e and 
<^, let fall perpendiculars upon the common edge, and 
they will meet it in the same point o (?). The plane of 
these lines will be perpendicular to this edge (?), and 
perpendiculars to these faces from their centres, as eS, 
(/S, will lie in this plane (?), and hence will intersect at 
a point equally distant from these faces (?). 

In like manner c"8 = c'S, and the point S can be ^^' ^^' 
shown to be equally distant from all of the faces, and is therefore the cen- 
tre of the inscribed sphere. 

Joining S with the vertices, we can readily show that S ie also the 
centre of the circumscribed sphere. 




EXERCISES. 

646. 1. What is the area of the lateral surface of a right 
hexagonal pyramid whose base is inscribed in a circle whose 
diameter is 20 feet, the altitude of the pyramid being 8 feet ? 
What is the volume of this pyramid ? 

2. What is the area of the lateral surface of a right pentago- 
nal pyramid whose base is inscribed in a circle whose radius is 
6 yards, the slant height of the pyramid being 10 yards? What 
is the volume of this pyramid ? 
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3. How many qnarts will a can contaiD, whose entire height 
is 10 inches, the body being a cylinder 6 inches in diameter and 
6^ inches high, and the top a cone? How much tin does it take 
to make snch a can, allowing nothing for waate and the seame F 

4. If very Ene dry sand is piled npon a smooth liorizontal 
sarface, without any lateral support, the angle of slope (i. e., the 
angle of inoliuation of the sloping side of the pile with the plane) 
is attout 31°. Suppose two circles be drawn on the floor, one 
4 feet in diameter and the other 3, and sand piles be made as 
large as possible on these circles as bases, no other support being 
given. What is the relative magnitude of the piles ? 

5. In the case of sand piles, as given in the last example, the 
ratio of the radius of the base to the attitude of the pile is |. 
How many cubic feet in each of the above piles ? 

6. The frustum of a right pyramid was 73 feet square at the 
lower base and 48 at the upper ; and ita altitude was 60 feet 
What was the lateral snrfece ? What the volume ? [Such a 
solid is called a Prtsmotd.] 

7. Find the area of the surface, and the cont«ntts of a regular 
tetraedron, one of whose edges is 10 inches. What is the diam- 
eter of the iuscribed sphere ? Of the circumscribed ? 

647. A Wedge is a sohd 
bounded by three quadrilaterals 
and two triangles. 

Thus, ABCD is a reetaagU, and is 
called the Head of the nedge, the two 
triuig^es AEO and FBC are the Snd», 
and the two trapezoids ABFE and 
DCFE are the Sidft. The AUUude is 
the perpendicular to the head fruni the Fia. t90. 

e<lge opposite. 

8. The base of a wedge being 18 feet by 9 feet, the edge 20 
feet, and the attitude 6 feet, what are the contents ? 

Ans. 504 cu. ft. 
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OF THE SPHERE.* 

648. A Sphere is a solid bounded by a snrfiBce eyery point 
in which- is equally distant from a point within called the Centre. 

The distance- from the centre to the surface is the Radius, 
and a line passing through the centre and limited by the surface 
is a Diameter. The diameter is equal to twice the radins. 



CIRCLES OF THE SPHERE. 



>. 



PEOPOSITION I. 

649. Theorera.'— Every section of a sphere made by a 
plane is a circle. 

Demokstratiok. 

Let AFEBD be a section of a tphere, 
whose centre it 0, made by a p'ane; then 
is the teotion AFEBD a circle. 

For, let fall IVom the centre a per- 
pendicular upon the plane AFEBD, as OC, 
and draw CA, CD, CE, CB, etc., lines of the 
plane, from the foot of the perpendicular 
to any points in which the plane cuts the 




Fig. 201. 



* A spherical blackboard isalmoet indispensable in teaching this section 
as well as in teaching Spherical Trigonometry. A sphere about two feet in 
diameter, mounted on a pedestal, and having its surface slated or painted as 
a blackboard, is what is needed. It can be obtained ol the manufacturers 
of school apparatus, or made in any good turning-shop. 



I 

} 



OF TSB 8PBERS. 285 

surface of the sphere. Join these points with the centre, 0, of the 
sphere. 

Now OA, OD, OB, OE, etc., being radii, are equal; whence, CA, CD, 
CB, CE, etc., are equal ; i. e,, every point in .the line of intersection of a 
plane and surface of a sphere is equally distant Irom a point in this 
plane. Hence, the intersection is a circle, q. b. d. 

660. A circle made by a plane not passing through the centre 
is a Small Circle ; one made by a plane passing through the 
centre is a Great Circle. 

661. CoROLLART 1. — J. perpendicular from the centre 
of a sphere upon any small circle pierces the circle at its 
centre ; and, conversely, a perpendicular to 'a sm^all circle 
at its centre passes through the centre of the sphere. 

662. A diameter perpendicular to any circle of a sphere is 
called the Axis of that circle. The extremities of the axis ai-e 
the Poles of the circle. 

663. Corollary 2. — The pole of a circle is equally dis- 
tant from every point in its circumference. 

The student should give the reason. 

664. Corollary 3. — Every circle of a sphere has two 
poles, which, in case of a great circle, are equalVy distant 
from every point in the circumference of the circle ; hut, 
in case of a small circle, one pole is nearer any point in 
the circumference than the other pole is, 

656. Corollary 4.— 14 small circle is less as its dis- 
tance from the centre of the sphere is greater ; hence the 
circle whose plane passes through the centre is the greatest 
circle of the sphere. 

For, its diameter, being a chord of a great circle, is less as it is far- 
ther from the centre of the great circle, which is also the centre of the 
sphere. 

868. Corollary 6. — All great circles of the same sphere 
are equal (r). 
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PROPOSITION II. 

657. Theorem. — Any great circle diui^des the spliere 
into two equal parts. * 

Demokstratiok. 

Conceive a sphere as divided by a great circle, i. «., by a plane pass- 
ing through its centre, and let the great circle be conndered as the base 
of each portion. These bases being equal, reverse one of the portions and 
conceive its base placed' in the base of the other, the convex surfaces 
being on the same side of the common base. Since the bases are equal 
circles, they will coincide, and since all points in the convex surfiice of 
each portion are equally distant from the centre of the common base, the 
convex surfaces will coincide. Therefore, the portions coincide throogh- 
out, and are consequently equal. <^ s. d. 

657, a.— A Hemisphere is one of the two eqnal parts into 
which a great circle divides a sphere. 



PROPOSITION III. 

868. Theorem. — The interseetwn of any two grea4> cir- 
des of a sphere is a diameter of that sphere. 

Demokstration. 

The intersection of two planes is a straight line ; and in the case of 
the two great circles, as they both pass through the centre of the sphere, 
this is one point of their intersection. Hence, the intersection of two 
great circles of a sphere is a straight line which passes through the cen- 
tre. <^ B. D. 

659. CoBOLLAKT. — The intersections on the surface of a 
sphere of two circumferences of great circles are a semi- 
circumference, or 180®, apart, since they are at opposite 
extremities of a diam^eter. 
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distances on the surface of a 
sphere: 

660. Distances on the surface of a sphere are always to be 
understood as meaaured od the arc of a great circle, aalesB it is 
otherwise stated. 



PEOPOSITION IV. 

661. Theorem. — The distance, measured on the sur- 
face of a sphere, from the pole of a circle to any point in 
the circumference of that circle, is the same. 

Deuonstration. 

Let P ba a pole of the tmill circle AEB. 

Then are the arcs PA, PE, PB, etc., 
which meoBtire the diatances oa the aurriice 
of the sphere, fmm P Ut an; points in the 
circamference of circle AEB, equal. 

For, b; (6{i3), the straight lines AP, PE, 
PB, etc., are equal, and these equal chorda 
Babtend equal arcs, as arc PA, arc PE, arc 
PB, etc., the great circles of which these 
Uoes are chords and arcs being equal (666). 

Thus, for like reaaonB, ''*• *"" 

arc P'QA = are P'LE = arc P'RB, etc q. k. d. 

662. Corollary. — ^Hie distance from the pole of a great 
circle to any point in the circamference of the circle is a 
quadrant (a quarter of a oircnmfereDce). 

Since the polea are 180° apart (bdng the extremities of a diameter), 
PAQP' = PELP' = a semi-ciicumference. But, in case of a great cirele, 
chord PL = chord P'L (= chord PQ = chord P'Q), whence are PEL = 
are P'L = are FAQ = are P'Q. Hence, each of these ares is a quadrant. 



im 
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663. dcHOLiUH. — By means of tbe facts 
demoDstrated in this proposition and corollary, 
we are enabled to draw arcs of small and great 
circles, in the sorfitce of a sphere, with nearly the 
same facility that we draw arcs and lines in a 
plane. Thus, to draw the small circle AEB (Fig. 
293), we take an arc equal to PE, and placing one 
end of it at P, cause a pencil held at the other 
end to trace the arc AEB, etc. To describe the 
circumference of a great circle, a quadrant must 
be used for the arc. By bending a wire into an arc of the circle, and 
making a loop in each end, a wooden pin can be put through one loop 
and a crayon through the other, and an arc drawn as represented in 
Fig. 298. 




Fig. 203. 



PBOPOSITION V. 

664. Problem* — To pass a circumference of a great 
circle through any tioo points on the surface of a sphere. 

Solution. 

Let A and B be two points on the surface of a sphere, through which 
it is proposed to pass a oiroumferenoe of a great circle. 

From B as a pole, with an arc equal to a quad- 
rant, strike an arc tm, as nearly where the pole of 
the circle passing through A and B lies, as may be 
determined by inspection. Then, from A, with 
the same arc, strike an arc «^ intersecting <m at P. 
Now, P is the pole of the great circle passing 
through A and B (?). Hence, from P as a pole, with 
a quadrant arc drawing a circle, it will pass 
through A and B; and it will be a great circle, 
since its pole is a quadrant's distance from its circumference. 

[The student should make this construction on the spherical black- 
board.] 




Fig. 294. 
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PROPOSITION VI. 

665. Theorem. — Through any two points on the su-r- 
fat^ of a sphere, one great circle* can always be made to 
pass, and only one, except when the two points are at the 
extremities of the same diam^eter, in which case an infi- 
nite number of great circles can be passed through the two 
points. 

DEMOySTKATION. 

This propointion ma; be conudered & corollar; 
to the preceding. Thna, In general, the two great 
circles struck frum A and B ae poles, with a qnad- 
rant ore, can intereect in only two points {!), which 
an the poles of tlic same great circle (?). 

Bnt,if the two given points wereat the eztrem- 
ities of the same diameter, as at D and C, the aica 
gl and on noald coincide, and any point in this '' 

dream rerence being taken as a pole, great ciicles can be drawn through 
D and C. 

[The student should trace the work on the spherical blackboard.] 

666; ScHOLiuK. — The tmth of the propontinn is also evident from 
the fkct that three points not in the same strught line determine the 
position of a plane. Thus, A, B, and the centre of the sphere, fli the 
position of one, and iml; one, great circle pasmng through A and B. 
Moreover, if the two given points are at the extremities of the same diam- 
eter, they are in the same straigbt line with the centre of the sphere, 
whence an infinite number of planes can be passed through them and the 
centre. The meridians on the earth's surface aflbrd an example, the poles 
(of the equator) being the given points. 

667, CoBOLLABY. — If two points in the circumference of 
a great circle of a sphere, not at the extremities of the 
same diarneter, are at a quadrantfs distance from, a point 
on the surface, this point is ihe pde of the circle. 

* The w<n4 drcle may be understood to refer dilier to the drele proper, 
or to Its drcamferenon. The word is In constant use In the higher mathe- 
mutics In tiie latter sense. 
13 
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PROPOSITION VII. 

668. Theorem. — The shortest distance on the surface 
of a sphere, between any two points in that swrfoAse, is 
measured on the arc less tfian a semi-circumference of the 
great circle which Joins them,. 

Demonstration. 

Let A and B be two points in the surface of a sphere, AB the arc of a 
great circle joining them, and AmCnB any other path in the surface be- 
tween A and B. 

Then is arc AB less than AmCnB. 

Let C be any point in AmCnB, and pass the 
arcs of great circles through A and C, and B and 
C. Join A, B, and C with the centre of the sphere. 
The angles AOB, AOC, and COB form the facial 
angles of a triedral, of which angles the arcs AB, 
AC, and CB are the measures. 

Now, angle AOB < AOC + COB (540) ; Fig. 296. 

whence arc AB < arc AC + arc CB (?), 

and the path from A to B is less on arc AB than on arcs AC, CB. 

In like manner, joining any point in AmC with A and C by arcs of 
great circles, their sum will be greater than AC. So, also, joining any 
point in CnB with C and B, the sum of the arcs will be greater than CB. 

As this process is indefinitely repeated, the path from A to B on the 
arcs of the. great circles will continually increase, and also continually 
approximate the path AmCnB. Hence, arc AB is less than the path 
AmCnB. q. b. d. 

669. Corollary. — The leajst arc of a circle of a sphere 
joining any two points in the surface, is the arc less than 
a semfV-circum,ference of the great circle passing through 
the points; and the greatest a/ro is the circumference 
minus this least arc. 
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ThnB. let AmBn be any amall circle passing 
tbmngb A aai) B, andABDoC the great circle; 
then, as joat shown, ^pB < AmB. 

Non, circf. ABDoC > cirul'. AmBn (665)- 
Subtracting the former inequality horn the 
latter, ve have' BOoCA > BnA. 4. B. D. 

670. Two ai-c8 of greut circles are stud 
to be perpendicular to each other when 
their circlee are. 



PROPOSITION VIII. 

671. Theorem. — If at the middle point of an arc of a 
great circle a perpendicular is drawn on the surface of a 
sphere, the distances being measured on great circles, 

1st. Any point in this perpendicular is equally distant 
from the extremities of the are. 

2d. Any point out of the perpendicular is unequally 
distant from the extremities of the arc. 

DBMON8TBATIOX. 

Let AK be any era of ■ great circle, D ita middle point, and PD a 
perpendicular. 

Then is PB = PA, the arcs being all arcs of 
great circlea 

From 0, the centre of the sphere, draw OP, 
OD, OB, and OA. The rectangular triedrals 
Q.PDB and 0-PDA Are sjm metrical Ij equal (?) ; 
whence PB = PA, q. b. d. i 

Again, let P' be a point out of PD. Pass 
arcsorgreatcirclesthrougliP'Bnd A.and P'and . _. — 

B, as P'A, P'B. From P, where one of these 
cuta PD, draw the arc of a great circle PB. Then is 

P'B < PT + PB (688), 
whence, P'B < P'P + PA (I), and P'B < P'A (?)■ q. e. tt 
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672. CoROLLART 1. — The perpendicular at the middle 
point of an arc contains all the points in the surface of 
the sphere which are equally distant from the extremities 
of the arc. 

9 

678. CoROLLART 2. — An arc which has each of two points, 
not at the extremity of the same diameter, equally distant 
from, the extrem^ities of another arc of a great circle, is 
perpendicular to the laMer at its middle point. 

This is apparent, since by Corollary 1 such points are in the perpen- 
dicular, and two such points with the centre determine a great circle. 



PROPOSITION IX. 

674. Theorem, — The shortest path on the swrfoA^e of a 
hemisphere, from any point therein to the circumference 
of the great circle forming its base, is the arc not greater 
than a quadrant of a great circle perpendicular to the 
base, and the longest path, on any arc of a gread; circle, is 
the supplem,ent of this shortest path. 

Demonstration. 

Let P be a point in the surface of the hemisphere whose base is 
ADCBC, and DPmD' an arc of a great circle passing through P and per- 
pendicular to ADCBC'. 

Then is PD the shortest path on the sur- 
face from P to circumference ADCBC, and 
PmD' is the longest path from P to the cir- 
cumference, measured on the arc of a great 
circle. 

For, the shortest patli fh>m P to any point 

in circumference ADBC is measured on the 

arc of a great circle (?). Now, let PC be any 

oblique arc of a great circle. We will show 

that Fi9.2M. 

arc PD < arc PC. 
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[produce PD until DP' = PD; and pasa a great circle through P' 
and C. 

Then ib the arc PC = arc P'C. 

And, wnce PC + P'C > PP', 

PC, the half of PC + P'C, ia greater than PD, thehalf of PP'. 4. s. d. 

Secondly, PmO' is the snpplement of PD, and we are to show that it 
is greater than an; other arc of a great circle from P to ihe circumference 
ADBC. Let PnC be any arc of a great circle oblique to ADCBC. Pro- 
dace C'nP to C. Now CPnC ib a semi-circumference and consequently 
equal Xo DPmD'. Bat we have before sbown that 

PD < PC, 
and subtracting these bom the equals CPnC' and DpmD', we have 
PmD' > PnC, n. b. d. 

87fi. Corollary. — From any point in the surface of a 
hemisphere there are two perpendicvlars to the circumfer- 
ence of the great circle which forms the base of the hemi- 
sphere; one of which perpendiculars measures the least 
distance to that circumference, and the other the greatest, 
on the arc of any great circle of the sphere. 



SPHERICAL ANGLES. 

676. The angle formed by two arcs 
of circles of a sphere is conceived as 
the saiiie ae the angle iucluded by the 
tangents to the arcs at the common i 
poinite. 

Illcstbation. — Let AB and AC be two 
arcs of circles of the sphere, meeting at A ; 
then the angle BAG is conceiTed as the same 

aa the angle B'AC, B'A being tangent to the 

circle bad™, and C'A to the circle CAEn. ^'•' 
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677. A Spherical Angle is the angle included by two 
ores otgrml ctrchs. 

ILLU8TRATIOH.— BAC u a spherical an- 
gle, and ie conceived as the same m the 
angle B'AC, B'A and C'A being tangents to 
the ffrtat elrdet BADF and CAEF. [The sta- 
dent shonid not contbnnd such an angle as 
BAC Fig. 800) with a ipherieal aitgh.] 

Fig. 301. 



PROPOSITION X. 

678. Theorem. — >4 spherical angle is equal to the 
measure of the diedral included by the great circles whose 
arcs form, the sides of the angle. 



Demonstration. 

Let BAC be any ipherloal angle, and BADF and CAEF the great c)r- 
olet whose arcs BA and CA include the angle. 

Then is BAC equal to the measnreof the 
diedral C-AF-B. 

For, ance two great circles intersect in a 
diameter (?), AF is a diameter. 

Now B'A is a tangent to the circle BADF, 
that is, it lies in the same plane and is per- 
Dendicular to AO nt A. 

r, C'A lies in the plane 

licalar tn AO. Hence p; 3oj_ 

fthe diedral C-AF-B (?). 

erical an|;le SAC, which is the same as the plane 
a the measure of the diedral C-AF-B. 4-^i>. 
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PROPOSITION XI. 



879. Theorem. —i/" one of two great circles passes 
through the pole of the other, their circitmferences inter- 
sect at right angles. 

Dehonsibation. 

I 
Thus, P being the pole of tbe great circle 
CABm, PO is its oxib, and any plane paaaiDg 
tbrougb PO is perpendicalar to tbe plane 
CABm (I). 

Bence, tbe diedral B-AO-P is ngbt, and 
tbe spherical angle PAB, which is equal to the 
meKsnre of tbe diedral, is also right. Q. s. D. 

Fig. 303. 

680. CoBOLLART 1. — ^ Spherical angle is measured by 
the arc of a great circle intercepted between its sides, and 
at a quadrani^s distance from its vertex. 

Thus, tbe spherical angle CPA is measured b; CA, PC end PA I>eing 
qnadrants. For, since PC is a quadisnt, CO is a perpendicular to PO, 
tbe edge of the diedral C-PO^, and for tbe like reason AG is perpendic- 
ular to PO. Hence, COA is the measure of the diedral, and conseqnently 
CA, its meamre, is the tarasure of the spherical angle CPA. 4. n. d. 

681. CoROLLART S. — The angle included by tivo ares of 
smMll circles is the same as the angle included by two arcs 
of great circles passing through the vertex and having the 
same tangents. 

Thns, BAC = B"AC". 

For tbe angle BAC is, b; definitinn, the 
same as B'AC, B'A and CA being tangents 
to BA and CA. Now, passing planes 
through C'A, B'A. and tbe centre of the 
sphere, we have tbe arcs B"A, C"A, and B'A, 
C'A tsngents to them. Hence, B"AC" is 
the same as B'AC, and conaequentl; the 
same as BAC. <}. e. d. 
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682. Scholium. — To draw an arc of a great circle which 
shall be perpendicular to another; or, what is the same 
thing, to construct a right spherical angle. 

Let it be required to erect an arc of a great circle perpendicular to 
CAB at A. Lay off from A, on the arc CAB, 
a quadrant's distance, as AP', and from P' as 
a pole, with a quadrant describe an arc pass- 
ing through A. This will be the perpendic- 
ular required. 

In a similar'manner we may let fall a per- 
pendicular from any point in the surface, 
upon any arc of a great circle. To let fall a 
perpendicular from P" upon the arc CAB, 
from P" as a pole, with a quadrant describe 
an arc cutting CAB, as at P'. Then, from P' 

as a pole, with a quadrant describe an arc passing through P" and cutting 
CAB, and it will be perpendicular to CAB. 




Fifl. 305 



PROPOSITION XII. 

683. Problem, — To pass the circumference of a swaxU 
circle through any three points on the surface of a sphere. 

Solution. 

Let A, B, and C be the three points in the surface of the sphere 
through which we propose to pass the oircumferenoe of a circle. 

Pass arcs of great circles through the points, 
thus forming the spherical triangle ABC (664)- 

Bisect two of these arcs, as BC and AC, by 
arcs of great circles perpendicular to each (87S» 
682)* The intersection of these perpendiculars, 
0, will be the pole of the small circle required (?). 

Then from 0, as a pole, with an arc oB draw 
the circumference of a small circle: it will pass 
through A, B, and C (?), and hence is the circum- 
ference required. 

QuEKT. —If the three given points chance to be in the drcumference 
of a great circle, how will it appear in the construction ? 




Fig. 306. 
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OF TANGENT PLANE& 

684. A Tangent Plane to a cnrred snr&ce at a given 
point 18 the plaoe of two lines respectively tangent to two plane 
BectioDB tbrongh the point. 

Ili,qbtratiok.— Let P be an^ 
point in the curved surface. Pawtuty 
two planeB through the sniface and 
the point P, and let 0P1) and MPN 
represent the intetBeclionB of these 
planes witb_ the curved eurfice. 

Draw UV and ST in the plane* of ^''' ""' 

the eectioDB, and tangent respectively to OPQ and MPN at P. Then u 
the plane of UV and ST the tangent plane at P. 



PEOPOSITION XIII. 

6SS. Theorem> — •^ tangent plane to a sphere is per- 
pendicular to the radios at the point of tangeney. 



Dbhonsibation. 

Let P b6 any point In the surface nf a sphere ; pais two great oirdM, 
at PaA, etc., and PmAR, through P, and draw ST tangent to the aro 
mP, and UV tangent to the aro aP. 

Then is the plane SVTU a tangent 
plane at P, and perpendicular to the ra- 
dine OP. 

For, a tangent {as ST) to the arc mp 
is perpendicular to the radins of the cir- 
cle, t.«., to OP, and also a tangent (asVU) 
to the arc aP is perpendicular to the ra- 
dins of ihi* circle, t. «., to OP. 

Hence, OP is perpendicnlar to two 
lines of the plane SVTU, and oonseqneDt- 
1; to the plane of these lines (!), q. e. d. 
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686. GoBOLLABY 1. — Every point in a tangent plane to 
a sphere, except the point of tangency, is withowt the 
sphere. 

For, OP, the perpendicular, is shorter than any line which can he 
drawn from to any other point in the plane (?) ; hence any other point 
in the plane than P lies farther from the centre of the sphere than the 
length of the radius, and is, therefore, without the sphere. 

687. CoBOLLABY 2. — A tangent through P to ant circle 
of the sphere passing through this point lies in the tan- 
gent plane. 

Thus, MN, tangent to the small circle PnR5 through P, lies in the tan- 
gent plane. 

For, conceive the plane of the small circle extended till it intersects 
the tangent plane. This intersection is tangent to the small circle, since 
it touches at one point, but cannot cut it ; otherwise the tangent plane 
would have another point than P common with the surface of the sphere. 

But there can be only one tangent to a circle at a ^ven point. Hence 
this intersection is MN, which is consequently in the tangent plane. 



.\ OF SPHERICAL TRIANGLES. 

688. A Spherical Triangle is a portion of the surface of 
a sphere bounded by three arcs of great circles. In the present 
treatise these arcs wiU be considered as each less than a semi- 
circumference; and the triangle considered will be the one which 
is less than a hemisphere. 

The terms scalene, isosceles, equilateral, right-angled, and 
oblique-angled, are applied to spherical triangles in the same 
manner as to plane triangles. 



OF THB 8PBBRE. 



PROPOSITION XIV. 

689. Theorem. — The sum of any two aides of a 
spherical triangle is greater than the third side, and 
their difference is leas than the third side. 



Demonstbation. 
Ut ABC be any >ph«rical triangle. 
Then ia BC < BA -K AC, 

and BC- AC < BA; 

ani^ the Bame b true of the ddea ia an; order. 

For, join the vertices A, B, and C with the cen- 
tre of the sphere, by drawing AO, BO, and CO. . 

There is thus formed a trietlral 0-ABC, whose '''»■ "•■ 

fiicial angles are measared bj the radea of the triangle (188)- Now, 
an^le BOG is less thui BOA + AOC (?), whence BC is less than BA + AC ; 
and Bobetractiog AC from each member, we hare BC— AO less than BA. 



PB0P08ITI0N XV. 

690. Th ftnrftwn .— The sum of the sides of a spherical 
triangle may be anything between and a cireumfer- 
enoe. 

Dkuoxstration. 
The ddes of a spherical triangle are meaanres of the facial angles of a 
triedro) whose vertex la at the centre of the sphere. Hence tbeir sum 
may be anything between and the measnre of 4 right angles, as these 
are the limits of the sum of the focial aisles of a triedral (!). q. e. d. 

691. Scholium. — As the sides of a spherical triangle are arcs, thej 
can be measured in degrees. Hence, we speak of the aide of a spherical 
triangle as 80°, S7°, 11S°, W, etc. In accordance with this, we say that 
the limit of the sum of the iddes of a spherical triangle is 360°. 
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PROPOSITION XVI. 

692. Theorem* — The sum of the angles of a spheri- 
cal triangle may be anything between two and six right 
angles, 

DEMOKSTBATIOlir. 

The sum of the angles of a spherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its vertex at the centre 
of the sphere, as in (?). Now the limits of the sum of the measures of 
these diedrals are d and 6 right angles (?). Hence the sum of the angles 
of any spherical triangle may be anything between 2 and 6 right angles. 

698. CoROIiLABT, — A spherical triangle may have one, 
two, or even three right angles; and, in fact, it may 
have one, two, or three obtuse angles; since, in the 
latter case, the sum/ of the angles will not necessarily be 
greater than 640°. 

691 A Trirectangrular Spherical Triangle is a 

spherical triangle which has three right angles. 

695. ScHOLnnc.— It will be observed that the sum of the angles of a 
spherical triangle is not constant, as is the sum of the angles of a plane 
triangle. Thus, the sum of the angles of a spherical triangle may be 
300% 290**, 850% 500% anything between 180° and 540^ 

696. Spherical Excess is the amount by which the sum 
of the angles of a spherical triangle exceeds the sum of the 
angles of a plane triangle ; t. e.y it is the sum of the spherical 
angles — ISC'*, or tt. 



Exercise. — Prove that if from any point within a spherical 
triangle arcs of great circles be drawn to the extremities of any 
side, the sam of these two arcs is less than the sum of the other 
two sides of the triangle. 



OF THB SPBEBE. 



PROPOSITION XVII. 

697. Theorem. — The trireotan^ular triangle ia one- 
eighth of the surface of the sphere. 

Dbmonstbation. 

FsBB tbree plonee throngh the centre of a spben, respectively perpen- 
dicular to each other. The; will divide the muface ioto eight tri- 
rectangnlar triangles, an; one of which ma; be applied to anjr other. 

ThoB, let ABA'B', ACA'C, ud CBCB' be 
the great circles formed by the three planes, 
mutnall; perpendicular to each other. The 
planes being perpendicular to each other, the 
diedrals, as A^O-B, C-BO-A, C-AO-B, etc., are 
right, and hence the angles of the eight tri- 
angles fbnned are all right. 

Also, as AOB is a right angle, AB is a qoad- 
rant; as BOCiearight angle, CB isa quadrant, 
etc Hence, each side of eyery triangle is a ^^ 

quadrant. 

Whenceanyonetrianglemaybeapplied to any other. [Let the stu- 
dent make the application.] 

Hence the trirectangular tiiangle is one^hth of the surface of the 
q>here. 4- b- i>- 

698. OoROLLAET. — The trirectangular triangle is 
equilateral and its sides are quadrants. 



ExEBCiSB 1. What is the {jiherical excess in a spherical tri- 
angle whose angles are 117°, 84°, and 96", expressed in degrees ? 
Expressed in right angles? Expressed in tt ? 

Ans. 117°, lA- and ^Jt. 

2. Can there be a spherical triangle whose sides are 78°, 113°, 
and 31° ? Can there be one whose sides are 153°, 136°, 148° ? 

3. Can there be a apherical triangle whose sides are 53", 
186°, and 140°? 
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PROPOSITION XVIII. 

699. Theorem. — In an isosceles spherical triangle^ 
the angles opposite the equal. sides are equal; and, con- 
versely, If two angles of a spherical triangle are equal, 
the triangle is isosceles, 

Demokstratiok. 
Let ABC be an isosoeles spherical triangle, in which AB = AC. 
Then angle ABC = ACB. 

For, draw the radii AC, CO, and BO, form- 
ing the edges of the triednd 0-ABC. 

Now, since AB = AC, the facial angles AOB 
and AOC are equal, and the trie<lral is isosceles. 
Hence the diedrals A-OB-C and A-OC-B are equal 
(550)) and consequently the spherical angles 
ABC and ACB are equal (678)* Q* b. i>* 

Again, if angle ABC = angle ACB, side AC Fia. 3it 

= side AB. For in the triedral 0-ABC, the 

diedrals A-OB-C and A-OC-B are equal, whence the facial angles AOB 
and AOC are equal (550)i and consequently the sides AB and AC, which 
measure these angles. <^ b. d. 

700. Corollary.— ./iW' equilateral spherical triangle 
is also equiangular; and, conversely, An equiangular 
spherical triangle is equilateraL 




Queries. — 1. What is the greatest angle whicli an equilateral 
spherical triangle can have ? 

2. What is the greatest side which an equilateral spherical 
triangle can have ? 
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PROPOSITION XIZ. 

701. Theorem. — On the same sphere, or on equal 
spheres, two isosceles triangles having two sides and 
the included angle of the one equal to two sides and 
the included angle of the other, each to each, can be 
superimposed, and are consequently equal. 

Demonstration. 

In the triangle! ABC and AB'C, let AB = AC, AB' = AC ; ■nd let 
AB = AB', BC = B'C, and angle ABC = AB'C. 
Theo con the triangle AB'C be superimposed 
npnn ABC. 

For, aioce the triwigleB are isosceles, we have 
angle ABC = ACB, 

AB'C = ACB' (699), 
and, 08 by hypothesis 

ABC = AB'C, Fig. m. 

tiiese four angles are equal, each to each. 

For a like reason, AB = AC = AB' = AC. 

Now, applying AC to its eqtial AB, the extremity A at A, and C at 
B, with the angle B' on the same dde of AB as C, the convexities of the 
arcs AC and AB l>eing the same, and in the same direction, the arcs will 
coincide. Then, aa 

angle ACB' = ABC, 

CB' will take the direction BC, aad wnce these arcs are equal by hypoth- 
esis, B' will fall at C. Hence B'A will fall id CA, as only one arc of a 
great circle can pass between C and A, and the triangle AB'C is anper-' 
imposed upon ABC; wherefore they are equal, q. b. d. 



702. Symmetrical Spherical Triangles are Buch as 
hsTe the parts of one reapectiTely equal to the parts of the other, 
bat arraDged in a different order ; hence snch triangles are not 
capable of auperpoaition. 



SLBMKSTAST BEOMBTST. 



Fig. 313. Fig. 314. Rg. 31S. 

Illmtration.— Id Fig. 318, ABC aod A'B'C' represent Bjmmetricsl 
■pherical triangles. In tbeae triangles, 

A = A', B = B', C = C. 

AC = AC, AB = A'B', and BC = B'C; 

iKvert,beIeflB we cannot conceive one triangle snperimposed npon the 
other. Ttana, were we to make the attempt by placing A'B' in its eqnal 
AB, A' at A, and B' at B, the angle C wonld fall on the opposite fade, of 
AB S*om C- Now, we cannot revolve A'C'B' on AB (or its chord), and 
tbas make the two coincide, for thia would bring tb^ conyexities to- 
gether. Nor can we make them coincide b; reveraing A'B'C, andplwnng 
B' at A, and A' at B. For, althoagh tbeae two area will thaa coincide, ae 
the angle B' is not equal to A, B'C will not &U in AC ; and, again, if it 
did, C wonld not fall at C, since B'C and AC are not equal. 

But, conudering the triangles ABC ^d A'B'C in Fig. 814, in which 

A = A'. B = B', C = C, 

AC = AC', AB = AB', and BC = B'C, 

we can readily conceive the latt«r as anperimposed npon tlte former. 
[The student should make the application.] Now, the two triangles are 
equivalent in each case, as will subsequentl; appear; and the fonner are 
equal. Such triangles as those in Fig. S18 are called lytnmetrieaBif equal, 
while the latter are wud to be equal by superpontion. 

Pig- 815 represents the same triangles as Fig. 814, and ezhibita a com- 
plete projection* of the aemi-circnrnferencee of which the wdea of the 



* To nnderstand what is meant by the pn^ection of these lines, w 
a hemiaphere with Its base on the paper, and represented by the drdo afc, 
and all the arcs raised np from the paper as they would be on the snrboe ai 
such a hemisphere. Thug, oouMdering the arc oABb (Rg; 815), the ends a 
and 5 would be in the paper just where they are. bat the test of the aic 
would be off the paper, as though you could take hold of B and ndse it frwn 
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triuigles Aie &rcB. The atndent should bdct^e perfect); familiar with 
it, and be able t« draw it readilj. . Thus, oABfr is the projection of the 
semi-ciicamftTeiice of wbich AB Is an uc, oACe of the semi-citcumfer- 
ence of which AC is an arc, etc., etc. 



PBOPOSITION ZZ. 

703. Theorem. — Two symmetrieal spherieal tri- 
angles are equivalent, i. e., equal in area. 

Deuohsibation. 
Let ABC and A'B'C be two aymmetrfoal ipherioal trianglM, with AB 
^ A'B', AC = A'C, BC = B'C, A = A', B = B', and C = C. 

Then are they equivalent. 

Pass circumfereDces of small circles 
thioDgh the vertices A, B, C. and A', B', C, 
as ode and al'ifyof wbich o and o' are the 
respective poles. 

Now, bj reason of the matoal equality 
of the aides, 

the chord AC = chord A'C, 
chord AB = cbord A'B', 
and cbord BC = chord B'C, Fig. 3ie. 

and as the small circles are circ&mscribed abont the equal plane triangles 
ABC and A'B'C, these circles are equal. Hence, 

oA = o'k' =oB = o'B' = oC = o'C, 
and the triangles AfB and A'o'B', B»C and B'c/C, AoC and A'i>*C' are 
isosceles. 

Now call O the centre of the ^bere, and draw the radii OA, OB, OC, 
Oo, OA', OB', DC, and On'. 

the paper while a and b remain Sxed. The lines in the Sgnre are represen- 
tations of lines on the surface of sneh a hemisphere, as they would appear 
to an eye idtuated in the aiia of the circlp abe, and at an infinite distance 
from It : that is, JQBt as if each point in the lines dropped perpendUvlarlg 
down upon the paper. Arcs of great urcles perpendicular to the base are 
projected in stntif^ht lines paaong through the centre, and oblique arcs are 
projected in ellipees. See Spherical Trigorunnetry (97-109)- 
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CaBrideriug the triedraU O-AoB and 
0-A'oV, their fitcial angles are equal, being 
meaaured h; equal arcsi hence the diedral 
k-oQ'B = AVO'-B' (?), and the Bpherica) 
angle A0B ^ A'o'B' (?). Therefore, the 
isosceles triangle AoB = A'd'B' (701)- 

III like manner, we may prove the tri- 
angles oBC and o'B'C equal, as also AcC 
mA ho'C. 

Hence, ABC is equivalent to A'B'C, as ^**- "•■ 

the two are composed of parta respectively equal, q. b. d. 

If the pules of the Bmall circles fell withont the given triangles, ABC 
would be equivalent to the sum of two of the partial triangles minus the 
third. What if the pole fell in a ridel 



PROPOSITION XXI. 

704. Theorem. — On the same sphere, or on etfual 
spheres, two spherical trian-gles having two sides and the 
included angle of the one equal to two sid-es and the in- 
cluded angle of the other, each to each, are equal, or sym- 
metrical and equivalent, 

Dehonbtratiom. 
Let ABC and A'B'C be two ipherjoal triingles, having B = B', 
BA = 8'A', and BC = 8'C'. 

Then are the; either 
equal, or symmetrical and 
equivalent. 

For, passing planes 
through the sides of each 
triutgle and the centre of 
the sphere, two absnintel; 
or symmetrically equal tri- 

edralB will be formed (?). Fig. 317. Fig. 3i8. 

Whence the facial angles AOC and A'OC are equal, and conaequently 
AC = A'C (}). Also, the diedrals C-OA-B and C'OA'-S'are equal, and 
B-OC-A = B'-OC-A' (?). Whence A = A' and C = C (i). 

Hence the parts of ABC are respectively equal to the parts of A'B'C, 
and the triangles are equal, or symmetrical and equivalent, according aa 
the equal parts are arranged in the same or in a different order. <{. e. d. 
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PROPOSITION XXII. 

706. Theorem.— Ore the same sphere, or on equal 
spheres, two spherical triangles having two angles and the 
included side of the one equal to two angles and the in- 
cluded side of the other, each to each, are equal, or sym- 
metrical and equivalent. 

This is a direct coDseqttence of a proposition unucerning triedrale. 
Let tbe studeDt give the ilednction. 



PROPOSITION XXIII. 

706. Theorem. — On the sam.e sphere, or on equal 
spheres, if two spherical triangles have two sides of tlie one 
equal to two sides of the other, each to each, and the in- 
cluded angles unequal, the third sides are unequal, and 
the greater third side belongs to the triangle having the 
greater included angle. 

Conversely, If the two sides are equal, each to each, and 
the third sides unequal, the angles included by the equal 
sides are unequal, and the greater belongs to the triangle 
having the greater third side. 

Demonstration. 

In the triangle* ABC and A'B'C. let AB = A'B', AC = A'C, and 
A>A'. 

Then is BC > B'C. 

For, join the Terticea with the centre, fonn- 
JDg the two triedrals 0-ABC tmd O-A'B'C. 

In these triedrals, AOB =^ A'OB', AOC = 
A'OC', being measured by equal arcs; and 
C-AO-B > C'-A'O-B', having the same mcnanre 
as A and A' (678). Hence COB > COB' (?). 

Tlierefore CB, the measure of COB, > C'B', 
the ineosure of COB'. F'B- 1'*- 

In like manner, the same sides of the triangle?, and consequently tbe 
same facial angles of the trie<lrels, being granted equal, and BC > B'C, 
A > A'. For, BC being greater than B'C, COB > COB'; whence 
B-AO-C > B'-A'O-C' (t), or A is greater than A'. 
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PROPOSITION XXIV. 

707. Theorem. — On the same sphere, or on equal 
spheres, two spherical triangles having the sides of the one 
respectively equal to the sides of the other, or the angles of 
the one respectively equal to the angles of the other, are 
equal, or symmetrical and equivalent. 

Demonstbation. 

The sides of the triangles being equal, the fecial angles of the triedrals 
at the centre are equal, whence the triedrals are equal or symmetrical (?). 
Consequently, the angles of the triangles are equal, and the triangles are 
equal, or symmetrical and equivalent. 

Again, the triangles being mutually equiangular, the triedrals hare 
their diedrals mutually equal ; whence the triedrals are equal or sym- 
metrical (?). Therefore, the sides of the triangles are mutually equal, and 
the triangles are equal, or symmetrical and equivalent. (8ee Figs. 818, 
314.) 



PROPOSITION XXV. 

708. Theorem. — On spheres of different radii, mu- 
tually equiangular triangles are similar (not equal). 

Demonstration. 

Let ABC*ancl abc be two mutually equiangular spherloal triangles on 
spheres whose radii are respectively JB and r, and let angle A = a, 
B = 6, C = c. 

^. . AB BC CA 

Then is -—=-—= — • 

ab he ea 

For, joining the vertices of the triangles with the centres of the 
spheres, and 0^ the triedrals 0-ABC and 0*-abc hare their diedrals 
mutually equal (?), whence their facial angles are mutually equal (?). 
Therefore sector AOB is similar to sector aO% sector BOC to We^ and 
sector CCA to cO^a. 
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From the similarity of these sectors, we hare 



AB B BC R 

ab" T^^^' be ~ r' 


CA__^ 
ea r 


AB BC CA 


O v. Tk 



and hence, ^ _ ^ _ -. -« ^. 

' ab be ea 

709. Scholium. — In Spherical Trigonometry we are taught to find 
the sides of a spherical triangle haying the angles given. But in such a 
case the sides are found in degrees, etc., which does hot determine their 
absolute lengths. The length of an arc of any number of degrees is not 
known unless the radius of the sphere is known. 



POLAR OR SUPPLEMENTAL TRIAN- 
GLES. 

710. One spherical triangle is Polar to another when the 
vertices of one are the poles of the sides of the other, and the 
corresponding vertices lie on the same side of the side opposite. 
(For illustration, see 713.) 

Such triangles are also called supplemental, since the angles 
of one are the supplements of the sides opposite in the other, as 
will appear hereafter. 



PBOPOSITION XXVI. 

711. Problem. — Having a spherical triangle given, 
to draw its polar, 

SOLCJTION. 
Let ABC (Fig. 820) be the given triangle.* From A as a pole, with 

* This should be executed on a sphere. Few students get clear ideas of 
polar triangles without it. Care should be taken to construct a variety of 
triangles as the given triangle, since the polar triangle does not always lie 
in the position indicated in the figure here given. Let the given triangle 
have one side considerably greater than 90", another somewhat less, and the 
third quite small. Also, let each of the sides of the given triangle be 
greater than 90°. 
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s qnadrant rtrilu an aic, aa C'B'. From Bus pole, with % qnadrant 
strike the aic C'A'; and from C, the arc A'B'. Then is A'B'C polar to 
ABC- 

718- Corollary. — If one triangle is pdUir to another, 
coDvereely, the latter is polar to the former ; i. e., the rela- 
tion is reciprocal. 

Thm, A'B'C (Fig. 830) being polarto ABC, reciprocal!;, ABC is polar 
to A'B'C ; that is, A' is the pole of CB, B' of AC, and C of AB. For 
erery point in A'B' ia at a qnadront's distance fVom C, and every point in 
A'C is at a qnadraut's distance from B. Hence, A' ia at a qoadraot's dia- 
tance from the two points and B of CB, and is therefore its pole. 

[In like manner, the student should show that B' is the pole of AC, 
and C of AB.] 

718, SoHOLiTO.— By produdng (Pig. 831) each of the area strnck 
from the Terticea of the ^ven triangle sufficiently, /our new triangles 
will be formed, viz., A'B'C, QCB', PC'A', and RA'B'. Only the first of 
these ia called polar to the given trianglu. Thus, in A'B'C, A', corre- 
Bponding to A, lies on the same side of CB or CB' that A does, and BO of 
any other corresponding vertices. 

It ia eas; to observe the reladon of any of the parts of the other three 
trianglea to the parts of the polar. Thns, 
QC = 180" - V, 
QB' = 180° - c", 
QCB' = 180° - B'C'A', 
QB'C = 180° — C'B'A', 
and Q = A' .= 180° - a, 

as will appear hereafter. , 
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PBOPOSITION XXVII. 

714. Theorem.— ^»y anole of a spherical triangle is 
the supplement of the side opposite in. its polar triangle ; 
and any side is the supplement of the angle opposite in 
the polar triangle. 

First Dbmonbtbatiok. 

Let ABC mil A'B'C be two ipherioil trIanglM polar to eich other; 
■nil let the aide* of each be deeignated ■• a, 6, c, a!, b/, tf, a being op- 
posite A, a! oppoilte A', b opposite B, etc. 



and e= 180° -C. 

Let be the centre of the sphere, and 
draw OA, OB, OC, OA', OB', and OC'. 

The anglea B'OA and B'OC. being right 
(Oi B'O is perpendicular to the face AOC (?). 

For like TeaBODS, CO ia perpendicular to 
the face AOB. 

Hence B'OC is the supplement of the 
diedral B-AO-C (512)- 

But a' is the meaenre of B'OC, and 
B-AO-C has the same measure as A. f^ ^^ 

Hence, A = 180" — rf. 

In like manner, we ma; show that 

8 = 180°-*', and C = 180°— e-. q.b.D. 

Agun, since the edges AO, BO, and CO are perpeudicaUr to the faces 
B'OC, A'OC, and A'OB', we can show in like manner that 
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Second Demonstration. 

Let ABC and k^'C* be two polar triangles. Let BC, CA, and AB be 
represented by a, 6, and c respectively, and B'C, C'A', and A'B' by a', 
&', and </. 

To show A = 180° — a', produce 8 and c, 
if necessary, till they meet the side a' of the 
triangle polar to ABC in « and d, 

Kow A is measured by ed (?). But, since 
aV = 90% and C'd = 90°, 

%'e + 0% or B'C + erf = 180° ; 

whence, transposing, and putting a' for B'C, 

we have -. ^^^ 

«2 = A = 180° - a'. '^•■- *"• 

In like manner, C'g + A/ = C'A' +/^ = 180°; 
whence /^ = B = 180° - C'A', or 180* — V. 

So, also, C = 180° — (f. 

To show that A' = 180° ~ a, consider that A' being the pole of CB, 
fi is measure of A'. 

ITow Bf = 90* (?), and Of = 90° ; 

whence, ^f^\^C%^ 180°. 

But ^+Cis=/f + a, wherefore /f + a = 180° ; 
and transposing, and putting A' for/i, we have A' = 180° — a. 

In like manner, we may show that 

B' = 180" — J, and C = 180° — c. q. e. d. 

[The student should give the details.] 

714, a. CoROLLAEY.— 5%e sum of the supplements of 
any two angles of a spherical triangle is greater than the 
supplement of the third angle. (Consider 714, 689. ) 
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QUADRATURE OF THE SURFACE OF 
THE SPHERE. 

715. The Quadrature* of a Burfaca is the process of find- 
iDg itB area. The term is applied under the conceptioD that the 
process consigts in finding a square which is equivalent to the 
given surface. 



PBOPOSITION XXVIII. 

716. Lemma. — The surf ace generated by the revolution 
of a reSular semi-polygon of an even number of sides, 
about the diajneter of the circuntsoribed circle as an axis, 
is equivalent to the circumference of the inscribed circle 
jnultiplied by the axis. 

DeM0N8TBA,TI0N. 

Let ABCDE ba ona-hilf of a regular octagon, AE being the diameter 
of the clrcumicriblng cirole. 

If tile fiemi-peri meter ABCDE be revolved abnat AE 
as an axis, the surface generHted is Sttt k AE, r being the 
radiuB of the inscribed circle, ss aO, or bO. 

This surface is composed of the convex surfaces of 
cones and frustums of cones. Thus, AB generates the 
Burfnce of a coue, BC the frustum of u cone, etc. 

Let a and b be the middle points of AB and BC re- 
spect! velj, and draw am, Be, &n, aud CO perpendicular to 
the axis, and Bd parallel to it. Also draw the radii of the 
Inscribed circle, aO and &0- Indicate the surfaces geuer- ^^' ^^ 

ated b; the udes as Surf. BC, etc. The areas of these surfaces are : 

Surf. AB = aw X am X AB (!), (1) 

Burf. BC = 2>T X 6n X BC, etc (t). (3) 

* Latin qwtdratun, squared. 
U 
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Now, from the similar triangles 0am and %ke^ we 
have 

aO __ am 
AB"" Ac' 



or 



%iT xaO dn- X am 



AB 



Ac 



whence, St-txarnxkB = %irr x Ac, 

putting r for aO. 

Also, from the similar triangles 0^ and CB<^, 



we have 



M) 



hn 



or 



BC"" Bd(=cO)' 
Sn- X 60 2^ X &n 



BC 



eO 



whence, 
patting r for 50. 



27r X 5;i X BC = 2?rr x cO, 




Fig. 324. 



Substituting these values in (1) and (2), we obtain 







Surf. AB 


= 2flTxAc, 






Surf. BC 


= 2irrxcO. 


And, in like 


manner, 


Surf. CD 


= 2irr X Op, 


and 




Surf, DE 


= 2titx^E. 


Adding, 




Surf. ABODE 


= 27rr(Ac + cO + Olp -h j9E) 
= 27rr X AE. 



Finally, since the same course of reasoning is applicable to the semi- 
polygons of 16, 82, 64, etc., sides, the truth of the proposition is estab- 
lished. 



717- Scholium. — This proposition is only a particular case of sur- 
faces generated by any broken line revolving about an axis; and the 
general proposition can be established in a manner altogether similar to 
the method given above. But this case is all that we need for our pres- 
ent purpose. 
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PROPOSITION XXIX. 

718. Theorem. — The surface of a sphere is equivaleiit 
to four great circles ; tJiat is, to inR*, R being the radius 
of the sphere. 

Demonstration. 

Let the temi-ciroumfbrence ABCDE revolve upon iha diameter AE, 
and thui generate the tiirraoe of a tphert. 

Conceive the bntf of a regular octagon inscribed in 
the aemicircle ABCDE ; aocl let both the aetni-polygon 
aod the Bemi-circamfeTcnce be revolved about AE as an 
axis. 

Call the radios of the ioscribed circle, as aO, r, and 
let AO = S. 

The surface generated bj the broken line ABCDE is, 
by the last proposition, Stt x2R = 4nrfl. 

Now, conceive the arcs AB, BC, etc., bisected, and the _ 
chords drawn, and let r' be the radius of the circle in- 
scribed in the regular polygon thus formed. The sar&ce generated by 
the revolution of this semi-polygon is ijrr'B. 

B; repeating the bisections, the broken tine approximates to the 
semi-circumference, the radius of the inscribed circle to R, and the sur- 
face generated to the sarjace of the spliere, the three quantities reaching 
their limits at the same time. Hence, at the limit ne have 

Burf. of sphere = HbB xiB = 4ir A*. ^ B. D. 

719. CoBOLLART 1. — ITie area of the surface of a sphere 
is equivalent to the circumference of a great circle Tnulti- 
plied by the diameter , that is, to ZnR x^R, as above. 

720. Corollary 2. — The surfaces of spheres are to each 
other as the squares of their radii. 

Thus, if R and B' are the radii of two spheres, the surfaces are 4>r5* 
and iitS". Now, 

4^ff _» 
*rB" B"' 
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721. A Zone is the portion of the sarface of a sphere in- 
eluded between the circumferences of two paral- 
lel circles of a sphere. The altitude of a zone 
is the distance between the parallel circles 
whose circumferences form its bases. 



Illustbation. — The surface generated by CB, or 
any arc of the circle ABODE, etc.. as the semicircle 
revokes about A E as an axis, confonns to the defini- 
tion, and is a tone. Such a portion of the surface as is 
generated by AB is called a tons with <me Som, the 
circle whose circumference would form tlic upper base 
having become tangent to the sphere. The altitude of 
the zone generated by CB is a^, and of that generated by AB the alti- 
tude is Aa. 




Fig. 326. 



PROPOSITION XXX. 

722. Theorem. — Ths area of a zone is equal to 2'rraR, 
a being the altitude of the zone and R the radius of the 
sphere, 

Demonbtbation. 

It is evident that in passing to the limit, the surface generated by 
such a portion of the broken line as lies between C and B, Fig. 826, is 
measured by the circumference of the inscribed circle multiplied by db, 
Hence, at the limit, the zone generated by arc BC is measured by 

2fri?xa5, that is, 2ira^ 

representing abhy a. q. e. d. 

723. CoBOLLABY.— Ow' the same sphere, or on equal 
spheres, zones are to each other as their altitudes, and any 
zone is to the surfa^^e of the sphere as the altitude of the 
zone is to the diameter of the sphere. 
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OF LU N ES. 

724. A Luiie*is a portion of the surface of a sphere included 
by two semi-circumferences of great circles. ^.-4^ 

The surface Km%n is a lune. X 

725. The Angle of the Lune is i 

the angle included by the arcs which form \ 
its sides ; or, what is the same thing, the \^ 
measure of the diedral included between the ^^ ^ 

great circles. Fig. 327. 

Thus, the spherical angle mkn, or the measure of the diedral m-hB-n 
is the angle of the lune AmB/i. 

726. An Ungrula^ or Spherical Wedge, is that portion 
of a sphere included betweep two semi-great-circles, as kmB and 
A/iB. It has a lune for its convex surface and a diameter for its 
edge. 



PROPOSITION XXXI. 

727. Theorem. — On the same sphere, or on equal 
spheres, lunes which have equal angles are equal. 

Demonstration. 

[This is readily effected by applying one to the other. Let the stu- 
dent make the application.] 



Exercise. — Can there be a spherical triangle whose angles are 152°, 
186% and 148°? One whose angles are 152% ld6% and 168°? (See 
714, a.) 
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PBOFOSITION XXZII. 

728. Theorem. — The area of a lune is to the area of 
the surface of the sphere on which it is situated as the 
angle of the lune is to fottr right angles. 

FiBBT Dexonsibation. 

Lot 8 repreMirt the irea of the •urface of the sphere generated by 
the revolution of the Hmiclrole MAN about KN ■• an axle, and L the 
area ofthe lune whoea angle is AMD, or AOO. 

_ . L AOD 

Then 19 — = — . 

S 4 riglit angles 

In the genemtion of 8 and L b; the 
eemi-circamferetice MAN, the middle 
point, A, ofthe Bemi-circvimference gen- 
erates the greftt circle ACDBF.on which 
the angles of the lanes are meaeured (t). 

Now A generates equal and coinci- 
dent parts of arc AD and drcumfbreoce 
ACDBFA, in the same time thst MAN 
generates corresponding e^nal and cO- '* ^^ 

incident parte of L and 8. 

aicAD 1 



Henc^ if 



circf. ACDBF " 



- McAD _ AOD ^ 

ciref. ACDBF ~ 4 right an^es ^- <»■ ' 



Second DBitoNSTRAnoN. 

Let 8 represent the area of the surface of the sphere generated by 
the revolution of the semicircle MAN about MN as an axis, and I, the 
area ofthe lune whose ang'e is AMD, or AOD. 

Now the angles AOD and ttie mm of the fonr angles AOD, DOB, 
BOF, FOA are at least commensurable b; an infinitesiuisl unit. Let ( be 
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their conimoo measore, and let it be coDtained in AOD n times, and in 
tbe four right angles m times, so diftt 

AO D ^ n 

4 light ftngles ~ m 

Kow conceive the circumference divi<leil into nt equal parts, and 
radii drawn lo tbe points of division ; and thniugh their estreinities let 
semi-circuDiferences be drawn. Then is L divided into n lunes, each 
eqnal to one of the m eqnal lunes int^i which iS is divided (727), bo that 



Third Demonstration, 

Let S be the lurfaoe of the sphere, end ACEB = X be a lune whote 
angle Is the •pharical angle CAB, or what ii the eame thing, the plane 
angle BOC meaiured by the arc CB, of which A It the pole. 

™_ - I' CAB 

Then is „ = . . . , — v- ■ 
a 4 nglit angles 

For, first, suppose the arc CB commensarable 
with tiie circnmference BCmDn, and suppose that 
tbcj are to each other as B : 24. 

Divide CB into five equal arcs, and the entire 
circumference BCmDn into twenty-four arcs of the 

same length, and pass arcs of great circles through . 

A Mid theee points of division. Thus the lune is '"'»■ "'■ 



divided into five equal lunes, and the entire surface into twenty-four 
eqnal lunes of the same size. These tones are equal to each other (727)- 



Hence, 



Now, 



4 right angles BOmDm 24 

L ^ COB (or C AB) ^ ^ 

8 4 right angles 
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If the angle of the lane is incommensurable with four right angles, 
or, what is the same thing, if the arc BC is not coromensorable with the 
circumference, let us assume 

^ = -^^ (1) 

in which BL < BC. 

Conceiye the circumference BCmDn divided 
into equal parts, each of which is less than CL, 
the assumed difference between BC and BL. 
Then conceive one of these equal parts applied 
to BC as a measure, beginning at B. Since the 
measure is less than LC, one point of division, at ^^' ^®* 

least, will fall between L and C. Let I be such a point, and pass the arc 
of a great circle through A and I. 

^ loneAIEB Bl ,^^ 

^^^ — 8— = BCSiDii' (^> 

since the arc Bl is commensurable with the circumference. In (1) and 
(2), the consequents being equal, the antecedents should be proportional ; 

L BL 




hence we should have 



lune AIEB '^ Bl 



But this is absurd, since lune ACEB > lune AIEB, whereas BL < Bl, 
that is, an improper fraction equals a proper fraction. 

In a similar manner, we may reduce the assumption to an absurdity, 
if we assume BL > BC. 

L BC 

Hence, as the ratio of -^ can neither be greater nor less than ^^ , 

it is equal thereto, and 

L BC BOC 

Q. B. D. 



8 BCmDn 4 right angles 

729. Scholium. — To obtain the area of a lune whose angle is hunm, 
find the area of the sphere, and multiply it by the ratio of the angle of 
the lune (in degrees) to 860". Thus, E being the radius of the sphere, 
^nB^ is the surface of the sphere ; and the lune whose angle is 80° is ^^ 
or -f^ the surface of the sphere, i. e., ^^ of^nB* = ^nB^, 

730. Corollary. — 27ie sum of several lunes on the same 
sphere is equal to a lune whose angle is the sum of the 
angles of the lunes ; and the difference of two lunes is a 
lune whose angle is the difference of their angles. 



OF THE SPHERE. 



731. Corollary. — Ungulas bear the same ratio to the 
volume of the sphere that the corresponding tunes do to 
the area of the surface. 



FBOPOSITION ZXXIII. 

782. Theorem.— //* two aem^i-eircumferenees of great 
circles intersect on the surface of a hemisphere, the sum- 
of the two opposite triangles thus formed is equivalent to 
a lune whose angle is thai, included by the sem-i-eircu-m" 
ferences. 

Dehossibation. 

Lat the Mml-ofroumferanoea CEB and DEA interMot it E on the eur- 
hoe of the hemltphere whoM ban la CABO. 

Then the bqiu of the trianglea CED aod 
AEB ia eqaivalent t» a luoe whose ai^le is 
AEB. 

For, let the aemi-circnrnferencea CEB and 
OEA be produced around the sphere, inter- 
aecting on tbe opporite hemisphere, at the 
eztremit; F of tbe diameter throDgh E. 

Now, FBEA IB a Inne wboae angle is AEB. 

Uoieover, the triangle AFB is eqoiralent 
to the triangle DEC ; since ^>- ^'■ 

angle AFB = AEB = DEC, 

side AF = nde ED, 

each being the supplement of AE ; and 

BF = CE, 

each being the supplement of EB. 

Hence, the snm of the triangles CED and AEB is equiralent to the 
lune FBEA. (t- b. d. 
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PROPOSITION XXXIV. 

738. Theorem. — The area of a spherical triangle is to 
the area of the sarfOfCe of ihe hemisphere on which it is 
situated, as its spherical excess is to four right angles, or 
360^ 

Dbmonstbatiok. 

Let ABC be a spherical triangle whose 
angles are represented by A, B^ and C; let T 
represent the area of the triangle, and H the 
area of the surface of the hemisphere. 

T A + B + C-180° 



Then is 



H" 860* 



Let lune A represent the lune whose angle is 
the angle A of the triangle, i. e.^ angle CAB, and 
in like manner understand Inne B and lune C. 




Fig. 332. 



Now, triangle AHG + AED = lune A (732), 

BHI + BEF = lune B, 
CGF -f COI = lune C. 



Adding, 2ABC + hemisphere = lune (A + B + C)*, (1) 

by (780), and since the six triangles AHG, AED, BHI, BEF, CGF, and CDI 
make the whole hemisphere and 2ABC besides, ABC being reckoned ikne 
times. 

From (1) we have, by transposing, and remembering that a hemi- 
sphere is a lane whose angle is 180° (730), and dividing by 2, 

ABC = i lune (A + B + C - 180°).t 

But, by (728), 

i lone (A + B + C - 18 0°) _ A -H B + C - 180° 
H "860° 

rru f T >^ + B+C-180°^„^ 
Therefore, ^ = ^^^5 Q- «• i>. 

* This signifies the lone whose angle is A-^B + C, which is of coarse 
the sum of the three lanes whose angles are A, B. and C. 

f This signifies one-half the lone whose angle is A + B + C— 180°. 



OF THE SPHERE. 323 

734. Scholium 1. — To find the a/rea of a spherical triangle on a given 
sphere, the angles of the triangle being given, we have simply to multiply 
the area of the hemisphere, t. e., ^nE*, by the ratio of the spherical excess 
to 860°. Thus, if the angles are 

A = 110% B = 80% and C = 50% 
we have 

AB^ A T>, A+B + C-180° o « 60 , -^ 
area ABC = 2nB^ x ^^ = 27r^ ^ 860 ~ * 



735. Scholium 2. — This proposition is often stated thus: 27ie area 
of a spherical triangle is eqtial to its spherical excess mvUlpUed by the trirec- 
tangular triangle. When so stated, the spherical excess is to be estimated 
in terms of the right angle ; i. e,, having subtracted 180° from the sum of 
its angles, we are to divide the remainder by 90°, thus getting the spheri- 
cal excess in right angles. In the example in the preceding scholium, 
the spherical excess estimated in this way would be 

11 0° + 80° + 50° - 18 0^ _ 2 
90° ~3 

# 

and the area of the triangle would be f of the tri rectangular triangle. 
Now, the trirectangular triangle being ^ of the surface of the sphere (?), 
is ^ of 47r^, or jTriJ'. This multiplied by | gives ^irB*, the same as 
above. 

The proportion 

ABC A + B + C - 180° 



surf, of hemisph. 360° * 

is readily put into a form which agrees with the enunciation as given in 
this scholium. Thus, 

surf of hemisph. = ^itR' ; 
whence, 

ARP - 9^P2 V ^_±A+ C - 180^ , ™ A + B + C -180° 
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VOLUME OF SPHERE. 



FB0P08ITI0N XXXV. 

736. Theorem.— 2%« volume of a sphere is equal to 
&ie area of its surface multiplied by one-third of the ra- 
dius, thai is, |t^, R being the radium. 

Dbmonbteatios. 

Let OL - fi b« the radlu* of a ephere, 

Conceife a circaroscribed cube, that ie, a 
cube whoee faces are tangent planes to the 
apbere. Draw lioea fmm the vertices of eacb of 
the polyedral uigles of the cube to the centre 
of the sphere, as AO, BO, DO, CO, etc. These 
lines are the edges of six pjramidB, having for 
their bases the faces of the cnhe, and for a com- 
mon altitude the radius of the sphere (1). Hence ''■■ *"' 
the TOlume of the circnmscribed cube is equal to its snrface mnltipUed 

bj is. 

Again, conceive each of the triedral angles of the cube tnincat«d by 
planes tangent to the tphere. A new circumscribect solid will thus be 
formed, whose volume will I>e nearer that of the sphere than is that of the 
circumscribed cube. Let abe represent one of the tangient planes. Draw 
from the potjedral angles of this new solid, lines to the centre of the 
sphere, as nO, &0, and eO, etc. ; these linea will form the edges of a set of 
pyramids whose bases constitute the surface of the solid, and whiise com- 
mon altitude is the radius f)f the sphere (?). Hence the volume of this 
solid is eqnal to the product of its aurftce (the sum of the bases of the 
pyramids) into }A. 

Now, this process of truncsting the angles by tangent planes may be 
conceived as continned indefinitely ; and, to whatever extent it is carried, 
it will alwayt be true that the volume of the solid is equal to its surface 
multiplied by ^R, Therefore, as the sphere is the limit of this eircam- 
scribed solid, we have the volume of the sphere equal to the surface uf 
the sphere, which ia 4irJ{* multiplied by ^R, i, e., to }tA*. <). e. d. 
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787. CoBOLLABY, — The surface of the sphere may be 
conceived a^ consisting of an infinite number of infinitely 
smaJl plane faeces, and the volume as composed of an infi- 
nite number of pyramids haidng these faces for their 
bases, and their vertices at the centre of the sphere, the 
common aZtitade of the pyramids being the ro/dius of the 
sphere. 



738. A Spherical Sector is a portion of a sphere gener- 
ated by the revolution of a circular sector about the diameter 
around which the semicircle which generates the sphere is con- 
ceived to revolve. It has a zone for its base ; and it may have 
as its other surfaces one or two conical surfaces, or one conical 
and one plane surface. 

Illustbation. — Thu8, let ab be the diam- 
eter around which the semicircle aWb revolves 
to generate the sphere. The solid generated 
by the circular sector AOB will be a spherical 
sect(Hr having the zone generated by AB for its 
base ; and for its other surface, the conical sur- 
face generated by AO. The spherical sector 
generated by 000 has the zone generated by 
CO for its base; and for its other surfaces, 
the concave conical surface generated by 00, 
and the convex conical surface generated by CO. The spherical sector 
generated by EOF has the zone generated by EF for ita base, the plane 
generated by EO for one surface, and the concave conical surface gener- 
ated by FO for the other. 

789. A Spherical Segrment is a portion of the sphere 
included by two parallel planes, it being understood that one of 
the planes may become a tangent plane. In the latter case, the 
segment has but one base ; in other cases, it has two. A spheri- 
cal segment is bounded by a zone and one, or two, plane surfaces. 
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PBOPOSITION XXXVI. 

740. Theorem. — The volume of a sphericaZ sector is 
eqiuil to the product of the zone which forms its base into 
one4hird the radius of the sphere. 

Demonstration. 

A spherical sector, like the sphere itself, may be conceived as consist- 
ing of an infinite number of pyramids whose bases make up the base of the 
sector, and whose common altitude is the radius of the sphere. Hence, 
the volume of the sector is equal to the sum of the bases of these pyra- 
mids, that is, the surface of the sector, multiplied by one-third their com- 
mon altitude, which is one-third the radius of the sphere, q. e. d. 

741. CoBOLLARY. — The volumes of spherical sectors of 
the same sphere, or of equal spheres, are to eojch other as 
the zones which form their bases ; and, since these zones are 
to each other as their altitudes (723), the sectors are to each 
other as the altitudes of the zones which form' their bases. 



PROPOSITION XXXVII. 

742. Theorem. — The volume of a spherical segment 
of one base is ttA^(R — \A), A being the altitiule of the 
segment, and R the radius of the sphere. 

Demonstration. 

Let AO = B, and CD = A. 

Then is the volume of the spherical segment 
generated by the revolution of ACD about CO 
equal to t^A^ {B — \A). 

For, the volume of the spherical sector gener- 
ated by AOC is the zone generated by AC, multi- 
plied by \R, or 2nARy,^R = ii^AB^ From 
this we must subtract the cone, the radius of 
whose base is AD, and whose altitude is DO. ^*9* 335. 
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To obtain tbis, we faftve 

nhence, from the rigbt-tugled triuDgle ADO. 

AD = '^W^{R^A^= yaifi- J'. 
Now, tbe Tolnme of this cone is ^D x irAD , or 

^i,{B-A){2AB-A^ = {■<r{iAS'-ZA'B + A*). 

Snbtractiiig tbb fhini die volume of tbe epberical sector, we bave 

lir^fl* - \it (2AIP - ZA^R + 4») = .r {A^R - J J<) 

= kA'(R~^A). «j.e. o. 

748. ScHOtrnii, — Tbe Tolumeof aBpherical 
Begment witb two basea ie readil; obtained b; 
takJDg the difference between two segineDtB of 
one base each, TbuB, to obtain tbe rolnmes of 
tbe BCgtnent generated bj the revolution of MAe 
about aO, take the difference of tbe segments 
whose altitudes are ae and ab. 



SPHERICAL POLYGONS AND SPHERI- 
CAL PYRAMIDS. 

744. A Spherical Polygon is a portion of the surface of 
a sphere boanded by several arcs of great circlee. 

745. The Diasfonal of a spherical polygon is an arc of a 
great circle joining any two non-adjacent vertices. 

746. A Spherical Pyramid is a portion of a sphere hav- 
ing for its base a spherical polygon, and for ite lateral bees the 
circnlar sectors formed by joining the vertices of the polygon 
with the centre of the sphere. 
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747. Tho elementary properties of spherical polygons and 
spherical pyramids are so readily deduced from the corresponding 
properties of polyedral angles, spherical triangles^ etc., that we 
leave them for the pupil to demonstrate, merely stating a few 
fundamental theorems. 

748. Theorem.— 2%^ angles of a spherical polygon 
and its sides sustain the same general relations to ea^^h 
other as the diedral and facial angles of a polyedral 
angle having for its edges the radii of the sphere draum 
to the vertices of the polygon. 

749. Theorem. — The sum of the sides of a convex 
spherical polygon may be anything between 0° and 360°. 

760. Theorem. — The sum of the angles of a spherical 
polygon may be anything between 2n. — 4 and 2n right 
angles, n being the number of sides. 

761. The Spherical Excess of a spherical polygon is the 
excess of the sum of its angles over the sum of the angles of a 
plane polygon of the same number of sides. 

762. Theorem. — The spherical excess of a spherical 
polygon of n sides^ the sum of whose angles is S, is 

5^+360° — ».180^ . 

763. Theorem. — ITie area of a spherical polygon is to 
the area of the surface of ihe hemftsphere on which it is 
situated as its spherical excess is to four right angles. 

764. Theorem.— 2%e vclums of a spherical pyramid 
is the area of its base multiplied by one-third the radius 
of the sphere on which it is situated. 
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EXE RCISES. 

766. 1. What is the circumference of a small circle of a sphere 
whose diameter is 10, the circle being at 3 from the centre ? 

Ana. 25.1328. 

2. Construct on the spherical blackboard a spherical angle of 
60°. Of 45°. Of 90°. Of 120°. Of 250°. 

Suggestions. — Let P be the point where the vertex of the required 
angle is to be situated. With a quadrant strike an arc passing through 
P, which *shall represent one side of the required angle. From P as a 
pole, with a quadrant strike an arc from the side before drawn, which 
shall measure the required angle. On this last arc lay off from the first 
side the measure of the required angle,* as 60°, 45*", etc. Through the 
extremity of this arc and P pass a great circle (?). 

3. On the spherical blackboard construct a spherical triangle 
ABO, having AB = 100°, AC = 80°, and A = 58°. 

4. Construct as above a spherical triangle ABC, having AB = 
75°, A = 110°, and B = 87°. 

5. Construct as above, having AB = 150°, BC = 80°, and 
AC = 100°. Also having AB = 160°, AC = 50°, and CB = 85°. 

6. Construct as above, having A = 52°, AC = 47^, and CB 
= 40°. 

SuooBSTiONS. — Construct the angle A as before taught, and lay off 
AC from A equal to 47'', with the tape. This determines the vertex C. 
From C, as a' pole, with an arc of 40"", describe an arc of a small circle; 
in this case this arc will cut the opposite side of the angle A in two 
places. Call these points B and B'. Pass circumferences of great circles 
through C, and B, and B\ There are two triangles, ACB and ACB'. 

7. Construct on the spherical blackboard a spherical triangle 
ABC, having A = 59°, AC = 120°, and AB = 88°. 



* For this porpoee, a tape equal in length to a semi-circumference of a 
grreat drcle of the sphere used, and marked off into 180 equal parts, will be 
convenient. A strip of paper may be used. 
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8. Construct a triangle whose angles are 160°, 150°, and 140°. 

9. Can there be a spherical triangle whose angles are 85°, 
120°, and 150° ? Try to construct such a triangle by first con- 
structing its polar. 

10. What is the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
120°, and 110° ? Ans. 235.6-I-. 

11. What is the area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82*^, 98°, and 
100° ? 

12. A sphere is cut by five parallel planes at 7 from each other. 
What are the relative areas of the zones ? What of the segments ? 

13. Considering the earth as a sphere, its radius would be 
3958 miles, and the altitudes of the zones. North torrid = 1578, 
North temperate = 2052, and North frigid = 328 miles. What 
are the relative areas of the several zones? 

SuGGBSTiOK. — The student should be careful to discriminate between 
the width of a zone and its altitude. The altitudes are found from their 
widths, as usually given in degrees, by means of Trigonometry. 

14. The earth being regarded as a sphere whose radius is 
3958 miles, what is the area of a spherical triangle on its surface, 
the angles being 120°, 130°, and 150° ? What is the area of a 
trirectangular triangle on the earth's surface ? 

15. In the spherical triangle ABC, given A = 58°, B =67°, 
and AC = 81° ) what can you affirm of the polar triangle ? 

16. What is the volume of a globe which is 2 feet in diameter ? 
What of a segment of the same globe included by two parallel 
planes, one at 3 and the other at 9 inches from the centre, the 
centre of the sphere being without the segment? What if the 
centre is within the segment? 

17. Compare the convex surfaces of a sphere and its circum- 
scribed cylinder. 

18. Compare the volumes of a sphere and its circumscribed 
cube, cylinder, and cone, the vertical angle of the cone being 60°. 

19. If a and h represent the distances from the centre of a 
sphere whose radius is r, to the bases of a spherical segment, show 
that the volume of the segment is tt [/•' {h — a) — \{Ij^ — a*)]. 




PP^JVDIX 

J 

THE INFINITESIMAL METHOD. 

The author is a firm believer in both the logical soundness and the 
practical advantages of the strict infiniteaimal method. Hence he has intro- 
duced it — though generally as an alternative method — ^in those cases in 
which the incommensurability of geometrical magnitudes by a finite unit 
makes the old demonstrations cumbrous. 

As to the logical soundness of the method, he has not the shadow of a 
doubt. The well-known logical principle, that, if we create a certain cate- 
gory of concepts, under certain definite laws, use them in our argument in 
accordance with these laws, and finally eliminate them, the argument being 
conducted according to correct logical principles, the final results are 
correct, covers the entire case. Now the two essential laws of infinitesimals 
are, (1) Infinitesimals of the same order have the same relations among 
themselves as finite quantities; and (2) Infinitesimals in comparison with 
finites, are zero. 

But the simple exposition given in the text (340-342) is quite adequate 
to show that the method can introduce no conceivable error. Thus, if 

— = a, all the quantities being finite, and if i is an infinitesimal, = a 

must be true, and i must be in the relation. Otherwise solving the equa- 

tion we have t r= an— m, a finite quantity, unless a = — • 

Of the immense practical utility of the method there can be no question. 
All, from Lagrange down, have acknowledged it. I know of no extended 
treatise which does not in some way imply it. Why, then, should not the 
pupil become familiar with it early in his course ? 

As to the method of limits it is not at all difficult to show that it is 
identical with the infinitesimal method, in its fundamental principles. 
Moreover, there is a sort of jugglery in the very first step in the method of 
limits which quite transcends any difiiculty that the method of infinitesimals 
presents. Thus, we give the variable an increment, assume that the func- 
tion takes a related increment, manipulate the function, and then make the. 
increment of the variable zero (whence the increment of the function 
becomes zero), and, presto, we have a finite relation between two zeros! 
And this is the *' Hmple *' fundamental conception which the tyro is sup- 
posed to see at a glance ! 
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NOTE ON (182), (843), (687), (628), AND (728). 

These propositions are of a class in which the incommensarahiltty by a 
finite unit of certain lines introduces particular difficulty, which difficulty 
disappears at once if we admit, as in the infinitesimal theory, that these lines 
are commensurable by an infinitesimal unit. Also, by. the introduction of 
the principle of the generation of one magnitude by the motion of another, 
very simple demonstrations are afibrded. 

In the text the author has given illustrations of the three sorts of 
demonstrations. In (182) we have the old method of avoiding the difficulty 
which grows out of the incopmiensurabiUty, by the reductio absurdum. 
The objection to this is not any objection to the reduetio absurdum as a 
method of reasoning. But why use so cumbrous a method, when other 
exceedingly simple methods are at hand, and methods involving principles 
so necessary to subsequent use ? 

In (728) the three methods are ^ven. In (343) and (628) the methods 
involving generaticm by motion, and the infinitesimal method, are given. 



NOTE ON (182). 

1. To prove this proposition by means of the conception of the genera 
tion of magnitudes by the motion of other magnitudes, we do not need the 

A OB 

Lemma. Tbxis, referring to Pig. 86, p. 89, we are to prove that g^ = 

arc AB 
arcOE" 

Let the sector AOB be applied to DOE, OA being placed in OD. By 
reason of the equality of the circles the arc AB will &11 in DE. 

Conceive the angles AOB and DOE as geimrated by a radius mov- 
ing from the position OA (which is now also OD) to OB and OE, 
with imiform motion. Let the time of generating AOB be r, and that of 

AOB t* 
generating DOE be «. Whence ^^ = - (48, 49). 

Again, the extremity of the radius, as A (or D), describes ^ual and (as 

far as the less extends) coincident parts of AB and DE in equal times, whence 

arcAB r _ , ,.^ - ^. , AOB a re AB 

=r^ =:= - • Hence, by equality of ratios, we nave j^^sr^ = --— == • 

arc DE s ^ ^ ^ DOE aro Dc 

2. To prove the same proposition by the infinitesimal method, we pro- 
ceed exactly as in Case II., pp. 89, 90. simply conceiving m as infinitesimal 
when the angles are incommensurable by a finite unit, and for 5 putting the 
indefinite number r, and for 8 the indefinite number s. 
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NOTE ON (848). 

Bj the old method the Lemma on which this demonstration is based is 
proved In two cases. Ist. When the bases are commensurable ; 2nd. When 
the bases are incommensurable. Dividing the bases into equal ports and 
erecting perpendiculars at the points of division the argument in the first 
case proceeds exactly like the argument in Case II. of (182)> When the 
bases are incommensurable, we apply abed to A BCD placing ad in its 
equal AD, whence db falls in AB, as far as it extends, and dc in DC. Then 

asHume that, if — r-^ is not equal to —^ , it is equal to — . a^ being either 

abed ah ^ ag ° 

greater or less than ab. Now divide the base AB into equal parts, each of 

which is less than hg, and erect perpendiculars at each of the points of 

diyigion. We may then show, as in Case III. of (182)> the absurdity of 

supposing ojg greater or less than ab. 
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Sheldon Jb Companj^s Text^Sooks* 

HUi's ESLements of Rhetoric and CompoHHon 

By D. J. Hill, A.M., Piediieiit Lewisbiug Univeraity, author 
of the Science of Rhetoric Beginning with the selection of a 
theme, this hook condncts the leaner tiuoogh every proceas 
of oompoeltion, including the accnmnlation of material, its 
arrangement, the choice of words, the ocmstroetion of sentences, 
the variation of expression, the use of figures, the foi^nation of 
paragraphs^ the preparation of manuBCiipt, and the critisism of 
the completed compocdtion. 

HilPs Science of Bhetoric, ^.. 

An introduction to the Laws of EffbctiTe Discourse. "By 
D. J. Hill. A.M., President of the Univermty at Lewisburg« 
13mo, 800 pages. 

This is a thoroughly scientifio woik on Bhetoric for advanced 
classes. 

intelieotucU jPhii080]»hy (Blbmbnts of). 426 pages 

By Francis Watlakd, late President of. Brown Univer- 
sity. 

The Elements of Moral Science — 

By Fbangis Watland, D.D., Presictaat of Brown Univer- 
sity, and Professor of Moral Philosophy. Flitieth thousand. 
12mo, doth. 

Mements of Poiitieai Economy 

By Fbabcib Watlahd, D.D.« late President of Brown Uid- 
versily. 12mo, cloth, 408 pages. 

Recast by Aabon L. Cbafin, D.D., President of Belolt 
College. 

No text-book on the suliject has gained such general accept- 
ance, and bean so extensively and continuously used, as Dr. >. 
Wayland's. Dr. Chapin has had chiefly in mind the toanU af 
ikb ekM-room, as suggested by an experience of many yean. 
His aim has been to give in full and proporttoned, yet dear 
and compact statement, the dements of this important brandi 
of sdenoe, in their latest aspects and applicattons. 
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■ COLTON'S HEW GEOGEAPHIES. 

The whole^ subject in Two Boohs, 

These books a/re the, most simple^ the most practiced, and best 
adapted to the nBomts of the school-roam of any yet pMisked. 

JT. CoUon's New Introduetary Geography. 

With entiTQlj new Maps made especially for this book, on 
^ib&most improved plan ; and elegantly Illustrated. 

Ilm CoUofifs Ckymman School Geography. 

/ With Thirty -six new Maps, made espedallj. for this book, 
and drawn to a uniform system of scales. 

Elegantly Illustrated. 

This book is the best adapted to teaching the subject of Geog- 
mcpbj of any yet published. It is simple and comprehensive, 
and embraces just what the ehiM should be taught, and nothing 
more. It also embraces the general principles of Physical Geog- 
raphy so &r as they can be taught to advantage in Common 
Schools. 

For those desiring to pursue the study of Physical Geography, 
we have prepared J^v 

Colton^a I^hMHcal Geography. 

One VoL 2to. 
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A vecy valuable IxMk" and fiQly illustrajibd. The Maps are 
compiled with the greatest care by Geo. W( ColtoNi and repre- 
^f^ the most remarkable and interesting features of Physical 
Geography clearly to the eye. 

The pten of OoUorCs Oeograiphy is the best I have . erer seen. It meets the 
exact wants of our Grammar Schools. The Bevi»m is unsurpassed In its 
tendency to make thotrmgh and r^UMe scholars. I have learned more Qeog- 
taphy that is praelieai and avamaiUe daring the short time we have used this 
- \ woik; than in all my life before, inclading ten years teaching by Mitchell^s 
plan.— A* Bb HvrwooD, Prin, FranieHn Gnun. School, Lowell^ Mass. 

/ So weB satiafled hare I been with these Geographies that I adopted them, 
' ~ hare procured their introduction into most of the schools in tliis county. 
JOEis W. Thomfsov, A.M., Prin. <^ Oentreme Academy, Marukmd. 

Anjfqf the tAoveterU/bymaU, pott-paid, on recHpti^plice, 
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